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ANNIHILATORS OF THE CLASS GROUP
OF A COMPOSITUM OF QUADRATIC FIELDS

JAN HERMAN

ABSTRACT. This paper is devoted to a construction of new annihilators of the
ideal class group of a tamely ramified compositum of quadratic fields. These
annihilators are produced by a modified Rubin’s machinery. The aim of this
modification is to give a stronger annihilation statement for this specific type
of fields.

INTRODUCTION

In [4] K. Rubin fundamentally generalized F. Thaine’s method [6] to construct
annihilators of the ideal class group. These annihilators are obtained as images of
so-called special units in certain linear maps, whose codomain is the group ring
over the Galois group. For a real abelian extension of rationals, circular units are
the usual source of the special units.

C. Greither and R. Kuéera in [I] have followed [4] in the special case of a cyclic
extension of QQ whose degree is the power of an odd prime. The group of special
units of this field was enlarged to the group of so-called semispecial units. The
authors have found a semispecial unit that is not circular and proved that images of
semispecial units in the above mentioned linear maps annihilate ideal class group,
too.

This paper follows [4] in a similar way in the special case of the compositum
of tamely ramified quadratic fields. We introduce the notion of semispeciality
in these fields and show that units obtained in [2] as roots of circular units are
semispecial. Further we show that semispecial units can be used as an input for
Rubin’s machinery.

To be more precise, let us compare the main results of this paper (Theorems
and [2)) with the result of the paper [4] applied to our situation:

Let k/Q be a compositum of quadratic fields having an odd conductor n. Let K
be the genus field of k in the narrow sense, suppose K # k. Let further M be a
“large” power of 2, n = Ng(c,)/x(1 —(,) and V a G-submodule of O} /(O )M, such
that € V, where ¢,, = 2™/" G = Gal(k/Q) and O is the group of units of k.
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If : V — Z/MZ|G] is a G-linear map satisfying a({£1} N V') = 0, then Rubin’s
Theorem 1.3 in [4] gives that 4a(n) annihilates Cl(k)/M Ci(k).

In [2] the existence of w € k satisfying W' = 1 was shown. In Theorem
we show that this w is semispecial (however it needn’t be special in Rubin’s
sense) and so Theoremgives that da(w) = [Ks—:k]a(n) annihilates Cl(k)/M' Cl(k),

[K:k]
2

where M’ = % Roughly speaking, the annihilator given by [4] is times our

annihilator and so our result is stronger if [K : k] > 2.

1. NOTATION

Kucéera in [2] constructs new explicit units of a compositum of quadratic fields
by taking power-of-two roots of circular units. We will use these roots to produce
annihilators of the class group of the given field.

Let us resume what we need from the paper [2].

At first some definitions:

Let k be a compositum of quadratic fields and let K be the genus field of k
in narrow sense. Assume that i = v/—1,v/2,v/~2 ¢ K, i.e. the prime 2 does not
ramify in k (this is a special case of the one described in [2]). Define also the set

J={p€Z; p=1 (mod4),|p| is prime and ramifies in k} .
We can describe the fields & and K as follows: & = Q(y/m1,/mz,...,/my),
where the numbers m; are square-free integers, all congruent to 1 modulo 4, and
K = Q(\/p1,--.,/Pr), Where p; runs through all signed primes congruent to 1
modulo 4 dividing Hé‘:l mj.

Let us also suppose |J| > 2 (otherwise we have k = Q or the case of a quadratic
field with a prime discriminant).

For a positive integer n define (,, = e

For any p € J define K,y = Q(,/p) and ng,) = [p|.

For ) #£ S C J define Kg = Hpes Ky, ns = Hpes nipy and Qs = Q(Cng)-
Define also Ky = Q, ng = 1.

In each subfield K5 of K we can define a circular unit:

1 for S=10,
€5 = ﬁN@s/KS(l —(ng) for S ={p},
Nos/xrs(1 = Cns) for #S>1.

It is easy to see that for each S C J, eg is really a unit of Kg. By the norm
map we can translate these units to get units in k:

ns = NKS/kS(ES)a where kg = Kg N k.

Again, ng is obviously a unit in kg for each S C J.

In [2, Proposition 2.1] it is shown that for each S C J there exists a unit

sus € ({er, T C S})

27i/n

such that

%gKS:kS} _ iT]s .
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Denote wg = zg. Since the only power-of-two roots of unity in kg are +1 it is
easy to prove that wg € kg, see [2, Corollary 3.1].

2. SEMISPECIAL UNITS

In order to produce annihilators of the class group of k, we will introduce the
notion of semispecial units — a slight modification of the concept of special units
given by Rubin in [4].

Let M > 8 be a power of 2 divisible by [K : k]. We denote M’ = M/[K : k.

Denote by Qs the set of all primes ¢ = 1 + 2M (mod M?) such that g splits
completely in k& and for each p € J the absolute value of p is an M-th power
modulo q.

For an arbitrary number field [ let O; denote the ring of algebraic integers in
I; having any g € Qs let I(g) be the compositum of | and the unique cyclic field
Q(q) of degree M and conductor ¢. Denote also by §; the product of all distinct
primes of [(g) above ¢. If ¢ splits completely in [ then the ring Oy, /@ is a product
of [l : Q] copies of the field with ¢ elements where Galois group Gal(l/Q) permutes
these copies. The group of units (O;(4)/G)* of this ring is therefore a product of
[l : Q] copies of the cyclic group of order ¢ — 1. For an abelian group A and a
positive integer N let A/N mean the quotient group A/AY in multiplicative or
A/N A in aditive notation. We will use this shorthand also if A is a ring, then A/N
is a ring, too.

Definition 1. A number § € £* is called M-semispecial if for all but finitely many
g € Qur there exists a unit 6, € k(g)* such that

® Ni(q)/k(6g) =1 (norm condition),

e 6% and , have the same image in (Oy(,)/q)* /M’ (congruence condition).

Theorem 2. The unit wy is M-semispecial.

We will postpone the proof for a while. Fix a prime ¢ € Q. At first for each
nonempty S C J let us define an auxiliary unit

€S,q = N@s(Cq)/KS(Q)(l - Cnqu)'

Put g , = 1. We shall show that these units have similar properties as g (compare
with [2 Lemma 2.2]).

Lemma 3. Letpe S C J. Then

1—Frob(|p|,Ks—(p}(q))
NKS(Q)/KS—{p}(Q)(ESﬁQ) = gsf{p},q e :

Proof. The well-known norm relation for circular units gives
NKs(@)/Ks— 3 @)(E5.0) = Nas(c)/Ks— (@) (1 = CnsCa)
= NQS*{p}(Cq)/st{p}(q) (NQS(CQ)/QS—{p}(Cq)(l - C"SC‘Z))

1—Frob Qs (p1(¢q -1
= N@S*{p}(gq)/st{p}(q) ((1 - Cnsf{p}Cq) (P1,@s— 1y (¢a)) )

_ 81*Ff0b(\P\»st{p} (g)~"
— “S—{p}.q )
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Since |p| is an M-th power modulo ¢, Frob(|p|, Ks_(»1(q)) € Gal(Ks_{py(q)/Q(q))-
As ¢ ramifies totally in Q(¢q)/Q and splits completely in k/Q, this Galois group is
isomorphic to Gal(Kg_(,}/Q), which is 2-elementary. The lemma follows. a

Lemma 4. Let S C J. Then for arbitrary o € Gal(K(q)/Q(q)) the following
holds:

QbT
55 q H €T

TCS
for suitable by € Z.

Proof. We will prove the lemma by induction on S. For S = (), we have €54 = 1,
so the statement holds. Let us suppose that S # @) and that for each proper subset
of S the lemma has been proven.

The Galois group Gal(K (q)/Q(q)) is isomorphic to Gal(K/Q), hence we can write
o = [],cr op for a suitable R C J, where o, denotes the non-trivial automorphism

Hp Rrns 7P
in Gal(K (q)/K () (a)). S0 5, = £5,7°""°

We will continue by induction on RN S. If R NS =0, then €% g = €5,q and the
statement holds. If RN S = {p} we get using Lemma

-0, 1+ap) 2 ( 1—Frob(|p|,Ks— {p}((l)))

_ 2 _
ES q =E€s5q T Esq (83 ,q = €54 \Es- {p},q

The expression in parentheses satisfies the induction hypothesis, because |p| is an
M-th power modulo ¢, hence Frob(|p|, Ks_{,}(q)) € Gal(Ks(q)/Q(q)). Now we
will suppose that |[RN S| > 2 and that for each proper subset of RN S the assertion
holds. If we take a prime p € RN .S, we have oo, = HteR—{p} o and

l1—-0 _ 1-0p l—oo, Ip
€54 =Es54 " (53,q .
For each factor we can apply the induction hypothesis for RN .S, so we get
1o 200, 2017 2(by4b) op—1) 20T
— — T T P
€sq = €Tq - ( ET#Z) - €Tq ’ H (ETJ] ) :
TCS TCS TCS TCS

We can use the induction hypothesis for each factor in the latter product and the
lemma follows. O

Since we can write 5}94:1‘7 =% g€ 5711 we get another version of the lemma, which

will be used later on.
Corollary 5. Let S C J. Then for arbitrary o € Gal(K(q)/Q(q)) the following
holds:
- T4
TCS
for suitable cp € 7.

Similarly as before let us define units 75,y = Nxg(q)/ks(q) (€5,q)-
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Lemma 6. For each S C J there exists x5 4 € (e1,¢;T C S) C Ks(q), such that

Ns,q = %%Tq )
where 2" = [Kg : ks] = [Ks(q) : ks(q)]-
Proof. Gal(Kgs(q)/ks(q)) is 2-elementary, let 01, ..., S, be its independent gene-

rators. Then

Ns,q = NKs(q)/ks(Q)(ESq)—E(HBO(HBQ) (5

and the previous corollary gives the result by means of induction on r. [

Since the only power-of-two roots of unity in Kg(g) are =1 (the conductor of
the field Kg(q) is odd) we get that %%7(1 lies in kg(q), we will call it wg 4. Denote
also 22 1= 274, Wy = Wrg, Ng :=Njq and €4 :=€74.

Proof of Theorem [2I We will prove that w, satisfies the conditions in the defi-
nition of M-semispeciality for the unit w;.
At first we will prove the norm condition. We have

Nicay i (o) "M = Niggy e (544
= Ni(g)/k(1g) = N,k (1 = s Gq)
= N,k (Nas /e, (1= 6n,s€o))

= No, /k ((1 _ Cn'])FTOb(‘LQJ)_ )

_ n?rob(q,k)—l -1,

where the last equality follows from the fact that ¢ splits completely in &, therefore

its Frobenius in Gal(k/Q) is trivial. Since the only power-of-two roots of unity in

K are %1, it means N (q)/x (54) = %1, hence Ny(q)/1(wq) = NK(q)/K<%3) =1.
To prove the congruence condition, we will step by step derive congruences.
Obviously

1—Cn, =1—G(, ¢ (mod1l—¢,) in Oq,(¢y) -
Taking norms to K (¢,) gives

€1 = No,¢)/x)(1=Cns) = Nayc)/x ) (1=CrsCq)  (mod 1-Cg) in O, -

Therefore

e/ = Ni¢,)/x(0)(E1) = No, )k @1 = 6nyle) =&¢ (mod Gx) in Ok g)

and so
q—1

a—1 a—1 ~ .
n;" = Nig)/re) (€57 ) = Niq)/k(e)(€g) =ng  (mod g) in Oy -
As 1 —1 =2 (mod M) we see that n% and 7, have the same image in the quotient
(Ok(q)/qk)X/M. Using w[JK:kV =y and w[ k172 = 1, we obtain that w? and w,
have the same image in (O, /Gr)*/M’', because M’ = M/[K : k]. Thus w; is

M-semispecial as we wanted to prove.
O
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3. ANNIHILATORS OF THE CLASS GROUP

Let us now formulate some technical lemmas that will be used later on.

Lemma 7. Let F be an abelian field, i ¢ F. If R is an abelian field containing F
and v € R satisfies v* € F then either ¥ € F oriy? € F.

Proof. Let us assume that 42 ¢ F and i7? ¢ F. Then

at =t = (=) (@ +)(x —iv)(z + i)
is an irreducible polynomial over F' and so [F(vy) : F] = 4. Since R/Q is abelian,
F(v)/F is a Galois extension and so i € F(7). It is easy to see that both F(?)
and F(iv?) are quadratic subextensions of it and that Kummer theory together
with ¢ ¢ F implies F(y?) # F(iv?). Hence Gal(F(v)/F) is the noncyclic group of
order 4 and the third quadratic subextension is F'(¢). The minimal polynomial of v
over F(i) is quadratic and divides #* — 4% but each of the three possibilities gives
a contradiction. For example if the minimal polynomial were (x — v)(z + 7), then
we would get —y? € F(i), which contradicts F(y?) # F(i). The other two cases
are quite similar. ([

Lemma 8. Let F be an abelian field, i ¢ F. Let n be a positive integer. If B € F is
a 2"-th power in an abelian field R containing F then 3 or —3 is a 2"~ -th power
in F.

Proof. Let us use induction with respect to n. If n = 1 the statement is void;
for n = 2 choose v € R such that v* = 3 and use Lemma Let us suppose that
n > 2 and that the statement has been proven for n — 1. We have § € R such that
B =6, Lemma for v = 52" gives that either 62" " e Foris?" " € F. Since
062" = (Cpn+16)2" and R((yns1) is an abelian field, the induction hypothesis
gives that there is € F such that either n2" ~ = 62" or n?" ~ =i62" '. Each of
the two cases implies 2" = +62" = +3. O

Lemma 9. Let F be an abelian field, i ¢ F, /2 ¢ F,i\/2 ¢ F. Let M be a power
of 2 such that 8 | M. Then the canonical map

pr FXJ(F)M — F(Cu)™ /(F(Car) )™
has a kernel of order 2, more precisely
Ker(p) = {(F)™,2M/2 - (F*)M}.

Proof. Since 2M/2 = (14 4)M, we see that 2M/2 . (F*)M ¢ ker p. Let us assume
for a moment that there is ¢ € F such that 2M/2 = ¢M. Then (3c?)M/? = 1 and
i ¢ F gives %02 = +1. Hence ¢ = +v/2 or ¢ = +iv/2, which is a contradiction.
Therefore we know that p is not injective and to prove the lemma we need to show
that its kernel does not contain any other element.

Let a € F* satisfy a - (F*)™ € kerp. Then there is b € F({y/)* such that
a=b".1f b€ F then a- (F*)M = (F*)™ and there is nothing to prove. So we
shall assume b ¢ F.
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Lemmagives ¢ € F* such that ¢M/? = 4a. Hence (%)M/2 =41 and £ is an

M-th root of unity, so % = (j for a suitable u € Z. Changing b to b - C][\’}/Q] allows

us to assume that u € {0,1}.

The assumption i ¢ F, /2 ¢ F, i\/2 ¢ F implies that Q((yr) N F = Q and so
Gal(F(Car)/F) = Gal(Q(Cum)/Q)-

At first, let us deal with the case u = 1. So we have b2 = ¢ - (ar. Let 0 €
Gal(F(Cy)/F) be determined by o/(Car) = (1 /2. Then 02(Cpr) = Car and so o2
is the identity. We have o(b%?) = o(c-(y) = c- Ilv}HVI/Q = IAV/II/Q. It means that
there is v € {0, 1} such that o(b) = (=1)"-b- CZI\\/[/[M and so

b=0’(b) = (=1)"-o(b) - Go M = b (3" = b,

a contradiction.

Therefore u = 0 and b* = c. Since b ¢ F we have that F(b) is one of the three
quadratic subextensions of F((y/)/F, namely F(i), F(v/2), or F(iv/2). Kummer
theory gives that b = d - e, where d € {i,/2,iv/2} and e € F*. Then a = bM =
dM .M ¢ {eM 2M/2. MY and the lemma follows. O

Now let us formulate the main theorem of the paper.

Recall that G = Gal(k/Q).

Theorem 10. Fiz a large power of 2, denote it M. Let § be an M -semispecial unit
of k, W a finitely generated Z|G)-submodule of k* /M such that §(k*)™ € W. Let

a: W — Z/M[G]

be a Z|G]-linear map whose kernel contains W N (Q* (k)M /(k*)M). Then 4a(5)

annihilates Cl(k)/M' where M’ = %

Remark 11. If M is large enough, then the quotient CI(k)/M’ becomes the whole
Cl(k)2, the 2-part of Ci(k).

The rest of the article proves the main theorem.

The proof follows Rubin’s original proof in [4] and its adaptation in [IJ.

The annihilator of Cl(k)/M’ is constructed by means of Rubin’s theorem (see
[4, Theorem 5.1]). We produce infinitely many auxiliary primes g with prescribed
properties using Chebotarev density theorem (similarly to [4, Theorem 5.5] and [T}
Theorem 17]) and this allows to use the given M-semispecial unit as an input for
Rubin’s theorem.

The auxiliary primes ¢ are constructed by the following theorem.

Theorem 12. Let M be a fized large power of 2 divisible by [K : k], let W C
EXJ(K*)M q finitely generated Z[G]-submodule and let a: W — Z/M[G] be a
Z[G)-linear map whose kernel contains W N (Q* (k)M /(KX)M). Then for each
class ¢ € Cl(k)o there exist infinitely many unramified primes q in k of absolute
degree 1 such that:

— [q] = ¢2, where [q] is the projection of the ideal class of q into Cl(k)q;

~ q=1+2M (mod M?), where q is the rational prime below q;

— for each p € J, |p| is an M-th power modulo g;
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— W has a set of generators coprime to q and there exists a Z[G]-linear map
©: (Ok/q)* /M — Z/M|G] such that the following diagram commutes (v being
the reduction map)

w 22 L 7,/M[G]
wl = ;D" 7
(On/9)* /M

Proof. Let V C k(Car)*/(k(Car)*)™ denote the image of W under the canonical
map p: K% /()M > k(Car)* ) (k(Car) )M . Lemma ] gives

ker(p) = {(k*)M,2% - (k)M

Since ker(p) € Q* (K*)M /(k*)M C ker(a), there exists a map o/: V — Z/M|[G],
such that the following diagram commutes:

W —>7Z/M|G)|

7
o =
Ry - O/

Vv

It is easy to see that ker(a’) contains V N (Q* (k(Car)* )™M /(k(Car)*)M).
Consider the following diagram of fields:

k/l/

In the diagram, H is the 2-Hilbert class field of k,
K = k(Car, ker(a/)r),
k" = k(Car, V1),
L = k(Car, P77),
k/// — k//L(CMQ),



ANNIHILATORS OF THE CLASS GROUP 217

where P = + HperZ.
Notice that (opr € L.

Lemma 13. (a) Let A’ be the largest subfield of k" L that is abelian over k.
Then Gal(A’/k(Car)) is 2-elementary.

(b) Let A" be the largest subfield of HK"L that is abelian over H. Then the
Galois group Gal(A”/H (Car)) is 2-elementary.

Proof. (a) Consider the following exact sequence of Galois groups:
1 — Gal(k"L/k(Cy)) — Gal(k"L/k) — Gal(k(Car)/k) — 1.
Since k£ has an odd conductor,

Gal(k(Ca)/k) = Gal(Q(Cw)/Q) = (Z/M) ™.

Kummer theory gives that Gal(k”L/k(Cpr)) is an abelian 2-group whose
exponent divides M. The action of (Z/M)* on Gal(k"L/k(Car)) is the
cyclotomic one, hence the one given by exponentiating. We will prove
that each square in Gal(k”L/k({pr)) is a commutator of Gal(k” L/k). Let
u € Gal(k(Car)/k) be the automorphism that corresponds to 3 in (Z/M)*.
Take its extension @ to Gal(k”L/k). Then for each o € Gal(k"L/k(Car))
the following holds
aou ot =63 o7 =52

Hence the group of squares in Gal(k"” L/k((pr)) is a subgroup of the commu-
tator group of Gal(k”L/k) and therefore Gal(A’/k((ar)) is 2-elementary.

(b) Consider the exact sequence
1 — Gal (HK"L/H((y)) — Gal(HE'L/H) — Gal (H(Cu)/H) — 1.

The primes above 2 are unramified in H/k and also in k/Q and so they are
totally ramified in k(Cpz)/k. Hence k((p) N H =k, k(Cp)H = H(Cpr) and

Gal (H (Car)/H) = Gal (k(Car)/k) = Gal (Q(Car)/Q) = (Z/M)* .

The rest can be done in the same way as above.
O

Now we will continue the proof of Theorem [12| by constructing an automorphism
7 € Gal(Hk" /k) as an input for Chebotarev density theorem to produce infinitely
many primes g that satisfy all properties claimed in the theorem.

For the given class ¢ € Cl(k)2 take the corresponding 71 € Gal(H/k). Since
k(Cyr) N H = k as mentioned in the proof of Lemma [I3|b), we can glue 71 together
with idy(c,,) € Gal(k(Car)/k) to get 72 € Gal(H (Car)/k(Car)) such that 7o|g = 7.

Similarly as in [I, page 195] we see that Gal(k” /k') is a cyclic Z/M [G]-module.
Let 73 be its generator. We would like to extend 73 to 74 € Gal(k”L/k((ar)) such
that 74 is trivial on L. We need to show that 73 is trivial on LN k”. Let us denote
P = P(k(Car) )M /(k(Car)* )M . Kummer theory gives

LNk =k(Cu, PN E(Car, V) = k(Car, (PN V)T
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and P C Q implies PNV C ker(a). Hence LNk’ C k(Car, ker(o/)31) = k' and
since 13 € Gal(k”/k") we can extend.
The field H(¢pr) N k"L is abelian over k and so by Lemma [13[a) the group

Gal(H (¢ ) NK"L/K(Car))

is 2-elementary. Hence
5 € Gal (H(Cum)/H(Cu) NK'L)
and
77 € Gal (k"L/H(Cyv) NE'L) .
This implies that there exists a unique automorphism
75 € Gal (Hk”L/H((M) N k”L) C Gal (Hk”L/k((M)) ,

such that 75|g ¢, = 75 and 75|prp = 74,

In order to glue 75 together with a suitable 74 € Gal(k((pr2)/k(Canr)) we need
to determine the intersection k((p2) N HE" L.

Since H((y2) NHE"L/H is an abelian subextension of Hk”L/H, Lemma [L3|(b)
gives H(Cp2) NHE'L C A” and Gal(H (Cp2) N HE'L/H(Cpr)) is 2-elementary.

Similarly as in the proof of Lemma [13(b) we have Gal(H ((y2)/H) = (Z/M?)*.
Its subgroup Gal(H (Car2)/H (Car)) corresponds to the subgroup of (Z/M?)* gene-
rated by the class containing 1 4+ M. Thus Gal(H (Car2)/H (Car)) is cyclic and the
intersection Hk”L N H((pr2) is a subextension of cyclic extension H (Cp2)/H (Car),
hence also cyclic. Taking together, Hk"” L N H(Cps2)/H (Car) has degree at most 2.
As Copr € KL we get HE"L N H(Cpr2) = H(Camr), which implies (4ps ¢ HE” L and
HE'L O k(Carz) = k(Cant).

Let us calculate 75(Cans) = 72(Cans). We have 74 € Gal(k” L/k((ar)), which gives
74(Cnr) = Cur and 74(Canr) = e - Canr, where e € {1, —1}. Hence

73 (Canr) = Tale - Gonmr) = €% - Gonr = Gomr
and so 75 € Gal(Hk" L/k(Canr))-

Let 76 € Gal(k(Cpr2)/k(Canr)) be determined by 76(Cpr2) = C%ij. We have

shown that there exists an automorphism 7 € Gal(HE"' /k({2pr)) satisfying
TlHk”L = T5 and T|k(<M2) =176 -

Now we can finish the proof of Theorem [12]

Due to Chebotarev density theorem, there exist infinitely many degree one
primes of k relatively prime to a generating set of W, not over primes ramified in
k/Q, not over 2 such that the primes of Hk"”' above them have their Frobenius
automorphism in the conjugation class of 7.

Choose any of them and denote it q. We will show that g satisfies all properties
claimed in Theorem

Let ¢ be the rational prime below .

Since 7|y = 7¢, the class [q] corresponds to the class ¢2.

We have constructed 7 to satisfy 7((yr2) = (32" . On the other hand, Tlk(¢,y2)
is the Frobenius of q, so 7((pz2) = CX/IQ. Putting these two equalities together, we
get ¢ =1+2M (mod M?).
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The prime g splits completely in L/Q, because 7|1, = id;, and ¢ splits completely
in k/Q. For each p € J, |p| is an M-th power in L, hence also in Oy,. Denote Q a
prime ideal in L over q. Then
OL/Q = Z/q
and |p| is an M-th power in Z/q.
We will prove that there exists a map ¢’ such that the following diagram
commutes.

W —2% 7/M[G]

7
¥ V/
13

im(4))
It suffices to prove that ker(¢)) C ker(2a). Let us take any element v € k* such
that v - ()™ € ker(v). Locally at every G-conjugate of q, v is an M-th power, so
all G-conjugates of g splits in k((ar, vﬁ), which implies that all G-conjugates of
Tl = 72 € Gal(k” /') act as the identity on k(Cps,v37).

Consider the fixed field T of Gal(k”/k’)?, the group of squares in Gal(k”/k’).
Then Gal(T'/k') is the largest quotient of Gal(k” /k’) that is 2-elementary. Kummer
theory gives T = k:(CM,Cﬁ), where C' can be taken as a subgroup of V and
C/ker(a’) = Gal(T/K'). Since C/ker(a') is 2-elementary, we have C? C ker(a/).
For any ¢ € C' it means 2a/(c) = o/(c?) = 0, i.e. ¢ € ker(2/), so C C ker(2a).

Recall that 73 generates the G-module Gal(k” /k’), so 72 generates Gal(k” /T).
Therefore for each o € Gal(k” /T) we have o(v3) = v, hence v¥ € T, which
means

k(Car077) € k(Gar, O77) € k(Cur er(20) 7).
so v - (k(Cur)*)™ € ker(2). Thus v - (k*)M € ker(2a) as was to be shown.

Finally, since the ring Z/M|[G] is self-injective (see [3, page 162]), the homo-
morphism ¢’: im(y) — Z/M][G] can be extended to the desired homomorphism
o+ (/) IM — Z/M[G).

The proof of Theorem [12]is done. (I

In order to prove Theorem [I0] we will use the following slightly weaker version
of Rubin’s Theorem 5.1 published in [4].

Theorem 14 (Rubin). Let F' be an abelian extension of Q, G = Gal(F/Q). Let
q be a rational prime which splits completely in F and let E be a finite extension of
F, abelian over Q, such that only primes above q ramify in E/F, but those ramify
totally and tamely. Let ¢ be the product of all primes over q in E and let A be the
Z/(q — 1)[G]-annihilator of the cokernel of the reduction map

{e € O5: NE/p(e) =1} — (Op/0).
Write w = 4= Then A C wZ/(q — 1)[G] and for any prime q over q, w™ A

[E:F]"
annihilates the ideal class [q] € C(F)/[E : F).

Proof of Theorem [I0l Choose an arbitrary class ¢ € Cly(k). It is possible to
perceive ¢ as an element of the quotient Cl(k)/M.
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The M-semispeciality of § implies that for almost all ¢ € Qj; there exists a unit
b4 € k(q)* satisfying Ni(q)/k(0q) = 1, such that 6% and &, have the same image in
(Ora)/3) /M.

For the given module W, the map a: W — Z/M|[G] and the chosen class ¢ we
use Theorem to get a prime ideal q of the field k, such that q does not only
fulfill all conditions of Theorem but also that the prime ¢ is not one of the
finitely many exceptions in Qj, for which we do not have a unit d,.

We have a unit 6, € Ox(q)*, such that N4 /k(d;) = 1 and that J, and 6% have
the same image in (Oyq)/q)* /M'.

Denote B = (Ok(q)/7)*/ (im(dq)) 5. Let A be the Z/(q — 1)[G]-annihilator of
the module B. Then every element [ € A annihilates also the module

(O /@) im ({e € OF s Niay/n(€) = 13) -

We will use Theorem |14/ for F' = k and E = k(q), so w = q;Ml =2 (mod M).
We obtain that $3 annihilates the class [q] = ¢? in Cl(k)/M and so 3 annihilates ¢
in Ci(k)/M.

Since ¢ = 1 +2M (mod M?), the 2-part of the module B is equal to

B/2M = ((Og(q)/0)" /2M)/(im(5,))c

and the projection A" C Z/2M|G] of the annihilator A is the annihilator of B/2M.
Obviously every element of A’ annihilates ¢ in Cl(k)/M, too.
Hence the projection A" C Z/M'[G] of A is the annihilator of the module

B/M' = ((Ouig /)" /M) /(16 = (On/a) /M) /()

where ¢: W — (O /q)* /M’ is the reduction map (it is the map ) from Theorem
taken modulo M’). And again, every element of A" annihilates ¢ in Cl(k)/M’.

To finish the proof, we need to show that 4a(d) € A”. The diagram in Theorem
gives

W —2% 5 7/M'[G]

e
wl L

(On/a)* /M’

Since (O/q)* /M’ is free cyclic Z/M'[G] module, one can prove using the same
reasoning as in [I, page 197] that p(¢(62)) € A”. Hence 4a(d) = 2a(6?) € A” and
the proof is complete. ([l

Due to Theorem [2] we know that w; is M-semispecial. Thus Theorem [L0] means
that for any finitely generated Z[G]-module W C k* /M containing w; - (k> )M
and any Z[G]-homomorphism a: W — Z/M[G], which is trivial on all classes of
W containing a rational number, we get an annihilator 4a(wy) of Cl(k)/M’.

If K — the genus field of k in narrow sense — is real then Theorem [2| can be
stated in the following stronger form:

Theorem 15. If K is real then the unit 5 € k is M -semispecial.
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Proof. Proposition 4.1 of [2] gives that s; € k. Let ¢ € Q). Since % is even,
Q(q) is real. As we assume K being real, for any S C J the field Kg(q) is real,
too. The unit g4 is the norm from the imaginary abelian field Qg((,) to its real
subfield and so it is totally positive. Lemma |§| implies that s, = 3¢5, is totally
positive, too. For any o € Gal(K(q)/k(q)) we have

J*l)[K:k‘] — (

(%q %[K:k])afl _ ngfl -1

q

and so %g_l

7, € k(q).
In the proof of Theorem [2| we have obtained that Ng(q)/x(74) = £1 and that

75 and 7, have the same image in (Opq)/qx) /M. Since we know that s, € k(q) is

totally positive, this implies Ny, (q)/k(5¢,) = 1. Identities ny = %BKIM and ng = %éK’k]

give that <5 and s, have the same image in (O /Gr)” /M’ O

= *£1. But s, is totally positive and so %g_l = 1. It means that

Example 16. Let us apply our result to the case of a real quadratic field:

Let us consider £ = Q(y/p1p2 - - - pr), where py, pa, ... p, are different odd primes,
all of them congruent to 1 modulo 4, and r > 2. Let v > 1 be the fundamental
unit of k and h the class number of k. Consider the module W = O, /M and the
map a: W — Z/M|[G] determined by a(+7y) =1 — o, where G = {1,0} and M is
divisible by the 2-part of h.

Theorems [10| and (15| give that 4a(s¢;) annihilates the 2-class group Cl(k)s of k.

Notice that even stronger result is given by classical theory of quadratic fields:

The Sinnott group of circular units of k is generated by —1 and 7;; its index in
O} is equal to h (see [5, Theorem 4.1]), so n; = £y*". Hence »; = +4£02"" and
so 4a(sy) = £4h- 2177 (1 — o) annihilates CI(k)o. We have obtained an annihilator
2477 b of Cl(k)a.

Genus theory gives that the Zs-rank of Cl(k)s is equal to r — 1 and so Cl(k)2 is
annihilated by 227" - | Cl(k)2|, which is in fact the quarter of our annihilator.

In the situation of any real quadratic field with an odd discriminant divisible by
a prime congruent to 3 modulo 4 the Zs-rank of Cl(k)s is equal to r — 2 and %3 is
semispecial. The obtained annihilators are 2°~" - h by Theorem [10] and 23~" - h by
genus theory.

Therefore for a real quadratic field k£ and the obtained semispecial unit the
constant 4 in the statement of Theorem [I0] seems to be superfluous. For fields of a
higher degree the question whether 2a/(0) is also an annihilator (see Theorem
remains open.
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