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Dihedral-like constructions of automorphic loops

MOUNA ABORAS

Abstract. Automorphic loops are loops in which all inner mappings are auto-
morphisms. We study a generalization of the dihedral construction for groups.
Namely, if (G, +) is an abelian group, m > 1 and a € Aut(G), let Dih(m, G, o)
be defined on Z,, x G by
(G, u)(j,v) = G @4, (=1)Tu+v)a®).

The resulting loop is automorphic if and only if m = 2 or (a? = 1 and m is even).
The case m = 2 was introduced by Kinyon, Kunen, Phillips, and Vojtéchovsky.
We present several structural results about the automorphic dihedral loops in
both cases.

Keywords: dihedral automorphic loop; automorphic loop; inner mapping group;
multiplication group; nucleus; commutant; center; commutator; associator sub-
loop; derived subloop

Classification: Primary 20N05

1. Introduction

A set @ with a binary operation (-) is a loop if for every x € @ the right and
left translations R,, L, : Q — @, yR, =y -z, yL, = x -y are bijections of Q,
and if there is a neutral element 1 € @) such that 1-z =z -1 = z for every z € Q.

Let @ be a loop. The group generated by R, and L, for all x € @ is called the
multiplication group of @ and it is denoted by Mlt(Q). The subgroup of Mlt(Q)
stabilizing the neutral element of @) is called the inner mapping group of Q and
it is denoted by Inn(Q). It is well known that the inner mapping group Inn(Q) is
the permutation group generated by

Ryy=R.RyR,;, T,=R,L;', L,,=L,L,L;

Ty yx

where =,y € Q.

A loop is automorphic (also known as A-loop) if Inn(Q) < MIt(Q), that is,
if every inner mapping of @) is an automorphism of ). Note that groups are
automorphic loops, but the converse is certainly not true.

Automorphic loops were first studied in 1956 by Bruck and Paige [3]. Struc-
ture theory for commutative and general automorphic loops was developed in
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[1], [5], [6]. In this paper, we generalize a construction of dihedral automorphic
loops introduced by Kinyon, Kunen, Phillips and Vojtéchovsky [1], where they
focused on the special case m = 2. Here, we consider for an integer m > 1, an
abelian group (G, +) and an automorphism « of G the loop Dih(m, G, «) defined
on Z,, x G by

(1) (i, u)(j,v) = (i @ j, (sju+v)a?),

where s; = (1) modm and where we interpret o/ as ordinary integral expo-
nent. To make the multiplication formula unambiguous we demand that i,j €
{0,1,...,m—1}. Then we have a’a/ = a**J. There are several observations that
we will use without reference for i,j € Zy,, u € G:

o s;(sju) = (s;s5)u, so we can write this as s;s;u,

® 5;5;U = §;5;U,

o s;(ua) = (siu)a,

® 5;5; = S;gj, when m is even.

Note that with m = 1 the multiplication (1) reduces to (i, u)(j, v) = (i+j, u+v),
so Dih(1,G,a) = Z; x G = G. We will thus assume throughout the paper that
m > 1.

This paper is organized as follows: Section 2 presents definitions and prelim-
inary results about A-loops. We recall without proofs some facts from [1]. In
Section 3 we determine all parameters m, G, « that yield automorphic loops. In
Section 4 we show how to obtain the nuclei, the commutant and the center. In
Section 5 we calculate the associator subloop A(Q) and the derived subloop Q.

2. Definitions and preliminary results

In this section we introduce relevant definitions of loop theory [2], and we
present some results on automorphic loops.

Definition 2.1. The dihedral group of order 2n, denoted by Ds,, is the group

generated by two elements 2 and y with presentation 22 = y» =1 and z -y =
—1

Yy .

The group Da,, is isomorphic to Dih(2,Z,, 1). The generalized dihedral group
Dy, (G) is isomorphic to Dih(2, G, 1).

Since it suffices to check the automorphic condition on the generators of Inn(Q),
we see that a loop @ is an automorphic loop if and only if, for all z,y, u,v € @Q,

(Ar) (’U/U)Rz’y = UR:E,y . ’URI,ya
(Ae) (wv)Lgy = uLyy - vLgy,
(Am) (uv)Ty = uTy - vTy.

In fact it is not necessary to verify all of the conditions (A,), (A¢) and (4,,):

Proposition 2.2 ([4]). Let Q be a loop satisfying (A,,) and (Ag). Then Q is
automorphic.
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Definition 2.3. The commutant of a loop @, denoted by C(Q), is the set of all
elements that commute with every element of (). In symbols,

CQ)={a€eQ:z-a=a- -2,V e}

Definition 2.4. The left, right, and middle nucleus of a loop Q) are defined,
respectively, by

NA(Q) = {OJGQ : ax~y:a~zy,Vz,y GQ}?

NP(Q) = {a’ € Q : xy~a:x~ya,Vx,y € Q}a

N, (Q)={eeQ:za-y=2a-ay,Vz,y € Q}.
The nucleus of @ is defined as N(Q) = N (Q) N N,(Q) N N,(Q).

Each of the nuclei is a subloop. All nuclei are in fact groups.

Definition 2.5. The center Z(Q) of a loop @ is the set of all elements of @ that
commute and associate with all other elements of ). It can be characterized as
Z2(Q) =C(Q) N N(Q).

Definition 2.6. Let S be a subloop of a loop ). Then S is normal if for all

a,beq
aS = Sa, (aS)b = a(Sb), a(bS) = (ab)S.
The center is always a normal subloop of Q.

Proposition 2.7 ([3]). Let Q be an automorphic loop. Then:
(i) NA(Q) = Np(Q) € Nu(Q);

(ii) each nucleus is normal in Q.

Definition 2.8. Let @ be a loop and z,y,z € Q. The commutator [z,y] is the
unique element of () satisfying the equation

roy=(y-z)-[z,y

The associator [z, y, z] is the unique element of @ satisfying the equation

(- y)-z=(x-(y-2))[vy,2]

Definition 2.9. The associator subloop of a loop @, denoted by A(Q), is the
smallest normal subloop of @) containing all associators [z, y, z] of Q. Equivalently,
A(Q) is the smallest normal subloop of @ such that Q/A(Q) is associative.

Definition 2.10. The derived subloop of a loop @, denoted by @’, is the smallest
normal subloop of @ containing all commutators [z, y] and all associators [z, y, 2]
of Q. Equivalently, Q)" is the smallest normal subloop of @ such that Q/Q’ is a
commutative group.
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3. Parameters that yield automorphic loops

For an abelian group (G, +) denote by 2G the subgroup 2G = {u+u; u € G}.
Note that if @ € Aut(G) then the restriction [, of a to 2G is an automorphism
of 2G.

Lemma 3.1. Let Q = Dih(m, G, 1). Then Q is a group iff m is even or 2G = 0.

PrOOF: With a = 1 the multiplication formula (1) becomes (i,u)(j,v) = (i ®
J,sju+v). We have

(i, u)(4,v) - (k,w) = (G @ 4, s;u+v)(k,w) =@ B JDE, sk(sju+v) +w),
(i,u) - (4, v)(k,w) = (G, u) (D k,spv+w) = (I DJDE, sjpru + skv + w),
so @ is a group iff
(2) 55U = SjpLU

for every j, k € Z,, and every u € G.

If 2G = 0 then v = —u and (2) holds. If m is even then sgs; = s;er and (2)
holds again. Conversely, suppose that (2) holds. If m is even, we are done, so
suppose that m is odd. With k = 1, j = m — 1 the identity (2) yields —u = u, or
2G = 0. O

3.1 Middle inner mappings. Recall that yT,, = z\(yx).
Lemma 3.2. Let Q = Dih(m, G, «) and (i,u), (j,v) € Q. Then
(3) (U 0) T,y = (s siv + (1 = s5)u).

PROOF: Note that (j,v)T(;.) = (k,w) iff (j,v)(i,u) = (i,u)(k,w) iff (D, (siv+
u)a¥) = (i @k, (spu + w)a*). We deduce k = j, and extend the chain of
equivalences with (s;v + u)a”? = (sju 4+ w)a® iff s;v +u = sju+w iff w =
siv+ (1 — sj)u. O

Lemma 3.3. Let Q = Dih(m, G, ) and (i,u) € Q. Then T(; .,y € Aut(Q) iff
(4) (1 — sjpr)u = (1 — sj51)ua’”
for every j, k € Zy,.
PRrROOF: We will use (3) without reference. We have
((7,0) (ke w)) Ty = (G @ k, (850 + w)a?*) T
= (j @k, si(spv +w)a?* 4+ (1 — sjqr)u)
= (j ® k, sis,007" 4+ s;wad® + (1 — sjger)u),
while

(G, )Ty - (kW) Ty = (4, 8i0 + (1 = s5)u) - (k, siw + (1 — sp)u)



Dihedral-like constructions of automorphic loops 273

=@k, [sp(siv+ (1 —sj)u)+sw+ (1— sg)ula?®)
= (j ® k, spsiva?® + s;wad® + (s — spsj + 1 — sp)ulad®)

= (j ® k, spsivad® + s;wad® + (1 — sps;)ua®),
s0 T(iu) € Aut(Q) iff (4) holds for every j, k € Zy,. O
Let us call a loop @ satisfying (A4,,) a middle automorphic loop.

Proposition 3.4. Let Q = Dih(m, G, a).

(i) If m =2 then @ is a middle automorphic loop.
(if) If m > 2 is odd then Q is a middle automorphic loop iff 2G = 0.
(iii) If m > 2 is even then Q is a middle automorphic loop iff a?[y5 = 1ag.

ProOOF: Consider T{;,). Suppose that m = 2. A quick inspection of all cases
J,k € {0,1} shows that (4) always holds.

Suppose that m > 2 is odd. With j = 2 and k = m — 1, condition (4) becomes
(1 = sag(m—1))u = (1 — $98m_1)uc™=1 or 2u = 0, so we certainly must have
2G = 0 for every T(; ) to be an automorphism. Conversely, when 2G = 0 then
(4) reduces to 0 = 0.

Suppose that m > 2 is even. Then (4) becomes (1 — sjgr)u = (1 — sjgpr)ual®,
When j @ k is even then this becomes 0 = 0. Suppose that j & k is odd. Then
one of j, k is odd and the other is even, so that jk is even, and (4) becomes
2u = (2u)a? for some £. With j = 2, k = 1 we obtain 2u = (2u)a?, which is
equivalent to a?[y; = lag. Conversely, when o?[,o = lag then (4) holds. O

3.2 Left inner mappings. Recall that 2L, , = (yz)\(y(zz)).
Lemma 3.5. Let Q = Dih(m, G, «) and (i,u), (j,v), (k,w) € Q. Then
(5)  (k,w)L(j0), () = (k, 8 jqrua’IER =Rk 4 g 40 ktil@k) = (i@5)k
+ waF TSR =EBIE _ g s 0l — sp0a'7).
PrOOF: The following conditions are equivalent:

(ks w)L(j0).(i0) = (6,2),
(i, u) - (4, v)(k, w) = (i,u)(j,v) - (£, ),
(i,u)(§ ® k, (skv +w)a?®) = (i @ j, (sju +v)a) (¢, z),
(i@ Dk, (sjeru+ (spv+ w)a?®)a’UR)) = (i@ j@ £, (s¢(sju + v)a? + x)a DY),

We deduce that £ = k and the result follows upon solving for x in the equation

(sjert + (spv 4+ w)a?®)a'UR) = (54 (s;u + v)at + )ik, O
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Lemma 3.6. Let Q = Dih(m,G,a) and (i,u), (j,v) € Q. Then L) u) €
Aut(Q) iff

508 jaRuat TP —GONITRE o g o 0 hti(TOR) = (i@5)k+ke

+ spwad RISk —(i@))k+ke _ sesksjuai R — sysppaiitke

+ S]_@euai(jeaé)—(i@j)é—i-ké + Sevaj€+i(j®€)—(i®j)€+ké

(6) 1 pad GO0 (@) +kt _ SesjuaijJrké _ Swaij+kl

i(jOk®L)—(i®7) (kdL) (ko) +i(jok®L)—(i8]) (k®L)

= SjpkeUQ + sk@gvaj
+ spwa iSO +i([GORSO) —(107) (kBE) 4 4o kl+i (kSO +i(jORSO) —(i97) (kD)
- sk@gsjuaij — sk@gva’j
for every k,{ € Z,, and every w,z € G.
ProoF: This follows from Lemma 3.5, upon comparing (k,w)Lj ), ¢iu) -
(4, 2) Lj0), 6,0y With (B, u) (€, 2)) L), (i,u)-

Let us call a loop satisfying (Ay) a left automorphic loop. We deduce that Q =
Dih(m, G, «) is a left automorphic loop iff (6) holds for every i, j, k, £ € Z,, and
every u, v, w, * € G. We show that this very complicated condition is equivalent
to two comparatively simple conditions, which we then analyze separately.

First, setting u = v = w = 0 and letting = range over G in (6) yields the
condition

DO~ (@) e+kE _  kl+j(kOO)+i(jORDE) — (i05) (kDE)
With ¢ = 0 this further simplifies to
ol = Ik+iiOR) i@k
which is equivalent to
(7) QDN _ i(§®k)+ik
Suppose that (7) holds for every i, j, k. Then the automorphisms at w in (6)

agree since

IFHII®R) =101k _ ii+(@Nk—(@Nk — 17 — 17+ (D7) (kB —(1@7) (kdL)

— Uk +i(kde)—(i®]) (kDE)
Focusing on z in (6), the following conditions are equivalent:
QI OO — (@) Rl _ R+ (kO Hi(GORS) —(i0]) (kL)
Qi Hiien—(i@ie _ aj(k®€)+i(j®k®€)—(i®j)(k®€)7
QRO +(i87) (k) _ i(kO)+i(jOkDE)+(iD])e

QUHERNEHGEN (KB _ iT+(ON RSO+(i85)E



Dihedral-like constructions of automorphic loops

where we have used (7) twice in the last step. Since the last identity is trivially
true, we see that (7) implies that the automorphisms at x in (6) agree, too. Let
us now focus on v in (6). Using (7), the following conditions are equivalent:

Seskvaijri(j@k)7(i€Bj)k+ké _ SeskvaijJrké + SevajéJri(jEBé)f(ieaj)lJrké _ Swaz‘jﬂce
= Sppeval FBOHGORSO -8 (KRS0 _ o o i
spspva I T PDR—(GONR+RE _ o o 00 i5HkE | o0 T+(ONE-(G@I TR _ o o) i+ke

= Skwvaiﬂ(iﬂ%j)(k@f)*(i@j)(k@l) — Spaevat.
Upon canceling several o™~ ™ and the automorphism o present in all summands,

we see that the above is equivalent to

Sgskvake — Sgsk’UOéM + Sg’UOéM — SgUOzke = SkpeV — SkaeU,

which is trivially true. Hence (7) implies that the automorphisms at v in (6)
agree, too. Finally, we focus on w in (6). Note that the equality
QBN —(@NE _ it

immediately follows from (7). Using this identity, the following conditions are
equivalent:

Sésjeakuai(j@k)—(ieaj)mke _ Sesksjuaij-i-kl + Sj®euai(j®€)—(i®j)€+ké _ Sesjuaij—i-ké
= sj@k@guai(jea(k@e))*(i@j)(k@l) _ sk@gsjuaij,
Sesjeakuaijfijrkl _ SgSijUOéijJrM + Sjeaeuaij—jwkl o sesjuaijJrM

(e g
= Sjprpeua® ikl _ Skaes;uc
Sgsj@kua_jlﬂ'u - SgSijUOéM + sj@gua_j“ke - SgSjUOéM

—j(ke
= SjmkatU i(k®l) _ Sk@eSjU.
Upon rearranging, we obtain the identity
(8) szsj@kuaﬂmrke + sjeagua*]”ke + Skepes;u

= SgSijUOéke + sesjuake + sj@k@gua_j(keﬂ).

We have proved:

Lemma 3.7. Let @Q = Dih(m, G, «). Then Q is left automorphic iff (7) and (8)
hold for every i, j, k, £ € Z,, and every u € G.

Let us now analyze the two conditions (7) and (8).

Lemma 3.8. Let Q = Dih(m, G, «). If m = 2 then (7) holds. If m > 2 then (7)
holds iff a™ = 1.

275
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PRroOOF: Consider the condition
(9) g+ @ik =14i(jDk)+ jk.

When m = 2 then (9) holds by a quick inspection of the cases, and thus (7) holds
as well. Suppose that m > 2. With ¢ = j = 1, kK = m — 1 the condition (9)
reduces to 1 +2(m —1) =1-04+m — 1, or m = 0, thus if (7) holds then o™ = 1.
Conversely, if o™ = 1, then (7) holds because (9) is valid modulo m. O

Lemma 3.9. Let Q = Dih(m, G, ). If (7) and (8) hold then o™ 2 = 1.

PROOF: When m = 2 the conclusion is trivially true. Let us therefore assume
that m > 2 and, using Lemma 3.8, that ™ = 1. Let k =1, j =¢=m —1. Then
(8) becomes

Sm_lua—(nb—l)—i-(m—l) +Sm_2ua—(7n—1)2+(m—l) + Sm_1u

= —ua™ '+ ua™ 1t + 5,11,

or, equivalently,

Sm_1U = —Sm_QUOé_(7”_1)2+(m_1).
Since $y,—1 = —8m—2 and (m — 1)2 =1 (mod m), the last identity is equivalent
tou=uo T =ya™ 2 or to ™2 = 1. O

Lemma 3.10. Let Q = Dih(m, G, a) be a left automorphic loop.

(i) If m > 2 is even then o = 1.
(ii) If m > 2 is odd then o = 1.

PROOF: By Lemma 3.7, ) satisfies (7) and (8). Suppose that m > 2. Then
Lemma 3.8 implies ™ = 1 and Lemma 3.9 implies o™ 2? = 1. Thus o? = 1. If
m is also odd then o? = 1 and o™ = 1 imply a = 1. O

Lemma 3.11. Let Q = Dih(m, G, «).
(i) If m = 2 then (8) holds.
(ii) If m is even and a® = 1 then (8) holds.
(iii) If m > 2 is odd and o = 1 then (8) implies 2G = 0.

PROOF: Suppose that m = 2. We can then reduce all subscripts modulo 2 in (8)
and use s;s; = s;+;. Hence (8) becomes

., —jetke
(10)  seqjpnua™ 5 455 oua ™M L sy 0y ju

ke ke —j(k®t
= S04 ptjua® + soq juaft 4 s g eua I OO

where all subscripts are reduced modulo 2. When j is even (that is, j = 0), (10)
becomes

ke ke ke ke
Sk4euQ™” + SpuUQ”” + Sy = SppUQ T + SpUQT + Sk,
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a valid identity. If j is odd and k is even, (10) becomes

—Spu — Sguoz_e — SpU = —SpU — SpU — seua_e,

clearly true. If j, k are odd and ¢ is even, (10) becomes

ua_l—u—i—u:u—u—i—uofl,

again true. Finally, if j, k, ¢ are odd, (10) becomes
—uU+u—u=—ux+ua — u,

which holds trivially.

Suppose that m is even and o = 1. Then we can reduce all subscripts and
superscripts in (8) modulo 2, and we proceed as in case (i).

For the rest of the proof let m > 2 be odd and suppose that a = 1. Then (8)
becomes

S$eSjpkU + Sjoel + SkaeSjU = S¢SES;U + S¢SjU + SjgpkpeU-
With j=m—1and k ={¢=1 we obtain —-u+u+u=u—u—u,or2u=0. O

Proposition 3.12. Let @ = Dih(m, G, ).
(i) If m =2 then @ is left automorphic.
(ii) If m > 2 is even then Q is left automorphic iff o = 1.
(iii) If m > 2 is odd then Q is left automorphic iff o = 1 and 2G = 0, in
which case Q) is a group.

PROOF: We will use Lemma 3.7 without reference.

Suppose that m = 2. Then (7) holds by Lemma 3.8 and (8) holds by Lem-
ma 3.11.

Suppose that m > 2 is even. If Q is left automorphic then o? = 1 by
Lemma 3.10. Conversely, suppose that a? = 1. Then (8) holds by Lemma 3.11.
Since also o™ =1, (7) holds by Lemma 3.8.

Finally, suppose that m > 2 is odd. If @ is left automorphic then o = 1 by
Lemma 3.10. By Lemma 3.11, 2G = 0. Conversely, suppose that « = 1 and
2G = 0. Then Q is a group by Lemma 3.1, so certainly also a left automorphic
loop. (I

3.3 Main result.

Theorem 3.13. Let m > 1 be an integer, G an abelian group and a an auto-
morphism of G. Let @ = Dih(m, G, «) be defined by (1).
(i) If m = 2 then Q is automorphic.
(ii) If m > 2 is even then Q is automorphic iff a? = 1.
(iii) If m > 2 is odd then Q is automorphic iff & = 1 and 2G = 0, in which
case () is a group.
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PRrROOF: The claim follows from Propositions 2.2, 3.4 and 3.12. O

From now on we will refer to loops @ = Dih(m, G, «) that are automorphic
(equivalently, that satisfy the conditions of Theorem 3.13) as dihedral automorphic
loops. Since nonassociative examples of dihedral automorphic loops are obtained
only when m = 2 or when m > 2 is even and o? = 1, we will from now on safely
write 5;5; = Si+; = Sig;, and we do not have to reduce exponents of a modulo m.

Remark 3.14. If in the multiplication formula (1) we also reduce the exponent of
« (that is, we have (i,u) - (j,v) = (i @ j, (sju +v)a (Medm))) then the resulting
loop Dihyeq(m, G, @) is not necessarily isomorphic to Dih(m, G, «). However, it
can be shown that Dih,..q(m, G, «) = Dih(m, G, «) whenever one of the loops is
automorphic. See [7] for details.

4. Nuclei, commutant and center

In this section we calculate the nuclei, the commutant and the center of dihedral
automorphic loops satisfying a? = 1. (So we do not always cover the case m = 2,

a? #£1.)
Lemma 4.1. Let Q = Dih(m, G, a) be a dihedral automorphic loop such that
a?=1. If a =1 then N,(Q) = Q, else N,(Q) = (2) x G.

PrOOF: If o = 1 then @ is a group and thus N,(Q) = Q. Suppose that o # 1.
Note that in automorphic loops (that satisfy (7) by Lemma 3.7) the formula of
Lemma 3.5 simplifies to

(11) (k:,w)L(jyv)’(iyu) = (k, sj+kuaij_jk + spva® 4+ wa¥ — sksjuaij — skvaij)
= (k, sjrpuad ™I — sps5,ua' + wa).

Since (j,v) € N, (Q) iff (k,w) = (k,w)Lj ) ¢, for all (4,u), (k,w), we conclude
that (j,v) € N,(Q) iff

(12) sjprua =% — g sua 4 wal = w

for all (i,u), (k,w) € Q. With u = 0, i = 1 this reduces to wa? = w, so o’ =1
is necessary. Because a # 1 = o2, we obtain j € (2). Conversely, if j € (2) then
(12) holds thanks to sjix = sgs; (since m is even). O

For an abelian group G and a € Aut(G), let Go = {u € G : |u|] < 2},
Fix(a) = {u € G : u = ua} and Fix(a)2 = G2 N Fix(a).

Lemma 4.2. Let (Q = Dih(m, G, «) be a dihedral automorphic loop with o = 1.
If @« =1 then N(Q) = Nx(Q) = N,(Q) = Q, else N(Q) = NA(Q) = N,(Q) =
(2) x Fix(«).

PRrROOF: Recall that N(Q) = N»(Q) = N,(Q) < N,(Q) in all automorphic loops.
We are again done if a = 1, so suppose that o # 1. Note that (i,u) € NA(Q)
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iff (k,w)Ljv),6,u) = (k,w) for all (j,v), (k,w) € Q. We deduce from (11) that
(i,u) € NA(Q) iff (12) holds for all (j,v), (k,w).

If (i,u) € Nx(Q) then i € (2) by Lemma 4.1, so (12) reduces to s;,ua /% —
sj+ru = 0, ie., ua™I% =y for all j, k. With j = k = 1 we see that u € Fix(a).
Conversely, if u € Fix(a) and i € (2) then (12) clearly holds. O

Recall that the commutant C(Q) is not necessarily a (normal) subloop of a
loop Q.

Lemma 4.3. Let Q = Dih(m, G, ) be a dihedral automorphic loop such that
a? = 1. Then:

(i) if exp(G) < 2 then C(Q) = Q;

(ii) if exp(G) > 2 then C(Q) = (2) x Gs.
In either case, C(Q) < Q.

PRrROOF: By Lemma 3.2, (i,u) € C(Q) iff
(13) siv+(l—sj)u=w

holds for all (j,v) € Q. If exp(G) = 2 then (13) holds. If exp(G) > 2 then
(13) holds for all (j,v) iff ¢ € (2) and u € Gi. Hence if exp(G) > 2 then
Q) = (2) x Go.

Note that (2) x G is a group. Thus, to show C(Q) < @, we only need to check
that C'(Q) is closed under multiplication and inverses, and this is clear from the
multiplication formula.

If (j,v) € C(Q) then, by Lemma 3.2, (j,v)T(;.) € {(j,£v)} € C(Q). If
(k,w) € C(Q) then, by (11), (k,w)L¢jp) (1w = (k,sjua™ — s;ua® + wa') €
{(k,w), (k,wa)} € C(Q). The proof is similar for right inner mappings. Hence
cQ) 2Q. 0

Lemma 4.4. Let @Q = Dih(m, G, «) be a dihedral automorphic loop such that m
is even and o® = 1. Then:

(i) if exp(G) <2 and a =1 then Z(Q) = Q;

(i) if (exp(G) <2 and a # 1) or exp(G) > 2 then Z(Q) = (2) x Fix(a)s.

PROOF: Suppose that & = 1. Then @ is a group and Z(Q) = C(Q). If exp(G) < 2
then Z(Q) = @ by Lemma 4.3. If exp(G) > 2 then C(Q) = (2) x G2 = (2) x
Fix(a)2, by Lemma 4.3.

Now suppose that o # 1 = o?. If exp(G) < 2 then C(Q) = Q and Z(Q) =
N(Q) = (2) x Fix(a)s = (2) x Fix(a) by Lemma 4.2. If exp(G) > 2 then
Z(Q)=N(Q)NC(Q) = (2) x Fix(a)z, by Lemmas 4.2 and 4.3. O
Proposition 4.5. Let @) be a dihedral automorphic loop with o # 1 = a®. Then

Q/Z(Q) = Dih(2,G/H, B), where H = Fix(«)s and € Aut(G/H) is deﬁned by
(u+ H)B = ua + H. Moreover, 32 = 1.

PRrROOF: By Lemma 4.4, Z(Q) = (2) x Fix(«)2. The mapping j is well-defined
(ifu+ H=v+ H then u —v € H C Fix(a), ua —va=(u—v)a=u—v € H,
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ua + H = va + H) and obviously a surjective homomorphism. Since « fixes

elements of H pointwise, we have u+ H € ker 8 iff u € H, so 8 € Aut(G/H).
Consider f : Q@ — Dih(2,G/H, B) defined by (i,u)f = (i mod 2,u + H). Since

(¢,u)f(j,v)f = (i mod 2,u + H)(j mod 2,v+ H)

(i +j) mod 2, (s;(u+ H) + (v + H))BY)

((i +7) mod 2, (sju + v)a® + H)

= (i+ 7, (sju+v)a?) f = ((i,u)(j,v))f,

f is a homomorphism, obviously onto Dih(2, G/H, 8). Finally, ker(f) = (2) xH =

Z(Q). O

Corollary 4.6. Every dihedral automorphic loop Dih(m, G, «) with a # 1 = o
is a central extension of an elementary abelian 2-group by a dihedral automorphic
loop of the form Dih(2, K, 3) with 32 = 1 and K isomorphic to a factor of G.

As an application of the results in this section, let us have a look at central
nilpotency of dihedral automorphic loops. Let @ = Dih(m, G, «) be a dihedral
automorphic loop with a? = 1 and m even.

If « =1 and exp(G) < 2 then Z(Q) = @ by Lemma 4.4. If « = 1 and
exp(G) > 2 then @ is a group and Z(Q) = (2) x Fix(«a)2 = (2) x G2, and since
(5,0 Z(Q)-(.0) 2(Q) = (1], 5;u+v)((2)xGa) = (i) mod 2, 5u+0)Z(Q), we
see that Q/Z(Q) is isomorphic to the generalized dihedral group Dih(2, G/G2,1)

Now suppose that a # 1 = o?. Then Q/Z(Q) = Dih(2,G/H, ), where H =
Fix(a)s and 82 = 1. If H # 1, we proceed by induction, else G/H = G, = «

and Z(Q/Z(Q)) = 1.

Ezample 4.7. If G is an abelian group of odd order and a € Aut(G) such that
a # 1= a? then Z(Dih(2,G, a)) = 1.

Suppose that |G| = 2" and o € Aut(G) is such that a # 1 = o?. Since
the involution « fixes the neutral element of G and permutes the subgroup Gso
of even order (a divisor of |G|), we have H = Fix(a)s # 1. Thus Q/Z(Q) =
Dih(2,G/H,3) and 2° = |G/H| < |G|. By induction, @ is centrally nilpotent of
class < n.

Finally suppose that G = Zan, a € Aut(G) and 1 = o®. Whether a = 1 or
not, we have Q/Z(Q) = Dih(2,G/H, B) for H = Fix(a)2 = {0,2""1} and some
B € Aut(G/H) satisfying 32 = 1, because 2"~ ! is the unique element of order 2
in G. By induction, @ has nilpotence class n.

5. Commutators and associators

Recall that in a loop Q, the commutator [z, y] is defined as (yz)\(zy), and the
associator [z,y, z] as (x - yz)\(zy - 2).

Lemma 5.1. In a loop Q = Dih(m, G, ) we have
(14) [(i, ), (7, 0)] = (0, ((s; — L)u+ (1 = s;)v)a”)
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for (i,u), (j,v) € Q.
Proor: Let (k,w) = [(i,u), (j,v)], so (i,u)(j,v) = (j,v)(i,u) - (k, w), hence,

(i @7, (sjut+v)a?) = (j @i, (siv+u)a?) - (k,w) <=
(i @ 7, sjua? +va”) = (i ®j Ok, (sgsiva’? + spua 4+ w)a (SR,
We deduce k = 0, and can rewrite the above expression as w = (s; — 1)ua™ +
(1 —s;)vaid. 0
Proposition 5.2. Let Q = Dih(m, G, «) be a dihedral automorphic loop with
a? = 1. Then

([#,9] 12,y € Q) = {[z,y] 1 v,y € Q} =0 x 2G
is a normal subloop of Q).

PRrROOF: First, using Lemma 5.1 and looking at all cases i,j (mod 2), it is easy
to see that [(4,u), (j,v)] € 0 x 2G. Second, [(1,0),(0,v)] = (0,2v). This shows
that {[z,y] : ,y € Q} = 0 x 2G. It is easy to see from (1) that 0 x 2G is a
subloop of ). Finally, to show that 0 x 2G is normal in @), we calculate, using
Lemmas 3.2, 3.5 and an analog of Lemma 3.5:

(Oa 2’w)L(j,v),(i,u) = (Oa 2wa1+ij)7
(0, 2’LU)T(Z-,U) = (0, 25iw),
(0, 2w)R(j,v),(i,u) = (0, 2’([)04”).
O

Lemma 5.3. In a dihedral automorphic loop Q = Dih(m, G, a) with o? = 1 we
have

(15)  [(i,w), (j,v), (k,w)] = (0, (sj4xu(l — a~)a¥ +w(l — a¥))al®Dk)

for (i,u), (4,v), (k,w) € Q.

PrROOF: When m is odd and « = 1 then @ is a group and (15) yields
[(i,u), (j,v), (k,w)] = 1. The case when m is even and o = 1 follows by straight-
forward calculation, but since the identity (7) is involved, we give all the details:

let (£,2) = [(i,u), (j,v), (k,w)] so
(4, u)(,v) - (k,w) = ((4,u) - (5,0)(k, w))(¢, z),
(Z @]ﬂ (Sju + U)a ) ' (ka w) = ((Zvu) ! (.7 S2) ka (Skv + w)ajk))(g, :L‘),
(i DOk, [(sp1ju+ spv)at? + w]alFODF)
= (@ Dk, [sj1ku+ spvad® +wa* )oY (0 z),
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(Z‘ Die k7 SkJrjuaijJr(i@j)k + SkvaijJF(i@j)k + wa(i@j)k)
=(i®j®k, Sj+kuai(jeak) + spuadkTili®k) 4 wajkﬂ'(j@k))(g, ),
(Z‘ Die k7 SkJrjuaijJr(i@j)k + SkvaijJF(i@j)k + wa(i@j)k)
=(i®jak, Sj+kuaij+(i@j)k—jk + spuadkTii®k) | wajk+i(jeak))(& ).
Here we have used identity (7) in the last step. We obtain
(Z‘ Die k7 SkJrjuaijJr(i@j)k + SkvaijJF(i@j)k + wa(i®j)k)
=(i®j kDY, [8j4ppoua I TIODE—Ik
Jt+k+
b e TR | g @ dHHIGOR) | o (i@50R)EY
We deduce ¢ = 0, and can rewrite the above expression as
SkJrjuaijJr(i@j)k + SkvaijJr(i@j)k + wa(i@j)k
_ 5<+kuaij+(i@j)k_jk + spai 8Dk L paii+(ie))k tz

z = (sjppu(l —a ")V +w(l —a'))ali®)k, 0

Proposition 5.4. Let Q = Dih(m, G, «) be a dihedral automorphic loop with
a? = 1. Then

AQ) =[x, y,2] s 2y, 2 € Q) = {[r,y,2] 1 2,9,2 € Q} = 0 x G(1 — ).

PROOF: Here we check all choices of i, j,k (mod 2), using Lemma 5.3.

[(0,u), (0,v),(0,w)] = (0,u(l —1) +w(1 —1)) = (0,0),
[(0,u), (1,0), (0,w)] = (0, —u(l = 1) + w(l = 1)) = (0,0),
[(0,u), (0,v), (1, w)] = (0, —u(l = 1) + w(1 — 1)) = (0,0),
[(0,u), (1,0), (1, w)] = (0, (w(l — ™) + w(l — 1))

= (0,u(l —a Ha) = (0, —u(l — a)),
[(1,u), (0,v), (0,w)] = (0,u(l = 1) + w(l — 1)) = (0,0),
(1, u), (1,0), (0,w)] = (0, (~u(l = Da +w(l - a))) = (0,w(l - a)),
[(1, 1), (0,0), (1, w)] = (0, (—u(l = 1) + w(l - 1))a) = (0,0),
[(1,u),(1,v),(1,w)] = (0,u(l — a)a + w(l — a)),

=(0,u(l —a Ha+w(l - a))

= (0, (—u+w)(l —a))
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We can see that [(i,u), (j,v), (k,w)] € 0xG(1—a). Second, [(1,u), (1,v), (0,w)] =
(0,w(1l — «)). This shows that {[z,y, 2] : z,y,2 € @} =0 x G(1 — ).

Next, we need to show 0 x G(1 — «) is subloop of Q. Let (0,u(l — «)) and
(0,v(1 — «)) be two elements of 0 x G(1 — «). Then

(0,u(l —a)) - (0,v(1 — «))
(0,u(l = a)\(0,v(1 —a)) = (0, (v —u)(1 — a)),
(0,u(l —a))/(0,0(1 —a)) = (0, (u —v)(1 — a)).

Finally, to show 0 x G(1 — «) is normal in ) we use Lemmas 3.2 and 3.5 to obtain:

(0, (u+0)(1 - a)),

(0,w(1 = @) Lj ), i,u) = (0, 5;u07 + v + w(l — a)a” — sua” —va)

0,w(l — a)a'),
0,s;w(l —a)+ (1 —1)u)

(
= (
(0,w(1 = a))T(iu) = (
= (0, siw(1 — a)),
= (0,
= (

(0, w(l = a)) Ry, (w(l = a) +s_(pjull —1))a”)

0,w(l —a)a®). O

Proposition 5.5. Let Q = Dih(m, G, «) be a dihedral automorphic loop with
2 =1. Then

Q' =0x(G(1-a)+2G).

PROOF: The proof is immediate from Propositions 5.2 and 5.4, since Q' = 0 x
(G(1 — ) + 2G) is a normal subloop of Q. O
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