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Abstract

For initial value problem (IVPs) in ordinary second order differential
equations of the special form y” = f(x,y) possessing oscillating solu-
tions, diagonally implicit Runge-Kutta—Nystrom (DIRKN) formula-pairs
of orders 5(4) in 5-stages are derived in this paper. The method is zero
dissipative, thus it possesses a non-empty interval of periodicity. Some nu-
merical results are presented to show the applicability of the new method
compared with existing Runge-Kutta (RK) method applied to the prob-
lem reduced to first-order system.

Key words: Initial value problems, Runge-Kutta—Nystrom pairs,
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1 Introduction

We are concerned with IVPs of second order ordinary Differential Equations
(ODEs) in which the first derivative does not appear explicitly,

y' = f(2,9), y(x0) = vo, ¥ (x0) = yp (1.1)

*Corresponding author

53



54 S. O. Imoni, M. N. O Ikhile

having a periodic or an oscillating solution, where f: R x R® — R". The so-
lution of such systems are known to be highly oscillatory in nature and are
frequently encountered in many fields of physics, seismology, mechanics and in
other engineering applications and are usually considered as a difficult integra-
tion problem. One way of solving (1.1) is to transform it to a first order system
and then use a Runge-Kutta (RK) pairs. The second is to solve directly using
Runge-Kutta—Nystrom (RKN) pairs as can be seen in [3], [4], [6], [7], [9] and
[14].

For an efficient implementation, we need a step size control mechanism to
estimate the local error at relatively small extra cost. This is usually done by
identifying an embedded pairs. The idea is to construct two RKN formulae
containing besides the numerical approximation, y,+1, 4,1, & second approxi-
mation ¥n41, ¥y,11 t0 ¥ (¥n41) and y' (z,,41) respectively according to

Ynt1 = Un + hy), + h? 2221 bifjs Yn41=Yn+ thzl b f;

N ’ s 7 . s 2 1.2
Unt1 = Yn + hy, + h? Z]‘:1 bifis Un+1 :yé+h2j:1 b}fj (12)

where

S
fi=1r (fcn + ¢jh, yn + cihyl, + B2 Z ajkfk)
k=1
such that both use the same function values. The first two formulae are of
orderp, the second two are of order ¢ (¢ < p) and s denotes the number of
function evaluation that is needed for each step, h = x, 11 — ,, is the step size
with the row sum assumption

N =

c? = Zajk (1.3)
k=1

The constant coeflicients a;i, b;, b;», 3]-, 33 determine a particular method ex-
plicitly. The differences 1,41 — Jn+1 and y;, | — ¥, respectively are estimates
of the local truncation error used for step size control.

It is often advantageous, see [3], [5], [11] and [14] to apply a direct method
for this type of differential equation rather than reducing it to its first-order
form and solved using the RK pairs. This approach minimizes the computation
cost of realizing the numerical solution of (1.1). Also, an embedded method
provides cheap error estimation. We refer to (1.2) as an embedded RKN pairs,
where we have assumed that order p = ¢ + 1 approximations are used to obtain
the numerical solution of the problem (1.1) and the embedded method of order
q is used to obtain the local truncation error, which is used for the step size
control algorithm. The method can be represented in Butcher Tableau as

cl| A
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¢ = [er,eanres)Ty A = [aig], b = [by,ba,... b] b = [b;,b;,...,b;], b —
(BB ), B = BBy ).

Also, if it is initially recognized that the solution of (1.1) is of periodic
nature, then it important to consider some special numerical properties such
as phase-lag, dissipation, interval of periodicity, P-stability, exponential fitting,
adaptive properties e.t.c., See [17] for more details. In this paper, we present the
construction of embedded pairs of RKN methods of orders 5(4) that integrate
exactly system (1.1) and satisfied the zero dissipative condition. This is actually
a type of truncation error besides the truncation error due to the algebraic order,
which is described as the distance from a standard cyclic solution [17]. This
property assured us that the numerical method, neither damp nor amplify the
oscillation of the problem (1.1).

The work is organized as follows: In section 2, some basic elements of RKN
methods and embedded pairs are presented. Section 3 describes the stability
of RKN method. In section 4 we describe the derivation of the new embedded
DIRKN methods. In section 5 some numerical experiments show the properties
of the developed algorithms. Finally, in Section 6 some conclusions are drawn.

2 Local error estimation

From (1.2), a local error estimation in the integration point x,+1 = x,+h is
determined by the expressions,

Apy1 =Ynt1 —Onrr and AL =451 — Jpat (2.1)

which is used for step size algorithm.

BT (h) = max {| A |87 ]|} (2.2)

represents the local error estimation to control the step-size h for RKN process
by the well-known standard formula, see [3], [4]

Tol (p‘lH)
hpe1 =090, | ———— 2.3
+ (ESTnH(hn)) 23)

where TOL is the maximum allowable error or tolerance, h,, 1 is the current step
size, h,, is the size of the previous step. If EST,,+1(h) < ToL, then the step is
accepted. If EST,1(h) > ToL then the step is rejected and we calculate h, 41
given by (2.3). When this difficulty repeatedly occurs, the factor 0.9 should be
decreased.

3 Stability of RKN method

Linear stability analysis of numerical methods to solve problem (1.1) is based

on the test equation.
1

y' = —w?y, weR (3.1)
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Application of the RKN method (1.2) to problem (1.3) yields the following

Ynt+1l = Yn + hy; - ZbTYn
hyhq = hyl, — 207Y,
where z = —w?h? Y, = (ype+hylc) N1, N = T+ 2A, e = (1,...,1)T,

c= (01,02,...,CS)T.

Eliminating the auxiliary vector Y,, yields

Yn+1 _ Yn
i = (i)
R(z) = 14+207 (I —2A)""e 1+267 (I—2A4)""¢
T (I —2A) e 14207 (1 —2A)""¢
b= [b1,ba,... 7bS]T O =0y, bs, bl@]T , A= {aij}f,j:1

The matrix R(z) which determines the stability of the method is called the
amplification matrix.
Following [19], we introduce the following functions

(3.2)

s(z) = trace(R(z)), p(z) = det(R(2)) (3.3)

The eigenvalues of the amplification matrix R(z) are the roots of the character-
istic equation
¢® = s(2)¢+p(2) =0 (3-4)

We give the following definitions which are originally from [19].
Definition 3.1 An RKN method has a zero dissipation if det(R(z)) = 1.
This is also essential for a method to possess a non-empty interval of periodicity.

Definition 3.2 An RKN method has periodicity interval I = (0, zg) if the
roots of its characteristic equation (7, (2 are on the unit circle and {; # (o,Vz €
(0, z0), 2o is called the stability boundary. Consequently, the method is called
P-stable if Iy = (0, 8).

An essential property for periodic motion is the situation where the eigen-
values (7, (2 are on the unit circle. Obviously, this periodicity condition requires
zero dissipation.

Based on [18], let us write tr(R(z)) and det(R(z)) as introduced in (3.3) in
the form

tr(R(z)) = 2+ Y _(~1)'o:2* (3.5)
i=1

det(R(2)) = 1+ Z(—nim?i (3.6)
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In this paper, we are interested in deriving an embedded pairs which are
DIRKN method that is suitable for the integration of periodic IVPs (1.1).The
embedded formula for the DIRKN method would have to be chosen so that its
stability matrix has bounded eigenvalues, see [15].

Definition 3.3 (Order, [8]) A Nystrom method is of order p if, for sufficiently
smooth problems (1.1),

y(@n+h) = yuss = O (WH) and g (@ +h) =gy = O (W)

where y,.1 and y},,; are the numerical solutions given by the method under
the conditions that y, =y (z,) and y}, = ' (zp).

The order conditions for conventional RKN method has been thoroughly
studied by [8]. These are also given by [5]. We list all the order conditions
related to our method up to order five in Section 4.

4 Derivation of the Method

For the 5-stage, fourth- and fifth-order solution formulae with zero dissipative
condition, the following order conditions are needed to be satisfied after we make
use of three basic simplifying assumptions to be stated later.

Order one: ZZA); =1 (4.1)
i=1
Order two: il;'-c,- _1 (4.2)
i=1 2
. 1
Order three: bic? = = 4.3
rder three ; i =3 (4.3)
> . 1
rder four ; ici =3 (4.4)
ii)’-ai-c- _ 1 (4.5)
i=1 Y
o 1
Order five: bic} = - 4.6
rder five ; ici = ¢ (4.6)
s Ny 1
Zbiciaijcj = % (47)
%,J
ay 1
Zb;aijc? = % (48)
4]

for ¢’ and
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1
Order two: Zb' =5 (4.9)
i=1
S 1
Order three: Zb'lci =5 (4.10)
i=1
. 1
Order four: Zb’ 2= D (4.11)
i=1
. 1
Order five: Zb' 5= 30 (4.12)
i=1
S , 1
Zbiaijcj == m (413)
i=1

for y'.
Simplifying assumptions:

) (

5(:3 = Zajk,] =1,---5 (4.14)
k=1

by = bi(1—¢;) (4.15)

by = bi(1—¢;) 4.16

See for example [8], [10], [12] and [16].

The tableau of the 5-stage, 5(4) RKN method is of the form.

There are eighteen non-linear equations to solve in twenty-six unknowns.
Thus we have eight parameter families for 5(4) embedded DIRKN pairs.

4.1 Construction of the algorithm

We choose ¢y, ¢2, c3, ¢4, C5, a3, a5z and asz to be the free parameters and the
process in the derivation of the method is the following:

(1) Compute the det(R(z)) in terms of the RKN parameters. For an arbitrary
5-stage DIRKN method, the det(R(z)) is given by

1 —miz+ 722 — w323 + myzt — ms2®

p(2) = ESSE (4.17)

where ) is the diagonal element of matrix A,

T = b1 +b2+b3+b4+b5 7()’1 +Clb,1 7b/2+62b/2 7bé+63béfbil+04bﬁlfb/5+05bg
Mg = Ab1+Aba+a21ba+Ab3+az1b3+a32b3+Absas1by+asobs+as3bs+Abs+as1 b5+
a52b5 +a53b5 +a54b5 7Ab/1 7)\()/2 70,21[)/2 7)\1):/3 70,31[)% 7(1321):/3 7)\[)21 7@411)21 7@42()21 —
a43bﬁl — )\biz, — a51bf.,-, — a52a53b’5 — a54b’5 + >\C5b£—) + Cl()\bll + aglbé + aglbg + a41bﬁl +
a5lbf5) + CQ()\bIQ +a32bg +a42bﬁ1 +a52b%) +Cg()\bg + a43b£1 + a5gb’5) —|—C4()\bﬁl + a54b’5)
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T3 = 2)\1)1 +)\()\+2a21)bg+2)\b3+2)\a31b3+2)\a32b3+a21a32b3+2)\b4+2)\a41b4+
2)\0,42b4 “+ aoq a42b4 + 2)\0,43[74 “+asq a43b4 + a32a43b4 + 2)\b5 + 2)\&51 b5 + 2)\@52b5 +
az1asebs + 2Aas3bs + asz1as3bs + aszas3bs + 2Aasabs + aa1a54bs + aszassbs +
a43a54b5 — 2/\b/1 + 2/\Clb/1 — 2/\[)’2 — 2)\@21&3161()& + a21a3201b§, + 2/\&3202bé +
2/\C3bé — 2)\()21 — 2/\&41()2 — 2/\&4ng — CL21CL41b£1 — 2)\@43b:1 — a31a43b§1 - a32a43b21 +
2)\@41Clb2+a21a4261b21+a31a4361b£1+2>\a4262b£1+a32a4362b21+2)\a4303bﬁl+2)\64b27
2)\[){5 — 2)\&51 bi:) — 2)\@52b{5 — a21a52bg — 2)\&53[){5 — a31a53bg — a32a53bg — 2)\@54b{5 —
(41 a54b5 — 4205465 —aszas4b5 +2 as1 105 +ag1 asac1b+asiasser by +aqg asac b+
2)\a5202b’5+a32a5302bg+a42a5402bg+2)\a5303bg+a4ga5403bf5+2)\a5404bf5+2)\05bg,
Ty = 3Ab1 + 2)\()\ + 3@21)b2 + 3A\bs + 6Aasz1bs + 6Aaszsbs + 3Aasiazqbz+
3)\[)4 + 6)\a41b4 + 6)\@42()4 + 3)\&21@42()4 + 6)\a43b4 + 3)\@31@4354 + 3)\(132(143()4 +
ao1a32a43b4 + 3Abs 4+ 6Aa51b5 + 6Aas2b5 + 3Aasias2bs + 6 as3bs + 3Aasiassbs +
3Aazzas3bs + azraszaassbs + 6Aasabs + 3Aag1as4bs + 3Aag2a54bs + az1a42a54b5 +
3Aa43a54b5 + a31043054b5 + azoa43a54b5 — 3>\b/1 + 3)\61[)’1 - 3>\b/1 — 6)\0,211)/1 +
6)\@2161b2 + 3)\02bl2 - 3>\b{3 - 6)\&31[){3 - 6)\0/32[){3 - 3)\@21@32(){3 + 6)\&3101&3 +
3)\@21@32011)& + 6)\(132021?% + 3)\0ng - 3)\[)21 - 6)\(141[)21 - 6)\@42()2 — 3)\&21&421)21 —
6/\6143()2 — 3/\&31&43[)21 — 3/\&32&43[)& — a21a32a43bﬁl + 6/\&4101()21 + 3/\&21&42611)2 +
3)\@31 a4301b£1 + a21a32a4301bﬁl + 6)\@4262[)2 + 3)\@32&4302[)& + 6)\0,43631)21 + 3)\04[)21 -
3)\(){5 - 6a51b/5 - 60,521){5 - 3)\0,210,52[){5 - 6)\@53[){5 - 3)\@31@53(){5 - 3)\&32&53(){5 -
a21a32a53bg - 6)\&5417% - 3)\@41@5413{.,—) - 3)\0,42(154}){5 - a21a42a54bg - 3)\@43@54&/5 -
a31043051b5 — as2aazassby + 6Aasiciby + 3Xagiasecibs + 3Aasiasszcibs+
a21a32053C105 + 3Aag1a5401b5 + asiagsasscibs + aziaazasaciby + 6Aasz2coby +
3/\@32&5362%3 + 3/\&42&5462[){5 =+ a32a43a5402b'5 + 6/\&5363()& + 3/\&43&5403():54—
6)\@54041){5 + 3)\651)’5,
Ty = 4)\1)1 + 3)\(A + 4a21)b2 + 4)\[)3 + 12)\0,311)3 + ].2)\@32[)3 + 12)\@21@321)3 -+ 4)\[)4 +
4)\@41()4 -+ 12)\0,421)4 + 12)\&21&421)4 + ].2)\@43[)4 + 12)\@31@431)4 + 12)\&32&431)4 +
4)\@21&32&43[)4 + 4>\b5 + 12)\0,51[75 + 12)\@52b5 + ].20,21&52b5 + 12)\0,53[75 + 12X
az1a53bs + 12 az2a53b5 +4Aa21a32a5304 +2Xa54b5 +12Aa41a54b5 + 12 a42a54b5 +
4Xa21a42a54b5 + 1204305405 +4Na31a43a54b5 + 4Aasz2a43054b5 + ag1a32a43a54b5 —
4/\[)’1 + 4/\61(),1 — 4/\b/2 — 12/\&21(),2 + 12/\&2161(),2 + 4/\02()’2 — 4/\[)% — 12)\@31()& —
].2/\0,321)%712)\@21@32()&+12)\&31Clbé+].20,210432611)%+12)\a3262bé+4)\63bé74)\1)217
12)\0,41[721 — 12)\&42()21 — 12)\0/210/42@1 — 12)\0/43[)21 — 12)\&31&43[)& — 12)\&32&43@1 —
4)«121a32a43bﬁl+12)\a4101bﬁl+12)\a21a4gclbﬁl+12)\a31a4301bﬁl+4)\+a21a32a4301bﬁ1+
12)\&4202[)2 + 12)\@32@43021)& +4)\a4303bﬁl +4)\C4bﬁl — 4)\1){5 — 12)\(151[){5 — 12)\&52[){:’ —
12/\a21a5gb'5—12/\a53b’5—12/\a31a53b’5—12)\a32a53b’5—4/\a21a32a53b’5—12/\a54b’5—
12@410,541){5 — 12@42&541)’5 — 4)\&21 a42a54b’5 — 12)\&43@541)/5 — 4)\&31 a43a54b’5 — 4)\@32'
a43a54bg — a21a32a43a54b'5 + 12)\&5161[)’5 + 12)\0,210,5261(){5 + 12)\&31 as3C1 b/5 +4)\a21 .
a32a5361bg+12)\a41a5401bg+4)\a21a42a54clb’5—|—4)\a31a43a5401bg+12)\a31a5361b’5—|—
4Xaz1az2as54¢1b5+12Xaq1 asscibs+4Naz az1as2asac1by+4Aag i aszasacibs+aziass-
a43a54c1b'5 + 12/\&5202()/5 + 12)\@32&5362()& + 12/\&42&5462[)’5 + 4/\&32&43@5462()’5 +
12/\0,53631)/5 + 12)\@43@5463[)% + 12)\&54041)’5 + 4)\651)’5

(2) Then solve equations (4.1)—(4.4) and (4.6) for Z;’l, ZA)’Q, Bg, Bﬁl and Bg

(3) Use the simplifying assumption (4.15) to get b, b, bs, by and bs.

(4) Using (4.5), (4.7)—(4.8) and the simplifying assumption (4.14), we solve
for )\, a1, as1, a3z2, 41, A42, A51 and asq.
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An embedded method of order four requires the evaluation of the coefficients
by, by, b5, b} and bf satisfying the five equations (4.9)—(4.13). We then get
the coefficient vector b using the simplifying assumption (4.16). Unfortunately,
this is not possible since the lower order method coincides with the fifth order
method. So, we have to decrease the number of stages.

(5) Use (4.9)—(4.13) to solve for b}, bh, b, b.

(6) Finally, we get expression for by, be, b3, by considering the simplifying
assumption (4.16).

The above steps with the help of a symbolic manipulation package, we derive
expressions for the coefficients explicitly in terms of the free parameters as:

12 — 15¢c4 — 15¢5 4 20c4c5 — 503(3 —4cs + 04(—4 + 605))+
o 5¢a(—3 4 c4(4 — 6¢5) + 4es + 2¢5(2 — 3es + ca(—3 4 6¢5)))

L= 60(61 — 62)(01 — 03)(61 — C4)(Cl — C5) ’

712 + ].5C4 + 1565 — 206465 + 563(3 — 465 —+ C4(74 + 665))7
i 5¢1(—3 4 ca(4 — 6¢5) + 4es + 2¢3(2 — 3es + ca(—3 4 6¢5)))

/ 60(01 — CQ)(CQ — 03)(02 — 04)(02 — 05)

o =

7

12 — 15¢4 — 15¢5 + 20cq4c5 — 5ea(3 — 4des + ca(—4 + 6es))+
i 5¢1(—3 + c4(4 — 6c5) + des + 2¢0(2 — 3es + ca(—3 + 6¢5)))

60(c1 — c3)(ca — c3)(cs — ca)(c3 — c5)

w\
|

)

—12 + 15¢3 + 15¢5 — 20cse5 + 5e2(3 — 4es + c3(—4 4+ 6¢5))—
i 561(—3 + 63(4 — 665) + 4cs + 262(2 —3cs + 63(—3 + 605)))

: 60(01 — 04)(—02 + C4)(—03 + 04)(04 — 05)

=

)

12 — 15¢3 — 15¢4 + 20c3¢4 — He2(3 — 4ed + c3(—4 + 6ey))+
B 5¢1(—3 + c3(4 — 6cyq) + 4dey + 2¢0(2 — 3cq + c3(—3 + 6¢4)))

60(61 — 65)(02 — 05)(63 — 65)(64 — C5)

)

ot

(1 — Cl)(].2 - ].564 - ].5C5 + 206405 - 503(3 - 405 + C4(74 + 665))+
~ 5ea(—3 4 c4(4 — 6¢5) + 4y + 2¢3(2 — 3¢5 + ca(—3 + 6¢5))))

by = )
1 60(01 — CQ)(Cl — 03)(01 — 04)(01 — 05)
(1= c2)(—12 + 15¢4 + 15¢5 — 20cqc5 + 5e3(3 — des + ca(—4 + 6¢s5))—
IA) 561(—3 + 04(4 — 605) + 4cs + 283(2 — 3¢5 + 64(—3 + 665))))
2 = )

60(61 — 62)(02 — 03)(62 — C4)(CQ — C5)
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(1 —¢3)(12 — 15¢4 — 15¢5 + 20cqc5 — Hea(3 — 4es + ca(—4 + 6¢5) )+
_ 561(—3 + 04(4 — 605) + 4cs + 282(2 — 3¢5 + 64(—3 + 665))))

57 60(c1 — c3)(c2 — ¢3)(cs — ca)(c3 — ¢5)

(1 —¢q)(—12 4 15¢3 + 15¢5 — 20¢3es + 5ea (3 — 4es + c3(—4 + 6¢5))—
561(*3 + 63(4 - 665) + 4cs + 202(2 — 3¢5 + 63(73 + 665))))

by = ,
4 60(01 — 04)(—02 + C4)(—03 + 04)(04 — 05)
(1 —¢5)(12 — 15¢3 — 15¢4 + 20c3cq — Hea(3 — 4ed + e3(—4 + 6¢4))+
B 5¢1(—3 + ¢3(4 — 6¢q) + 4eqg + 2¢2(2 — 3¢y + c3(—3 + 6¢4))))
> 60(c1 — c5)(ca — c5)(c3 — ¢5)(cq — c5) ’

—3 4+ 4co + 4cg — 6¢ac3 4+ 4ey — 6eacy — 6ezcy + 12¢5c3¢4

b = —
! 12(01 — 02)(81 — 83)(61 - 64)
b, _ 73 — 461 — 463 + 66163 — 4C4 + 6C164 + 66364 - 12616364
2 12(01 — CQ)(CQ — 03)(02 - 04)
b — _ —3+4c1 +4cy — 6¢1¢9 + 4eyg — 6c1¢4 — 6c9cq + 12¢1 0904
3 12(c1 — e3)(ca — c3)(c3 — ca)
b — _3 —4cy — 4eg + 6¢1c9 — 4es + 6¢les + 6¢ac3 — 12¢1¢2¢3
4 12(01 — 04)(82 — 84)(63 - 64)
b — (=14 c1)(—3+c3(4 — 6¢q) + 4eg + 2¢2(2 — 3eq + c3(—3 + 6¢4)))
! 12(61 — 62)(61 — 03)(01 — 04)
b — (=14 co)(—3+ c3(4 — 6¢q) + 4eg + 2¢1(2 — 3eq + c3(—3 + 6¢4)))
2 12(61 — 62)(02 — 03)(62 — 64)
be — (—1 + 03)(—3 + 62(4 — 664) +4cy + 261(2 — 3¢y + 62(—3 + 664)))
3 12(61 — 03)(02 — 83)(83 — 84)
by — — (71 + 64)(*3 + 62(4 - 663) + 4c3 + 2C1(2 —3c3 + 62(73 + 603)))
4 12(01 — 04)(—02 + C4)(—03 + 04)
1, 1 1
A= 501, a1 = 5(02 +e1)(ea—c1), az = 5(03 +ec1)(ez —c1) —aszz
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1 1
a4l = 5(64—&-61)(84 — 1) — Qa2 — 43, A51 = §(C5+Cl)(05 —C1) — @52 — a3 — ass

where

_ P _ Q

o 120b3(01 — C2)(C2 — C4)(C3 — C4)’ 442 = 120b4(01 — C2)(C2 — C4)(C3 — C4)
R

B 120(b501€2 — bscieq — bgeacy + b5ci)

a32

a54 =

P = (60bycics — 60byc3cdd — 60c3(baci(c2 + 2c1cq4 — €3) + 2as2bs(cy — ¢5)) +
601)2616%(61 — C4 — C5) + 62(74 — 120a4gb401C4 + 120@52[)56104 + 1201)26:{)64 —
60b4cicy+120a43bsc3c4+120a52b5¢% +60byc3c3+60byc c2+60bycyci+60b1 ¢ (e —
C5)—60b301 (C%—Clc3—cg)(03—05)+5C5+120a4gb40105—120&521)50105 +60b4c%05—
120a43bsc305 — 120as59b5c405 — 60[)46%6465 — 60b401€iC5) + 56421(—1 — 24as9b5c1 +
12()10“1)’—12b20§—12b36?+12b46?—12[)56?—246153()5(61—C3)+12b3€%63+12b3616§+
121)46%65 + 12()56%05 + 121)5616%) + C5(75Cl(71 + 24&431)463 + 24&531)563 + 2(71 +
60@43b46§ + 60&53b56§) - 600?(()303 + b5C5) + 606%([)36% + b5C5)) - 64(601)1031 -
600? (2()203 — (b4 — 2()5)05) + 1200% (b3C§ + b5C%) — 501(—1 + 24a43bsc3 — 12[)30% +
24a50b5c5 — 12[)50% + 24a53bs5 (Cg + 05)) + 6(—1 + 20&43540% +20a53b5c3 (03 + 05))))

Q= (60()20163 - 60(20,43[)4 + 2as3bs + bgC%)C% +4cy — 601)16%64 + 120@431)4616421 +
60b4c3c3 —60bsc3 3 —60bycyc—60c3 (bacy (2 —cacz+cr(ca+ca))+2a52bs(c3—c5)+
60b2€1 C% (Cl —Cq4 —65) —2C5+5Cl Cs —|—120a52 b501 C4C5+120a53b561 C4C5 —60b4C?C4C5 +
60b5c£1)’04c5 +60b4c%c?105 — 60b5c§’c§ — 60b5c%04c§ + 60b5c%c§ —60b5¢1 C4C§ +eo(—4+
6Obgc§63 — 6Obgc:1363 + 60()36%6% +60b3c¢q cg —120a43bscrc4 + 60b2c§’04 — 60b4c§’04 +
120&431)46364 + 601)26%6304 + 60[)46%62 + 60[)46162 + 601)16‘“1))(61 - 05) + 120&521)5 (Cl +
64) (03 705)4’565 + 120@43 b4Cl 65+60b3 Ci’C5 +60b46i’65 - 120&43[)46305 760[)36%6365 -
60[)3616%65 — 60[)46%6465 — 60b46104205) + 606%“)36%(61 + 65) + 2&43[)4(01 +cq4 +
05) + 2as53b5 (Cl +cq4 + 05) — 03(—2 + 120@43540421 — 60()50% (04 — 05) — 600?(()104 —
bocy — bscy — bzes + b505) + 504(1 + 24a53b505) + 501(1 + 24a50b5¢4 + 24a53b5¢4 —
12()402 + 24a53bscs — 12b5C4C% + 246143()4(04 + 05))))

R = (—2 + 5¢1 + 5eg + 120a43bsc100 + 120as53b5¢1c0 — 60()16{’62 + 60b30£{’62+
60b4C£1))CQ + 60b5C£1))CQ — 60b2010§ — 1200,43[)40163 — 120&530103 — 60b30?63—
120a43b4coc3 — 120a53b5c0c3 — 60[)30%0203 + 120(143[)40% + 120(153[)50% + 60530%0% —
6Ob3016203—60b4c§04—60b4c§6264+60b4c%ci—60b4clcgci—60b5c§05—60b5c§6265+
60bsc3cZ — 60bscycac?

These led us to the derivation of the det(R(z)) in (4.17) in terms of the
free parameters. In order to achieve a 5-stage, fourth-and fifth-order embedded
RKN method that is zero dissipative, Definition 3.1 has to be satisfied. Match
the coefficients of z, 22, 23, z* and z° of the numerator and the denominator of
(4.17). The free parameters can be used to get an optimal method by minimizing
the norms of the truncation error constant according to [12] given by

(4.18)
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where
1
7'1(6) = 7'2(6) = T§6) = Z bic; — 30

1

6

i =D beiae; — g
©,J

1
6 6
4,7
1
/ 2 1
Ty =T5 :Zbiciaijcjf%,
4,7

1
Té(G) = Zbiciaijc? - 5
4,J

1
i =i = =3 by - o,
)
» (6) 1
T10 = Z biaijajkck — ﬁ

i3,k
Then substituted the expressions derived above in terms of the free parameters
into the principal truncation error coefficients (4.18). The MATHEMATICA pack-
age is employed to minimize (4.18) subject to the constraints det(R(z)) = 1 and
the bounds 0 < ¢; < 1,7 =1,2,3,4,5 to determine the values for the free pa-
rameters. The resulting zero dissipative DIRKN pairs of orders 5(4), expressed
in Butcher tableau form is;

707 499849
1000 2000000
1 459849 499849
5 2000000 2000000
2 _ 31620096730133  372444553886961 499849
5 78774963858500  157549927717000 2000000
3 _ 8552003414343 122017348397423  _ 273 499849
5 545506033572500  54550633572500 1000 2000000
9 _ 21219733103899 1 3 2252276562125 499849
10 11845750157800 10 20 11845750157800 2000000
b 6446000 2530 422 1481 0
16654443 845 1535 3210
% 22000000 253 422 1481 0
16654443 676 921 1284
3 2519800000 26608 _ 6449 3113 10669
9642922447 53235 15350 4815 303975
% 8600000000 6652 6449 3113 21338
9642922497 10647 9210 1926 60795

The above coefficients are substituted into the error equations of the sixth order
method both for y and y’ respectively to obtain the error constants of the
method as

|7@]|, = 1.5704582765 - 1073, ||7'®)|| = 2.3320316216 - 102
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Examine the stability interval of the method by plotting the stability region.
Using (3.2) the amplification matrix is obtained as

R(z)
<1+;z+1g&)22+2&023+2§024+2§025 1+5ﬁ)z+1§522+%z3+%24+132})25>
z+%z2+1%—523+ﬁ24+%25 1+%z+%22+ﬁ23+%24+%25
A boundary locus plot of R(z) gives the stability interval of approximately

(0,6.52). Figure 4.1 depicts the stability region of the higher order method used
to advance the integration.

0.8 ————

0.6

0.4 7

0.2 ]

Re(z)

Figure 4.1 Stability Region for the Fifth Order Zero Dissipative DIRKN Pairs of
Order 5(4)

5 Numerical Examples

To illustrate the applicability of the method derived in this paper, we consider
some test problems which appear in many papers on numerical methods for
oscillatory problems. We compare our method with the method of [2], when
the same test problems are reduced to first order system twice the dimension of
(1.1). We apply the methods with variable step size and use the technique of
simplified Newton iterations to handle the nonlinear systems.
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The following notations are used in Tables 1-3:

New method: The DIRKN 5(4) pairs obtained in this paper.

Method1: The method obtained by [2].
Tol: The tolerance used.

MTD: Method used.

FCN: The number of functions evaluated.
STEP: The number of steps.

JAE: The number of Jacobian evaluation.
F'S: The number of failed steps.

ACPT: The number of accepted steps.
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EMAX: max ||y, — y(z,)||, that is the computed solution minus the exact

solution.
Problem 5.1 Consider the equation
y'=—y+x, y0)=1, y(0)=2, 0 <z < 167.

Exact solution: y(z) = sin(z) + cos(x) + x. Source: [1]

Problem 5.2 Our second test problem was an inhomogeneous problem

y" = —100y + 99sin(z), y(0) =1, ¢/(0) =11
Exact solution: y(z) = cos(10z) 4 sin(10x) + sin(x)

We integrate the problem in the interval z € [0107]. Source: [17]

Problem 5.3 Consider the Duffing equation

y' = —y—y* + =5 cos(1.01z), y(0) = 0.20042678067, y'(0) = 0

The exact solution of the nonlinear problem is given as

y(z) = 0.200179477536 cos(1.01z) + 0.00246946143 cos(3.03z)

Source: [13]

Table 1 Numerical Results for Problem 5.1

+0.304014 - 1075 cos(5.05z) + 0.374 - 10~? cos(7.07x)

MTD Tol FCN STEP | JAE | FS | ACPT | EMAX

New 1072 | 976 882 1 0 882 1.1542519-107°!
method 10366 797 1 0 797 5.8080693-10%¢
Method1

New 107* | 26707 2413 1 16 | 2397 4.0235515-107%
method 26880 2067 1 1 2066 2.4486472-10792
Method1

New 107°% | 85927 7807 0 0 7807 9.6516201-107°7
method 67691 5206 1 1 5205 2.5021113-10792
Method1

New 107% | 216716 | 19700 | O 2 19698 | 1.2655876-107%8
method 170070 | 13081 | 1 3 13078 | 2.5034278-10792
Method1

New 10710 | 2675520 | 21933 | 1 2 21931 | 2.9308203-107%°
method 1923413 | 28914 | 1 3 28911 | 7.2879331.107°3
Method1
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Table 2 Numerical Results for Problem 5.2

MTD Tol FCN STEP | JAE | FS | ACPT | EMAX

New 1072 | 1740 158 1 0 158 1.5221335-10~92
method 2537 195 1 0 195 3.7157173-10792
Method1

New 107* | 4655 423 1 0 423 6.3053737-107%¢
method 6385 491 1 0 491 2.3614952-10793
Method1

New 1076 | 11783 1071 1 0 1071 2.5758336-107%8
method 16044 1234 1 0 1234 1.4874384-107%4
Method1

New 1078 | 29614 2692 1 0 2692 4.0352437-1071°
method 40289 3009 1 0 3009 9.3760445210~%6
Method1

New 10710 | 35229 2977 1 0 2977 3.2937681-107 12
method 43286 3705 1 0 3705 2.46783322107%8
Method1

Table 3 Numerical Results for Problem 5.3

MTD Tol FCN STEP | JAE | FS | ACPT | EMAX

New 1072 | 9018 819 1 1 818 2.0586713-107%3
method 20928 3201 1 1 3201 6.7846093-107°1
Method1

New 107* | 23590 2144 1 1 2143 4.1773814-1079
method 52786 8120 1 1 8119 4.2585692-10~°2
Method1

New 107°% | 59505 5409 1 1 5408 3.0718335-107°7
method 13273 20420 | 1 1 20419 | 2.6638752-107%3
Method1

New 1078 | 149631 | 13601 | 1 2 13598 | 3.6508864-107%°
method 333534 | 51312 | 1 1 51310 | 1.6754552-107%¢
Method1

New 10710 | 186350 | 19270 | 1 2 19298 | 3.3133562-1071°
method 429883 | 58239 | 1 1 58238 | 1.6754557-107%°
Method1

The results of our experiment show the applicability of the zero dissipative
embedded DIRKN method which we have derived. From the numerical results
in Tables 1-3, we observed that the “New method” produces better results com-
pared to Methodl in terms of number of steps, number of functions evaluations
which are due to the fact that when Method1 is used to solve second order equa-
tion, it has to be reduced to first-order system. Also, in terms of global error,
the “New method” produces smaller errors compared to Method1; however, the
error produced by Methodl1 is within the chosen tolerance.

Figures 4.2—4.4 also presented the efficiency of the method developed by plot-
ting the graphs of the maximum global error (log 10) against the computational
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cost measured by the number of function evaluations required by each method.
The New method is more efficient than the Method I for the tested problems.
This validates the fact that the zero dissipative is an important property when
solving IVPs in which the solution is in oscillating form.
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Figure 4.2 Error Plots for Problem 5.1
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Figure 4.4 Error Plots for problem 5.3
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6 Conclusion

This paper derives zero dissipative DIRKN pairs of order 5(4) at a cost of five
stages per step for solving the IVPs (1.1). The method controls the local error
in the solution and the derivative. It has an appropriate region of stability and
computationally less expensive due to its diagonally implicit structure. In view
of the numerical results obtained, we conclude that the New method shows some
promise compared to Methodl. Thus the New method can be used to solve the
IVPs (1.1) directly without having to reduce the problems to first order system
hence computational time is minimized.
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