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Existence of entropy solutions for degenerate
quasilinear elliptic equations in L!

Albo Carlos Cavalheiro

Abstract. In this article, we prove the existence of entropy solutions for the
Dirichlet problem
P) —divlw(z)A(z, u, Vu)] = f(z) — div(G), in Q
u(z) =0, on 02

where © is a bounded open set of RN, N > 2, f € L'(Q) and G/w €
[P (9, w)]N.

1 Introduction

The main purpose of this article (see Theorem [2)) is to establish the existence of
entropy solutions for the Dirichlet problem

P {;(ii)v[cu(()x)A(x,u,Vu)] = f(z) — div(G) 21 %Q

where Q C RY is a bounded open set, w is a weight function (i.e., a locally integrable
function on R such that 0 < w(z) < cca.e. z € RY), f € LY(Q), G = (g1,--.,9N)
with G/w € [LP (Q,w)]", and the function

A: O xR xRY - RY

satisfies the following conditions:

(H1) z ~ A(z,s,€) is measurable on Q for all (s,£) € R x RV and (s,&) —
A(z, 5,€) is continuous on R x RY for almost all 2 € Q.

(H2) (A(z,s,&) — A(,5,&2), &1 — &) > 0, whenever &;,& € RY, & # & (where
(-,-) denotes the usual inner product in R”).

2010 MSC: 35J70, 35J60
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(H3) (A(z,s,£),€) > M€, with 1 < p < oo, and A > 0.

(H4) |A(z,5,6)] < K(z) + hi(2)|s[P? + ho(z) |€]/F", where K, hy and hy are
positive functions, with hy € L(), hy € L®(Q) and K € L¥ (Q,w) (where
I/p+1/p" =1).

If f/w e LV (Q,w) (with 1 < p < oc), the problem (P) has been studied in 4],
and in this case the problem (P) has a solution u € W1P(Q,w). However, since
LY(9) is not a subspace of W~ (€,w) so when we want to consider f € L*(Q) a
different theory is needed.

In [1], a new concept of solution has been introduced for the elliptic equation

{— divia(z, Vu)] = f(z) in €,
u=20 on 00

(when f € L'(Q2)) namely entropy solution. In [3] the author studied the degenerate
elliptic equation Lu = f, where L is a degenerate elliptic operator in divergence

form, i.e.,
n
= > Dj(ai;(x) Dyu),
i,j=1

and f € L'(Q). Note that, in the proof of our main result, many ideas have been
adapted from [1| and .

For degenerate partial differential equations, i.e., equations with various types
of singularities in the coefficients, it is natural to look for solutions in weighted

Sobolev spaces (see , @, , ﬂgﬂ and )

A class of weights, which is particularly well understood, is the class of A,
weights that was introduced by B. Muckenhoupt in the early 1970s (see [11]).

We propose to solve the problem (P) by approximation with variational solu-
tions: we take f, € C5°(Q) such that f,, — f in L'(Q), G, /w € [P (Q,w)]N such
that G, /w — G/w in [P (Q,w)]N, we find a solution u, € W,P(Q,w) for the
problem with right-hand side f,, and G,,, and we will try to pass to the limit as
n — oo.

2 Definitions and basic results

By a weight we shall mean a locally integrable function w on R such that 0 <
w(z) < oo for a.e. x € RY. Every weight w gives rise to a measure on the measurable
subsets of RY through integration. This measure will be denoted by p. Thus,

w(E) = / w(z) dz for measurable sets £ C RY.
E

Definition 1. Let 1 <p < co. A weight w is said to be an A,-weight, if there is a
positive constant C' = C(p,w) such that for every ball B C RN

w)
<|;| >(|1| /(1= p)(;g)dx>p_1§0 ifp>1,

(|;|/Bw(x) dx) <e§§€sgp w(lm)) <C ifp=1,
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where |-| denotes the N-dimensional Lebesgue measure in R”.

If1 < ¢ <p, then A, C A, (see , El] or for more information about
A,-weights). As an example of an A,-weight, the function w(z) = |z|%, z € RV,
is in A, if and only if, —-N < a < N(p —1) (see , Chapter IX, Corollary 4.4).
If ¢ € BMO(RY) then w(x) = e*?(®) € A, for some a > 0 (see )

Remark 1. If w € 4,, 1 < p < oo, then

() =<l

for all measurable subsets FE of B (see 15.5 strong doubling property in @ﬂ) There-
fore if p(E) = 0 then |E| = 0. Thus, if {u,} is a sequence of functions defined in
B and u,, — u p-a.e. then u, — v a.e..

Definition 2. Let w be a weight. We shall denote by LP(2,w) (1 < p < o0) the
Banach space of all measurable functions f defined in € for which

1/p
||fHLP(Q7w) = </Q |f(x)\pw(x) dl’) < 0.

We denote [L?' (Q,w)]N = LV (Q,w) x --- x L (Q, w).

Remark 2. If w € A4,, 1 < p < oo, then since w1/ P=1) ig locally integrable, we
have LP(Q,w) C L () (see , Remark 1.2.4). It thus makes sense to talk about

loc
weak derivatives of functions in L?(Q,w).

Definition 3. Let QO C R" a bounded open set, 1 < p < oo, k a nonnegative integer
and w € A,. We shall denote by WFP(Q,w), the weighted Sobolev spaces, the set
of all functions u € LP(Q,w) with weak derivatives D%u € LP(Q,w), 1 < |a| < k.
The norm in the space W*P?(Q,w) is defined by

1/p
lullwrrw = (/Q|u(x)|pw(x) dz + <Zl<k/ﬂpau(x)|1’w(m)dx> ()

We also define the space W(;C P(Q,w) as the closure of C§°(€2) with respect to

the norm .
> /Q |D”‘u(w)|pw(x)dx) .

g =
1<l <k

The dual space of W, (Q,w) is the space [W, P(Q,w)]* = W1¢ (Q,w),
_1’;0, Q =T = — di . = Ce. i gJ Lpl Q .
w ( ,UJ) { f le(G) G (917 7gN)7w7 w € ( ,W)}

It is evident that a weight function w which satisfies 0 < Cy < w(z) < Cy,
for a.e. x € (), gives nothing new (the space W*?(Q2,w) is then identical with
the classical Sobolev space W*?(€))). Consequently, we study all such weight
function w that either vanish in Q U 09 or increase to infinity (or both).

We need the following basic result.
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Theorem 1. (The weighted Sobolev inequality) Let Q C RY be a bounded open
set and let w be an A,-weight, 1 < p < oo. Then there exist positive constants Cq
and § such that for all f € C§°(2) and 1 <n < N/(N—-1)+4

11l Loe 0,0y < CallV fllLr @) (2)
Proof. See @, Theorem 1.3. O

Definition 4. We say that u € 75 *(Q,w) if Typ(u) € WyP(Q,w), for all k& > 0,
where the function Ty : R — R is defined by

Tu(s) s, if |s| <k
S) =
¥ ksign(s), if |s| > k.

Remark 3. (i) Note that for given h > 0 and k& > 0 we have

0, if |u] <k
Th(u—Ti(uw) =< (Ju] — k) sign(u), ifk<|ul<k+h
hsign(u), if |u| >k + h.

And if o € R, a # 0, we have Ty, (au) = a Ty /o (u).
(ii) Ifu € Wlicl (Q,w) then we have
VTi(u) = X{jul<k} VU
where y g denotes the characteristic function of a measurable set £ C RY.
Definition 5. Let f € LY(Q), G/w € [L¥ (Q,w)]Y and u € Ty"P(Q,w). We say

that u is an entropy solution to problem (P) if

/Q<A(x,u,Vu),VTk(u—go)>wdac:/Qka(u—go) dx+/§2<G,VTk(u—<p)>dx (3)

for all k > 0 and all p € W, ?(Q,w) N L>®(N).

We recall that the gradient of v which appears in is defined as in Remark 2.8
of [3], that is to say that Vu = VTj(u) on the set where |u| < k.

Remark 4. Note that if u;, uy € Wy?(Q,w) then
© = Th(uy + up) € WyP(Q,w) N L(Q)

and we have
Vi = VT (u1 + u2) = V(u1 + U2) X{juj +us|<k}-

Definition 6. Let 0 < p < oo and let w be a weight function. We define the
weighted Marcinkiewicz space MP(Q,w) as the set of all measurable functions
f: Q2 — R such that the function

Lp(k) = p{z € Q:[f(2)] > k}), k>0,

satisfies an estimate of the form I'y(k) < Ck™P, 0 < C' < 0.
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Remark 5. If 1 < ¢ < p and Q C R¥ is a bounded set, we have that
LP(Q,w) C MP(Q,w) and MP(Q,w) C LI(Q,w)
(the proof follows the lines of Theorem 2.18.8 in [10]).

Lemma 1. Let u € 7,"P(Q,w) and w € A, 1 < p < 0o, be such that

1

7/ VulPwds < M, (@)
R Jgul<ny

for every k > 0. Then u € MP'(Q,w), where p1 = n(p—1) (where 1 is the constant
in Theorem . More precisely, there exists C' > 0 such that T, (k) < CM"k~P1.

Proof. See Lemma 3.3 in . O

Lemma 2. Let u € 761’p(§27w), where w € A,, 1 < p < oo, be such that

1

7/ |VulPwder < M,
k J{ul<k}

for every k > 0. Then |Vu| € MP2(Q,w), where ps = pp1/(p1 + 1) (with n as in
Lemma@ and p; = n(p — 1)). More precisely, there exists C' > 0 such that

T (|Va|) < CM®r+D/ e+ D) p—pa

Proof. See Lemma 3.4 in . O

3 Main Result

In this section, we prove the main result of this paper. We need the following
result.

Lemma 3. Let w € A,, 1 < p < oo and a sequence {u,}, u, € Wy (Q,w) satisfies
(i) tp — u in Wy P(Q,w) and p-a.e. in Q;

(ii) / (A(x, un, Vuy) — A(x, up, Vu), V(u, —u)) wdz — 0 with n — oo.
Q

Then u,, — u in Wy ?(Q,w).
Proof. The proof of this lemma follows the lines of Lemma 5 in . U

Theorem 2. Let w € A,, 1 < p < o0, and A(z, s,&) satisfies the conditions (HI1),
(H2), (H3) and (H4). Then, there exists an entropy solution u of problem (P).
Moreover, u € MP'(Q,w) and |Vu| € MP2(Q,w), with p; = n(p—1) and ps =
p1p/(p1 + 1) (where 1) is the constant in Theorem []).
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Proof. Considering a sequence {f,}, fn € C§°(€2), which
fusf in LH9) and ol < 111y -
and a sequence {G,,}, with G, /w € [L*' (Q,w)]" such that
- e, ol
w ) Tl w

— = ¢ in [L¥ (Q,w)]Y and ‘
w w

LY (Quw Lr' (Q,w)

For each n, there exists a solution w,, € WO1 P(Q,w) of the Dirichlet problem

P, {— diviw(z)A(z, un, Vu,)] = fulz) —div(G,), in Q
un(z) =0, on 0

(by Theorem 1.1 in [4]) that is,
/ w{A(x, tun, Vu,), Vo) de = | fopdz+ / (Gn, V) de,
Q Q Q

for all p € W, ?(Q,w). For ¢ = Tj(u,) we obtain in (5] that

/ w (A, 1, V), VT () dae = | fuTh () dar + / (G, VT (un)) da.
Q Q Q

Using (H3) and Remark [3] (ii) we have,

/Qw(A(:L‘,un,Vun),VTk(un»dz = / w(A(x, un, VT (up)), Vi (uy)) do

Q
> )\/ VT (up)|Pw da.
Q

We also have

Q

< / ol () 4 < Bll Full oy < B

and using Young’s inequality there exists a constant C7 > 0 such that

<),
</,

/ (Gny VTi(up)) de
Q

Cj:‘VTk(unﬂwdx

et 1/p 1/p
= wdx) </ |VTk(un)|pwdsc)
Q

w
p/
< é/ |VTk(u”)|pwdz+C’1/ ‘G” wdzx
2 Q Q| W
A ) v
< = | |VTi(up)[fwdx + Cy —| wdz.
2 Jo Q

()

(6)
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Hence in (@ we obtain

A P’
)\/ ‘VT/C(U”)PdeJSk'HfHLl(Q)—"_E/ \VTk(un)|pwdx+Cl/ —| wdz,
Q Q Q
and
k G|I”
VT (un, pwdx<<f 1oy + Cil|— )
Jvrmrear < 5 (1w v G
= Cyk, forallk>0. (7)

By Lemmall]and Lemmal[2] we have that the sequence {u,, } is bounded in MP* (Q,w)
(with py = (p—1) and {|Vuy,|} is bounded in MP2(Q, w) (with po = p1 p/(p1+1)).
Moreover, {u,} is a Cauchy sequence in p-measure. Consequently, there exists a
function u and a subsequence, that we will still denote by {u,}, such that

Up = u  p-a.e. in (8)

and u, — u a.e. in Q (by Remark [I)).
Using @ and , we have

Tie(un) — Tr(u)  weakly in WyP(Q,w),
Ti(un) = Tk (u) strongly in LP(Q,w) and p-a.e. in £, (9)
for all k > 0. Hence Ty (u) € Wy (9, w).

Furthermore, by the weak lower semicontinuity of the norm VVO1 P(Q,w), we
have that @ still holds for wu, that is,

/ VT (u)[fwde < Ca k.
Q

Applying Lemmaand Lemma we have that u € MP1(Q,w) (with p; = n(p—1))
and |Vu| € MP2(Q,w) (with p2 = p1p/(p1 + 1)).

e We need to show that T} (u,)— Tk (u) strongly in W, (Q,w), for all k > 0.
Let A > k and applying with function

on = Top(upn — Th(un) + T (un) — T (u)),
we get

/w(A(m,un,Vun),Vgon)dm:/fngondx+/ (Gr,, Vo) de. (10)
Q Q Q

If we set M = 4k + h, we have Vo, = 0 for |u,| > M. Hence, since condition (H3)
implies that A(z,s,0) = 0, we can write

/w(A(m,TM(un),VTM(un)),Vgpn>dac:/fngondx—i—/ (Gn,Vorydz. (11)
Q Q Q
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In the left-hand side of , we have
/ w( A(, Tyr (un), Va1 (), ¥ Tt — T (1) + T () — To(w)))
Q

N /{ |<k}w<A(x’TM(u")’ VT (un)), Vo (tn — Th(tn) + Th(un) — Ti(u))) da

+ / w(A(z, Tar (un ), VT (un)), Vok (un — T (un) + Ti(un) — Ti(w))) da
{lun|>k} 12)
(a) If |up,| < k. Since h > k, if |u,| < k < h, then T}, (u,) = Ti(un) = u,. Hence,
Up — Th(up) + Ti(un) — Ti(u) = up — Ti(u) .
We also have that |u, —u| < 2k. Then, since VT (un) = VTi(u,) (because
lun| < k < M),

/{I \<k}w<A(x’ Taa (un), Vs (un)) VTok (un = Th(un) + Tio(un) — Tr(w))) da
- /{ [<k} w(A(z, T (un ), VT (un)), V(T (un) — Ti(u))) do

_ /me@;,Tk<un),vmun>>,v<n(un) — Ti(u)) dar

(b) If |uy,| > k. Since u,, Ti(u,) and Ty (u) are in Wy ?(Q,w), if
[t — Th(tn) + Ti(un) — Tk(u)| < 2k,
we obtain

VTog(un — Th(un) + Ti(un) — Ti(uw)) = V(up — Th(un) + Tk(un) — Tk (u))
= Vu, — VT1} (un) + VT (un) — V1T, (u)
= Vu, — VTn(un) — VI (u)

ecause E\Up ) = 1L Uy | > . ere are two possible cases as follows:
(b VTk(un) =0 if |u,| > k). Th possibl foll
(i) If k < |un| < h, we have VT, (u,) = Vu,. Then
VTQk(Un - Th(un) + Tk(un) - Tk(u)) = —VTk(u).

(ii) If h < |un| < M, we have that VTj(u,) = 0. Then
VTok(un —Th(un) + Tk (un) — Ti(w)) = Vuy — VT (u) = VT (upn) — VT (u).
Since (A(z,s,&),&) > A¢|P > 0, in both cases we obtain
(A2, Tar (un), Vs (un)) Vo (U — T (un) + T (un) — Ti(w)))

- <.A(£C, TM (un) s VT]W (un) s VTk (’LL)>

>
> —| Az, T (@), VT () || VT (w)-
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Therefore we obtain in

/Qw<A(x, T (un), VT (un)), VIog (tuy — Th(un) + Ti(un) — Tk(u))> dz
= /{ . w{A(@, T (un), VI (un)), Vg (ty — Th(un) 4+ T (un) — T (u))) dz
+ / w(A(z, Tag (un), VI (un)), Vok (tn, — Th(un) + Ti(un) — Ti(uw))) da
{lun|>k}
> / Wl A2, Tl ), VT (), V(T (1) — To(w))) da
Q
—/ w’.A(x,TM(un),VTM(un))HVTk(u)’dx.
{lun|>k}
Hence, in we obtain

/Qw<.A(x, Ti(un), VT (un)) — A(z, T (un), VI (u)), V(Tk (u,) — Tk(u))> dz

<

/{ A T ), 9T )T ()] 2

+ /Q FTon(tn — T (1tn) + Ti (1) — Ti(u))

T / (G VToi (1, — T (1) + Te(tn) — Ti(w))) da
Q

- /Q (A, T (un), VT1(w), V(T () — Tic(u))) da.

Considering the test function ¥,, = Tor(un — Th(uy)) in , we have

/w(A(x,un,Vun),an>d:r:/fn¢ndx+/ (G, Vb, ) dz
Q Q Q

and by (7) we obtain

/ IVTok (un, — Th(up))|Pwde < Cy(2k + 1), forall k> 1.
Q

Now using that Tog (ty, — Th(tn)) — Tor(u — Ty (u)) weakly in Wy (Q,w) (by ©
and Remark 3| (1)), we have

/Q I o (1 — T () Peodar < Ca(2k + 1) (14)
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We have (by Remark [3] (i) and (ii) and (14))

/|G|‘VT2k(u—Th(u))]dx:/{ |G||Vu| dz
Q

h<|u|<2k+h}

’ 1/p' 1/p
/ |G/w|pwdx) (/ |Vu|pwd3:)
{Jul> h} {h<|u|<2k+h}
, 1/p'
/ G/w|pwdx> </ | VTok(u — Ty (u))|’w dz
{lul=h} Q

, 1/p’
_ 3(/ |G/w|pwdx> ,
{lu|>h}

where C5 depends on k but not on h. Therefore we have

IN

lim [ (G,VTa(u—Th(u)))dz =0.

h—o0 O

We also have (by Theorem

/ |Tok (v — Th(uw))Pwdz < OQ/ |V Tor(u — Th(u))|Pwde
Q Q
< CqCy(2k+1).

Moreover, by Lebesgue’s theorem, we obtain

lim /Qngk(u —Th(u))dz =0.

h—o0

We can fix a positive real number h. sufficiently large to have

/Q FTo(u — Ty () dar + /Q (G, VToi(u — Ty () dr < <. (15)
Considering h = h, in (and M = M, = 4k + h.), by (H4) and (7)), we have
/Q|.A(m,TM(un),VTM(un))|p/wdx

’

< [ (K@ + 1@ T )7+ hafa) 9T ) P7) o
<c[/QKp/(x)wdx+/th’(x)|TM(un)|pwdx

S AT s
< C(IK V) )+ Il oy [ Tarun)Pda

+ \|h2||px(m/ VT ()P )
Q

< CIKI gy + 1318 0 M) + 152 ) M C )
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that is, |A(z, Tar(un), VT (uy))] is bounded in LP'(Q, w).
Moreover, X{ju, >k} VTk(u)] = 0 in LP(Q2,w) as n — oo. Therefore,

lim | A(2, Tag (un), VTar (un))| [V (u)| w dz = 0. (16)

00 S {Jun | >k}
Furthermore, we have that
Tor(un = Th(un) + Ti(un) = Ti(w)) = Tox(u = Th(u)),
weakly in WP (Q,w), as n — oo.

Hence, by @, and , passing to the limit in , we have

lim | (A2, T (un), VT (un) =A@, T (un), VIk(w)), V(T (un) = The(w)) ) w d

n—oQ Q

< /Q FTo(u— Th (w)) dz + /Q (G, Vo (u — Ty (w)) da < e,

for all € > 0, that is,
/Q<A(ac,Tk(un), VTi(un)) — A(@, Ti(un ), VI (1)), V(Ti(un) — Ti(uw))) w — 0,

as n — 0o. Applying Lemma |3| we get
T (un) = Te(u) (17)

strongly in WO1 P(Q,w) for every k > 0. This convergence implies that, for every
fixed k >0

Az, Tip(un), VT (un)) — A(z, T (u), VIg(w)) (18)

in (L (Q,w))N = L (Q,w) x --- x LV (Q,w).

e Finally, we need to show that u is an entropy solution to Dirichlet problem (P).
Let us take ¢, = Tj;(u,, — ) as test function in (5), with ¢ € Wol’p(Q7 w)NL>2(Q).
We obtain,

/w<A(x,un,Vun),V1/)n>dx:/fn¢ndm+/<Gn,an>dx. (19)
Q Q Q

If M =k + [|¢ll () and n > M, we have

/Qw <A(:E,un, Vug), VI (uy, — gp)) dz

_ /Qw<A(x,TM(un),VTM(un)),VTk(un —¢))da.
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Hence, in we obtain

| A Tar (02), 9T (1)), VT ) da
= /anTk(un — ) d:zr+/Q(G,VTk(un —p))ydz. (20)
Therefore, by @ and , passing to the limit as n — oo in , we obtain
/Qw (A, u, Vo), VTi(u — ) da = /Qka(u —o)de + /Q (G, VTi(u — ) da

for all p € Wy P(Q,w) N L>®(2) and for each k > 0.
Therefore u is an entropy solution of problem (P). O

Example 1. Let Q = {(z,y) € R?: 22 + y? < 1}, the weight function

w(z,y) = (@? +92)7?  (we As),

fa) = s,
G(z,y)

((:102 + 3?) sin(xy), (22 + y2)_1/3 cos(xy))
and A: Q x R x R? — R?, A((z,y),s,&) = [£| €. By Theorem [2] the problem

— div[(a? + 42) 2 A, u, V)] = m — div(G(z,y)), inQ

u(z,y) =0, on 0f)

(P)

has an entropy solution.
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