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Abstract. Classical Kloosterman sums have a prominent role in the study of automorphic
forms on GLg and further they have numerous applications in analytic number theory.
In recent years, various problems in analytic theory of automorphic forms on GL3 have
been considered, in which analogous GL3-Kloosterman sums (related to the corresponding
Bruhat decomposition) appear. In this note we investigate the first four power-moments
of the Kloosterman sums associated with the group SL3(Z). We give formulas for the first
three moments and a nontrivial bound for the fourth.
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1. INTRODUCTION

The classical Kloosterman sum is defined for integers a, b and a positive integer ¢
by

' b
(1.1) S(a, b ) = o 20T,
x (mzod c) ( ¢ )

where Y " means that the summation is restricted to the residue classes z with
(r,¢) =1, 2z =1 (mod ¢) and e(z) = e*™=.

These sums first appeared in Kloosterman’s paper [5], in his application of the
circle method to representations of integers by quadratic forms in four variables.
More importantly, they are related to Fourier coefficients of automorphic forms on
GL2 ([4], chapter 3).

This work was partially supported by Ministry of Science, Republic of Serbia, Project
no. 174008.
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One of the first results about classical Kloosterman sums was the evaluation of
the first few power-moments

(1.2) Vi) = Y S(aLip),

a (mod p)

for Kloosterman sums to prime modulus p. The case of prime modulus is the key
for understanding of these sums because of the twisted multiplicativity formula

S(a,biqr) = S(qa, qbsr)S(ra, by ), valid for (q,r) = 1,

where gg = 1 (mod r), 7r = 1 (mod ¢) and the following exact evaluation in the case
when the modulus is a prime power p?, 3 > 2:

S(a, a;pﬁ) = 2(1%)1)5/23?6,,[1@(2?),

where (p,2a) = 1, (-/p?) is the Legendre-Jacobi symbol and ¢, = 1 or 4, according
to whether ¢ =1 or —1 (mod 4).
We have (e.g. see Chapter 4 in [4])

(1.4) Va(p) =p*—p—1,
(1.5) Va(p) = _—)p2+2p+ 1,
(1.6) Vi(p) =2p* —3p* —3p—1

In particular, by dropping all but one term in the last equality, one obtains
1S(a,b;p)] < 2*/* for (ab,p) = 1.
This bound was a crucial ingredient in [5].

1.1. SL3(Z) Kloosterman sums. Conceptually, the classical SL2(Z)-Klooster-
man sums (1.1) are related to the Bruhat decomposition for GL2(R), as explained
for example in [3], page 340.

The Weyl group W3 for GL3(R) consists of the following six elements:

1 00 0 1 0 100
wp=|(0 1 0], wy=1|1 0 0], wy3=|0 0 11},
0 0 1 0 0 1 010
01 0 0 0 1 0 0 1
wy=10 0 1], ws=11 0 0], weg=|0 1 0
1 00 01 0 1 00
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and then the Bruhat decomposition is given by

GL3(R)= | | Gu, with G, = Usw;AUs,
w; EW3

where
1 % % * 0 0
Us = 0 1 = < GLg(R), A= 0 x 0 < GLg(R)
0 0 1 0 0 =

are the minimal parabolic and diagonal subgroups of GL3(R).
Let I' = SL3(Z) and T's, = T NUs. For any w € W3, let Ty, = (w1 - T -w)NTw.
For two non-zero integers D, Dy we denote

1/D; 0
d= Dg/Dl 0 c A.
0 0 Dy

Then, for any two characters 11 and 5 of the group Us, the SL3(Z)-Kloosterman
sum associated with d and a Weyl group element w is defined by

Sw(r,baid) = > a(b)va(ba),

YET o \I'NG 4, /T
y=bwdby
provided it is independent of the choice of Bruhat decomposition for matrices v and
otherwise it is set to be zero.

These exponential sums are extremely important in the spectral theory of auto-
morphic forms for SL3(Z) since all the six types of Kloosterman sums Sy, (11, ¥2; d),
i =1,...,6 appear in the expressions for Fourier-Whittaker coefficients of SL3(Z)-
Poincaré series and consequently, they all appear in the trace formula of Kuznetsov
type for the group SL3(Z) (cf. [3], Chapter 11).

For a pair (my, ms) € 72, we denote by Y(my,m») the following character on Us:

1 U2 U3
w(mhmz) : 0 1 w — e(m1u1 + mqu),
0O 0 O

and in this notation we can write Sy, (m1, ma,n1,n2;d) for Su,(Vim, ms)> Y(ni,ne)i d)-

It is shown in [2] that the sums Sy, (m1, m2,n1,ng; d) for i = 1,2,3 are “degener-
ate” (i.e. trivial or coincide with the SLy(Z)-Kloosterman sums), while S,,, and S,,,,
Sws are new exponential sums.
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The sums Sy, (m1, ma,n1,ne;d), corresponding to the so called long element
wg, can be given explicitly as follows (see [2] or [3]): for mq,ma,n1,n2 € Z and
D1,Dy €N,

S(m15m27n17n2;D1;D2)

- LYYy (R Ab)

B1,C1 (mod Dy)
Bz,CQ (mod Dz)
(B1,C1,D1)=(B2,C2,D2)=1
D1C2+B1B2+C1D2=0 (mod D1D2) <m2B2 —+ nQ(YQDl —_ Z2B1))
X e )

Do

where Y7, Z1,Y5, Z5 are chosen so that
YiBy+7Z,Ci =1 (mod Dl), YoBy + Z5Cy =1 (mod DQ).

Some of their properties are proved in [2], Section 4. For example, if p1ps = g1¢2 =
1 (mod Dy D3) then we have

(1.7) S(map1, pamae, n1q1, gang; D1, Da) = S(m1, ma, n1,ne; D1, Da).
Also we have

S(m17m2)n1)n2;DlD/17D2D/2)
— 9 —2 —2 —2
= S(D/l D/le,DIQ Dimg,nl,ng;Dl,Dg)S(Dl Dle,DQ Dlmg,nl,ng;Di,Dé),

where
(D1Dy, D1D}) =1,

and D;, 3;, i = 1,2 are given by
DDy =D3Dy =1 (mod DyD,), D)D), =D,Dy=1 (mod D;D).
In particular, for (D1, D2) =1 we have
(1.8) S(m1,ma,n1,ne; D1, D2) = S(Damy,ny; D1)S(D1ma, ne; D2).

The SL3(Z)-Kloosterman sums corresponding to elements wy and ws are both of
the following form (see [2]):

S(mi,n1,n2; Dy, Do) = Z Z e<m1C1+n1C_1C2)e< noCy )’

. D1 D2/D1
1 (mod D) C3 (mod D3)
(C1,D1)=1 (C2,D2/D1)=1

where mi,n1,n9 € Z, and Dy, D2 € N such that Dy | Ds.
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For p1g1 = 1 (mod D1) and pagz =1 (mod D3) we have

(1.9) S(mip1, qinape, gano; D1, D2) = S(ma,n1,n2; Dy, Da).

Also for (D2, D}) = 1 we have

(110) S(ml,nl,ng;DlDi,DgDé)
- "S’V(D_/lm17 D12n17D_/22n2; D17 D2)§(D_lm1) DQHl,D_QQTLQ; Dll) D/Q)

For p' { n; we have §(m1,n1,n2;pl,pl) = (. Further, for 1 <[ < k we have also

(1.11) S(ma,n1,m2;p',p*) =0,
unless (i) k < 21 and p*~*|ny, (ii) k = 2 or (iii) k£ > 21 and pF=2 | ns.

1.2. Main results. For mi,ny € Z with (ming, D1D2) = 1, from (1.7), we see
that
S(m1,ma,n1,n2; D1, D) = S(1,mima, ning, 1; D1, Dy),

so it is natural to consider the following analogue of (1.2) for a positive integer k and
two different prime numbers p and ¢:

Uk(p,q) = Z* Z* S(1,a,b,1;p,q)*.

a (mod p) b (mod p)

But using (1.8) we get immediately

Upg)= > > S(a.bip)*S(pa,1,9)* = Vi(p)Va(a).

a (mod p) b (mod p)

Hence, there is nothing new and the formula for Uy(p,q) for k = 1,2,3,4 follows
from (1.3)—(1.6).

The case of equal prime moduli is also trivial, since there is an explicit formula
for such sums, see Property 4.10 in [2]. For example, if (p, mimaning) = 1, then

S(my,ma,ni,n2;p,p) =p+ 1.

Similarly, because of the twisted multiplicativity (1.10) the exponential sums
§(m1,n1,n2;D1,D2) corresponding to Weyl group elements w, and ws reduce
to those with moduli of the form (D, D2) = (p',p*) for prime numbers p.
Then from (1.11) we see that we do not have an explicit evaluation of the sums
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S(mq,n1,n2;p, p?) and hence it is interesting to study them on average by calculating
their moments.

Explicitly, these Kloosterman sums are given by

(1.12) S(m1,n1,n2;p,p?) = p Z* Z* e<m1x+n1xy+n2y).

z (mod p) y (mod p) P

For (mining,p) = 1, from (1.9) we have
(113) §(m17n17n2;pap2) = §(m1n1n271;1;pap2)
so it is natural to consider the power-moments

Wilp) == > S(a,1,1;p,p%)",

a (mod p)

which are analogous to the moments of classical Kloosterman sums (1.2).
In [6], Larsen showed, using a theorem of Deligne, that the following bound holds
for all a, p 1 a:

(1.14) 1S(a,1,1;p,p%)| < 3p%.
Also, it should be noted that the sums §(a, 1,1;p,p?) are not real in general, in
contrast to the case of classical Kloosterman sums (1.1).

We compute the first three power-moments of the sums §(a, 1,1;p,p?) in the
following theorems:

Theorem 1.1. For a prime number p > 2 we have

(1.15) Wi(p)=—p and Wa(p) = —p*—p® —p?

while

(1.16) > 18,1, 15p,0°)P = p° - p* = p’ — p*.
a (mod p)
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Theorem 1.2. For a prime number p > 2 we have
-3
Ws(p) =p" —p° - (7)176 —3p° —2p* —p°.
The exact evaluation of the fourth power-moment Wy (p) reduces to counting the
number of points on the variety in ([F;)s given by the equations

x1 + x2 + 3 + 24 = 0 (mod p),
Y1 +y2 +ys +ys =0 (mod p),

ZT1y1 + T2yz2 + T3y + Tayz = 0 (mod p).

The number of points on this variety can be expressed as a sum of Jacobsthal sums
over F,, associated with certain polynomials of degree 4, but we are not aware of
any explicit evaluations of such sums, so this remains as an open problem.

On the other hand, it follows trivially from Larsen’s bound (1.14) that

Wai(p) < p°.

It is interesting to note that by Theorem 1.2, the analogous trivial bound for W5(p)
is of the true order of magnitude, i.e. curiously there is no cancelation in the sum
>2"S(a, 1, 15p,p%)>.
a(p)

Therefore, it is natural at least to ask if there is some cancelation in the fourth mo-

ment Wy(p). An answer in this direction can be given using the work of A. Adolphson
and S. Sperber from [1]:

Theorem 1.3. For a prime number p, we have

(1.17) Wa(p) < p'7/2.

2. PROOF OF THEOREM 1.1

For the first moment, since S (0,1,1;p,p?) = p, we have trivially, after completion
to all residues modulo p,

Wl(p): Z §(a7151;p5p2): Z §(a7151;p5p2)_§(05171;p7p2)
a (mod p) a (mod p)
y+y axr
S R
z (mod p) y (mod p) a (mod p)
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For the second moment we calculate similarly

Walp)= Y. S(a,1,1;p,p%)?* - p?

a (mod p)
* Tiy1 + T2y + 1 + 92 a(ry + x2
= _p2 +p2 Z e( ) Z e(g)
z1,z2 (mod p) p a (mod p) p
y1,y2 (mod p)
* Y1+ 72 * z(y1 — Y2
S D M (=5 By =)
y1,y2 (mod p) z (mod p)
* Ui+ 72 * 2y
o T () T ()
y1,y2 (mod p) y (mod p)
— pt P

In the same manner one can get > ." |§(a, LLipp)2=p°—p*—p>—p2 O
a (mod p)

3. THE THIRD POWER-MOMENT Wj3(p) AND PROOF OF THEOREM 1.2

We start by completing the sum:

Y S(a1,1p,p°)7 = Wa(p) + 5(0,1,1;p,p%)° = Wa(p) + p°.

a (mod p)

Hence we have

IOCE RIS SRS SR S Cas RO}

a (mod p) “z (mod p) y (mod p)

o . * Ty + Ty + Ty + L+ R+ T
= > > e . )

z1,%2,x3 (mod p) y1,y2,y3 (mod p)

" Z e(@(m +;2+fc3))

a (mod p)

4 Z* Z* e(x1y1+x2y2+m3y3+y1+y2+y3).

=D
p

z1,22,23 (mod p) y1,y2,y3 (mod p)
z1+z2+x3=0(p)

Here we change the variables by writing

1=z, vo =xz and z3=-—z(1+ 2),
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with the conditions  # 0 and z # 0, —1. We get further that W3(p) + p? is equal to

DYDY >

x (mod p) z (mod p) yi,y2,y3 (mod p)

e(@h +ZTzZys —xl+zys +ﬁ+%+%)
p

z#0,—1
* N+R+B (i +Zya — 1+ 2y
Y Y (TR 3 (L)
% (mod p) y1,y2,ys (mod p) @ (mod p)
z#0,—1
* Yi+Y2+7s
=" > 2 (*=—)
z (mod p) y1,y2,y3 (mod p)

27#0,—1 y14+Zys—1+2 y3=0 (mod p)
* Nty tys
-t ) > ()
z (mod p) y1,y2,ys (mod p)
z#0,—1
The contribution of the second line is p*(p — 2), while in the first double sum we
introduce the change of variables

=Y, Y2=yu, Ys=yv,

where y,u,v # 0 (mod p) and 1+ Zu — 1 + zv = 0 (mod p). Therefore, the inner

summation becomes

3 e(m) _ 3 e(M)

y1,y2,y3 (mod p) p y,u,v (mod p) p
y1+2zy2—14+2 y3=0 (mod p) 14+zZu—142zv=0 (mod p)
* *
=p g 1- § 1.
u,v (mod p) u,v (mod p)

1+Zu—142v=0 (mod p) 1+4+Zu—14+2v=0 (mod p)
14+a+v=0 (mod p)

In the last summation v is uniquely determined by a pair z, v, with the only constraint

being u # —z (mod p), since v # 0 (mod p). Therefore, for every admissible z, the

last sum is p — 2 and we obtain

31)  Wilp)=-p"+p'(p-2) P02 +p° > oL
z (mod p) u,v (mod p)
2#0,—1 14zu—T+2zv=0 (mod p)
1+a+v=0 (mod p)

The conditions in the last summation are equivalent to

u+v+uv=0 (mod p)
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and

0=22+(1+u—-v)z4+u
=22+ (1+u—v)z—vu+1)=(z—v)(z+u+1) (mod p).
If here v = z, we must have u = —z1 + z, giving p — 2 solutions. If z = —u — 1, we

must have u # 0, —1 (mod p) and then v = —Z(1 + z), giving another p — 2 solutions.
These two sets of solutions intersect if and only if

224+ 2+1=0 (mod p)

is solvable, in which case there are 2 elements in the intersection. Therefore the
double sum in (3.1) is equal to 2(p —2) — (1 4+ (—=3/p)) = 2p — 5 — (—3/p), where
(+/p) is the Legendre symbol. This proves the theorem. O

4. THE FOURTH POWER-MOMENT W, (p) AND PROOF OF THEOREM 1.3

Let us denote by x the vector (z1, z2, x3, 24, y1, Y2, Y3, Ya,a) € ([F;;)g. Then from
(1.12) we have that the fourth moment of S(a,1,1;p,p?) is equal to

Wilp) =p* > ¢(9(x)),
xe([F;)Q
where ¢(y) := e(y/p) is a nontrivial additive character of F, and
gx)=a(@ +xa+r3+24) + —+ =+ =+ —+—+ —+—+ —
1 T2 T3 T4 Y1 Y2 Y3  UYsa

is a regular function on ().
After the change of variables, ax; — x;, 1/y; — y;, for i = 1,2,3,4, we get that

Wilp) =p* > v(f(x),
x€(F5)?

where

a a a

+ .
T1Y1 ZT2Y2 T3Ys3 T4Y4

41) fx) =z +azo+ast+zat+yi+y2+ys+ya+

In the general situation, let us denote an [)-regular function on the torus ([F;)"
by
f(x) = Zajxj € Fplrr, o2, ... Tn, (1, ..., 20) ],
jeJ
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where x = (21, 22,...,2,), X/ = x{l xgz ...zdn and the sum is over a finite subset .J
of Z™. Then the Newton polyhedron A(f) of f(x) is defined as the convex hull in R™
of JU{(0,0,...,0)}.

With any face (of any dimension) o of A(f) one associates the corresponding

fg = Z anj.

jEaonJ

Laurent polynomial

The function f is said to be nondegenerate with respect to its Newton polyhedron
A(f), if for every face o of A(f), not containing the origin, the partial derivatives

dfs 0fs Afo

8x1’8x2""’8xn

have no common zero in (F;)”, where [, is the algebraic closure of F,,. Then the
following holds:

Theorem 4.1 (Adolphson, Sperber, [1]). For a given n-dimensional polyhedron
A in R™ there is a set Sn which can be effectively determined and which consists of
all but finitely many prime numbers, such that for all p € Sa and for any regular

function

fe [Fp[ml,mg,...,J;n,(xl,...,xn)*l]

with A(f) = A which is nondegenerate with respect to A we have

(4.2)

> w(f(x))\ < n V(P2

x€(Fx)m

where V (f) denotes the volume of A(f).

The bound (1.17) will follow immediately from this theorem, if we show that our
particular function (4.1) is nondegenerate.

For any face o of A(f) for which the corresponding Laurent polynomial f, has at
most two of the terms z;, y;, or ax;lyfl for some i = 1,2, 3,4, the nondegeneracy
condition is trivially satisfied.

Therefore, the only problem can occur if f,, for some face o, is of the form

a
- TiYi

(2

where ¢ runs over some subset of {1,2,3,4}.
If f, =x; +yi + a/x;y;, then 0f,/0a # 0 everywhere on (F;)g.
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2
If f, is of the form ) (z; + y; + a/x;y;), from
i=1

0fs _0fs _ 0o _ 0o _0fs

0ry Oxp Oy Oya  Oa =0,

one would get first that z; = y1, zo = y2 and then also that a:f2 + a:;Q = 0 and

23 = 23 (= a). But the last two equations have no common solutions in (F;)Q, if p

is odd.

4
If f, = > (x; +yi +a/z;y;), the system
i=1
0fo _  _ 0 O _0fs _0f
or, 7 Qx4 Oy Oys  Oa
leads to x; = y; for i = 1,...,4 and then also to 2} = 23 = 23 = 2} (= a) and

x7? +xy% +x5% + 2,2 = 0. This gives the equation

2 2 2
) ) @)
T2 T3 Ty

where all ©1/x2, x1/x3, x1/x4 are the cube roots of unity in Fp. By checking all the
cases, this has no solutions for all odd primes p # 7.
In the remaining case, when f, is of the form

3

(43) fo=3 (i tuit o).

i=1

the corresponding system of equations actually has solutions on the torus (Eﬁ)g. But
in this case, o (that is, the convex hull of the exponents of all monomials occurring
in f,) is not a face of the polyhedron A(f)!

To see this, let us denote by j1,...,J4,k1,-..,ks,l the coordinates in the 9-
dimensional space in which the Newton polyhedron A(f) is defined. That is, with
a monomial x{l e xi“ y]fl .. .yff“al we associate the lattice point (j1,...,Jjs, k1, ..,

k4,1) in Z°. Then all the exponents of Laurent polynomial (4.1) lie on the hyperplane
Jitietististktket+kst+k+3l=1
in this 9-space.

The key remark (and the author is grateful to A. Adolphson for pointing out this
fact) is that this implies that the faces of A(f) not containing the origin (which are
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the only faces we need to consider) are exactly the intersections of this hyperplane
with the faces of A(f) that do contain the origin.
An arbitrary hyperplane containing the origin is of the form

A1 + Asjo + Azjs + Asja + Biki + Bako + Bsks + Baks + Cl =0,

where Aj,..., Ay, B1,..., By, C are real constants. Let us suppose that this hyper-
plane contains the lattice points corresponding to the exponents of the monomials
in (4.3). This implies first that 41 = Ay = A3 = By = By = B3z = 0 and then
further that C' = 0. Therefore, the only hyperplanes through the origin containing
the lattice points corresponding to the monomials from (4.3) will have the form

Ayjs + Baks = 0.

But no such hyperplane can be the support of a face of the Newton polyhedron
A(f). Namely, if A4 and By are not both zero, then A,j4 + Bsks will be positive on
one of the lattice points corresponding to the three monomials x4, y4 and ax;lyéfl,
and at the same time, negative on another one of those lattice points. This means
that there are vertices of the Newton polyhedron A(f) which lie on opposite sides
of this hyperplane. Hence, (4.3) cannot correspond to a face of A(f) not containing
the origin, and (4.1) is nondegenerate. d

Acknowledgement. The author is grateful to the referee for useful and con-
structive comments and suggestions. Also the author is indebted to Professor
A. Adolphson for helpful correspondence and for providing an explanation of the
results from his joint work [1] with S. Sperber.
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