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Abstract. In this paper we consider the following Dirichlet problem for elliptic systems:

DA(z,u(z), Du(x)) = B(z,u(z), Du(z)), =€ Q,
u(z) =0, €099,
where D is a Dirac operator in Euclidean space, u(x) is defined in a bounded Lipschitz
domain © in R™ and takes value in Clifford algebras. We first introduce variable exponent
Sobolev spaces of Clifford-valued functions, then discuss the properties of these spaces and

the related operator theory in these spaces. Using the Galerkin method, we obtain the
existence of weak solutions to the scalar part of the above-mentioned systems in the space

Wol’p(m)(ﬂ, Cly) under appropriate assumptions.
Keywords: elliptic system; Clifford analysis; variable exponent; Dirichlet problem
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1. INTRODUCTION

Since O. Kovacik and J. Rékosnik first discussed the LP(*) space and W*?(*) space
in [24], many results have been obtained concerning these kinds of variable exponent
spaces, see for example [7], [14], [11], [12] and references therein. In [30] M. Ruzicka
presented the mathematical theory for the application of variable exponent spaces
in electrorheological fluids. For an overview of variable exponent spaces with various
applications to differential equations we refer to [22] and the references quoted there.

Clifford algebras were introduced by W. K. Clifford as geometric algebras in 1878,

which are a generalization of the complex numbers, the quaternions, and the exterior
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algebras, see [17]. Clifford algebras are playing a major role in quantum computing
and the design of quantum computers, see [1]. As an active branch of mathematics
over the past 40 years, Clifford analysis has usually studied the solutions of the Dirac
equation for functions defined on domains in the Euclidean space and taking value
in Clifford algebras, see [6], [18]—[21]. In [8] the authors gave in detail an overview
of the intrinsic value and usefulness of Clifford algebras and Clifford analysis for
mathematical physics.

In [27], [28] C. A.Nolder first introduced A-Dirac equations and developed tools
for the study of solutions to nonlinear A-Dirac equations in the space Wﬁ)f (Q,Cly,).
Inspired by his papers, we are working to study the existence of weak solutions for A-
Dirac equations. Also motivated by [15], we are interested in the following Dirichlet
problem in the setting of Clifford algebra:

(1.1) DA(z,u(z), Du(z)) = B(z,u(x), Du(x)), x €
(1.2) u(z) =0, z €I

where 2 C R™ is a bounded Lipschitz domain, u € C/¢,, and A: QxC¥l, xCl,, — Cl,,

B: Q x Ct, x Cl, — Cl, satisfy the following conditions:

(H1) A(z,s,€) and B(z,s,&) are measurable with respect to x € § for all (s,£) €
Ct,, x Cl,, and continuous with respect to (s,&) for a.e. z € Q.

(H2) |A(z, s,€)| < Colé[P@) =14+ |s[P®) 1+ G (), where G € LV’ *)(Q), Cy, Cy > 0.

(H3) |B(z,s,£)| < Col¢[P@—14Cy|s[P® -1+ G(x), where G € LP' @) (Q), Cy,Cy >0
and small.

(H4) [A(z,5,&)&]o = Cal€|P™) + C3s|P@) + h(z), where h € L(£2), Cy, C3 > 0.

(H5) For almost every xg € Q, so € Cl,,, the mapping & — A(xo, so,§) satisfies

/JA(xo,so,&o + Dz(x))Dz(x)]o = 04/~ |Dz(z)[P™) da
@ Q

for each &, € C/,, Qc Q, z€ Cé(fl, Ct,,), where Cy > 0 is a constant. Here
p’(z) is the conjugate function of p(x).
Throughout this paper we suppose
(1.3) p € P8(Q) and 1 < p_ =: inf p(z) < p(z) < sup p(x) := py < oo.
€N z€Q

This paper is organized as follows. In Section 2, we will recall some basic knowledge
of Clifford algebras and variable exponent spaces of Clifford valued functions, then
discuss the properties of such spaces, which will be needed later. In Section 3, we

will prove the existence of weak solutions to the scalar part of the above equations
in the space Wol’p(x)(ﬂ, Clyp).
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2. PRELIMINARIES

First, we recall some related notions and results from Clifford algebras. For a de-
tailed account we refer to [1], [2], [6], [18]-[21], [27]-[29], [31].
Let C/,, be the real universal Clifford algebra over R", then

Ct,, = span{eg, e1,€2,...,€6n,€1€2,...,En_1€n,...,€1€2...€n}
where eg = 1 (the identity element in R™), {e1,e2,...,e,} is an orthonormal basis
of R™ with the relation e;e; + eje; = —20;;. Thus the dimension of C/,, is 2". For

I={i1,...,ir} C{1,...,n} with 1
while for I =0, ey = eg. For 0 < r

Ci<ia<...<ip<Nn,put ey =e€;,€i,...€;,,
< n fixed, the space Cf], is defined by
Ct;, = span{er: |I| :=card (I) =r}.

The Clifford algebra C/,, is a graded algebra
ce, =P,
Any element a € C{,, may thus be written in a unique way as

a=lalo+[al1 + ...+ [a]n

where [],: Cl, — C{I denotes the projection of C¢, onto C¢]. It is customary to
identify R with C/0 and identify R™ with CfL. For u € Cl,, we know that [u]o
denotes the scalar part of u, that is the coefficient of the element e;. We define the
Clifford conjugation as follows:

(eileiz e 61‘7,) = (—1)T(r+1)/2€i1€i2 R 7 J

r

For A € C¢,,, B € Cl,,, we have

We denote
(A4, B) = [ABJo.

Then an inner product is thus obtained, giving rise to the norm |- | on C/,, given by
[A]? = [A4]o.
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From [19], we know that this norm is submultiplicative:
(2.1) |AB] < Cs|A|lB]

where C5 is a positive constant depending only on n and not greater than 27/2.
Throughout, let Q C R™ be a bounded Lipschitz domain. A Clifford-valued func-
tion u: Q — Cf, can be written as u = Y urey, where the coefficients uy: Q@ — R
T

are real valued functions.
The Dirac operator on the Euclidean space used here is

n ) n
D= Z:ejaTj = Zejﬁj.
Jj=1 j=1

If u is a C! real-valued function defined on a domain €2 in R™, then Du = du =
(O1u, Dau, . .., 0pu), where O is the generalized derivative operator. A function is
left monogenic if it satisfies the equation Du(z) = 0 for each z € Q. A similar
definition can be given for right monogenic functions. An important example of
a left monogenic function is the generalized Cauchy kernel

1 =z

G(z) = —w—nw,
where w,, denotes the surface area of the unit ball in R™. This function is a funda-
mental solution of the Dirac operator. Basic properties of left monogenic functions
one can find in [18], [19].

Next we recall some basic properties of variable exponent spaces which will be
used later. For the details see [7], [24].

Let P(£2) be the set of all Lebesgue measurable functions p: Q — (1,00). Given
p € P(Q) we define the conjugate function p’(x) € P(£2) by

p(z) = _pla) Vz € Q.

p(x) —1’

Definition 2.1 (see [7]). A function a: 2 — R is globally log-Holder continuous
in 2 if there exist C; > 0 (i = 1,2) and as € R™ such that

Cy
e+ 1/|lz—yl)’

G
log (e + ||)

ale) o) < g a(x) — s <
hold for all z,y € Q2. We define the class of variable exponents
1
P8(Q) = {p € P(?): — is globally log-Holder continuous}.
p
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Definition 2.2 (see [11], [24]). We define the variable exponent Lebesgue spaces
LP®)(Q) by

LPo)(Q) = {u € P(): /Q|u|p<x> d < oo}

p(x)
|u|Lp<x>(m—inf{t>o: /\g\ dxgl}.
Q

We define the Sobolev space WP (Q) by

with the norm

WkP@ (Q) = {u e LP@(Q): |0%u| € LP@(Q), |a| < k}
with the norm

(2.2) [ullwene @y = Y 10%U oo

la|<k
Denote by W, ’p(x)(Q) the completion of C§°(Q) in WHP()(Q) with respect to the
norm (2.2).

Remark 2.1. We say that u € LP(*)(Q, C/,,) can be understood coordinatewise.
For example, u € LP(*)(Q, C¢,) means that {u;} C LP®)(Q) for u = Srure; € Cl,
with the norm ||ullrr@)(q,ce,) = 2 llwrllrer ). A simple computation shows

T

that |lul e (0,ce,) 18 equivalent to [[|ulllp@) (). In the same way, the spaces
Wkp@)(Q,CL,,), W, kop( (Q Cty,), C*(Q,Ce,) and C§(Q,CL,) (kK € NU{0}) can
be understood similarly.

Theorem 2.1. C§°(Q, Cl,,) is dense in LP®)(Q, CL,,).
Proof. Foranyu(z) =Y ur(z)e; € LP®)(Q, C¥,) we have us(z) € LP®)(Q) for
T

each I. Since C§°(12) is dense in LP(*)(Q2), there exists a sequence {uz; }$2, C C§°(Q)
which converges to ur(x) in LP(*)(Q) for each I. Let uy(x) = Y usges, then the
T

sequence {uy(x)} C Cg°(Q, CL,) converges to u(z) in LP(*)(Q, CL,,), since

/Q|u(x) — ug(z)|P@ dz < / <Z|u1 ) —urk(x )|>P(l’) dx
<o XI: /Q s () — e (2)P@ da.

This completes the proof of Theorem 2.1. O
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Theorem 2.2. LP(*)(Q,Cl,) is a separable and reflexive Banach space.

Proof. We first show that the dual of LP(*)(Q, Cf,,) is L¥'(*)(Q, C¢,) in several
steps (see [16]).
(i) For fixed v = Y vre; € LV (®)(Q, Cl,,), we define a linear functional
T

Ly,(u) = /quodxf/ZuI

Then L,(u) is a bounded linear functional on LP()(Q, C£,,).

(ii) Let L € (LP(®)(Q, C¥,,))’, for any I and any w € LP(®)(Q) we define a functional
L as follows:

Lr: IP®(Q) - R, Li(w)= L(we;).
Then L; is a continuous linear functional on LP®)(Q). Let u = Y ure; €
T

LP#)(Q, CL,), then there exists v; € LP ()(Q) such that L; can be represented
uniquely as follows:

Li(ur) = /Quj(x)v[(x) da.

Let v = > wrer, then v € L”/(”)(Q,Cﬁ ) and L(u) = [,[uv]o d.
T
(iii) We shall show |[v][ o) (., < ClILo][- Supposmg vl ooy () # 0, we take

1/(p(z)—1)
u:Z((ﬂ) sgnv[)ej.

T ”UIHLp/(w)(Q)
Then [[ul| o) (,ce,) = 2" and Ly(u) = 2P~/C"P) 0] 1) 0,0,y Therefore

HU”LP @) (Q,08,) S < 2P~ /(;0——1)+nHL ”

Now we reach the conclusion (LP(®)(Q,Cl,))* = L'*)(Q,C¢,) and, moreover,
Lr@)(Q, CL,) is reflexive.
In the following, we will prove that LP(*)(Q, Ct,,) is separable. Let u = > use; €
T
LP®)(Q, CL,). Since LP(*)(Q) is separable, there exists a dense, countable subset .
of LP®)(Q). Then for any us(z) above we can extract a sequence {usg(z)} in &

which converges to uz(x) in LP®)(Q). Similarly to the proof of Theorem 2.1, the
sequence {uj: up = Y upres} converges to u(z) in LP(®)(Q, CL,,). O
T
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Theorem 2.3. W1P(®)(Q, Ct,) is a separable and reflexive Banach space.

n
Proof. We treat W'P(*)(Q, Cl,) as a subspace of the product space [[ LP(*)
m=1

(Q, Cl,,). Then by Theorem 2.2, we need only to show that W1P()(Q, C,) is a closed

subspace of the product space [[ LP(*)(Q,C¥l,). Let {up: up = >, ugrer} be con-
m=1 I
vergent in W1P(®)(Q, Cl,,), then uyr(x) is a convergent sequence in LP(®)(Q, Cl,,).

By Theorem 2.2 in [14], there exists ur(x) € LP(*)(Q) such that uyr(x) — us(z) in
LP®)(Q). Then we obtain ug(z) — u(z) in LP®)(Q,Cl,). Then, similarly to the
proof of Theorem 2.4 in [14], we can get the desired conclusion. (I

Theorem 2.4. The embedding Wol’p(x)(Q, Ct,,) — LP®)(Q, CY,,) is compact.

Proof.  First, we should show that Wol’p(x)(Q,Cfn) C LP@)(Q,Ct,). Let
u(z) = dur(z)e; € Wol’p(x)(Q,CZn). Then there exists a constant C > 0

T
such that [lurll s ) < CllOur||Lee) (). Therefore, we have [[ul|pre (.ce,) <

C”au”LI’(@(Q,Cén)'
Secondly, we should show that the embedding is compact. If {ug: ur = > urrer}
T

is bounded in Wol’p(x) (Q, Ct,,), then there exists a subsequence of {uys} (still denoted
by {ugr}) such that ugp; — uy in L”(”)(Q,Cﬁn). Let u = Y urey. Then u(x) €
T

Lr@)(Q, Cl,) and ug — u in LP@)(Q, CL,). O
Theorem 2.5. Ifu € Wol’p(x)(Q, Ct,,), then

1wl Lo ,c0,) < Cn, D)||0ul] (Lo (,c0,))m -

Proof. Ifu € Wol’p(x)(Q,CEn), then by Proposition 2.5 in [13] there exists
a constant C(2) > 0 such that [|ur|| v () < C(Q)[|0ur| pre) (). Hence we obtain
that [lull e (0,ce,) < 2"CQ)[|0ull(Lr@ @,ce,))m- O

Remark 2.2. We say that f, € LP(*)(Q,C/l,) converge modularly to f €
LP®)(Q, CL,) if lim Jolfn — fIP®) daz = 0. Tt is easy to see that the topology of
n—oo

LP®)(Q, Cl,) given by the norm coincides with the topology of modular convergence
(see [23]).

Definition 2.3 (see [7], [18], [19]).
(i) Let u € C(Q, C¥,,). Teodorescu operator is defined by

Tu(e) = [ Gla =iy
where G(z) is the generalized Cauchy kernel mentioned above.
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(ii) Let u € C'(Q,Cl,) N C(Q,CL,). The boundary operator is defined by

Fu(z) = . G(y — z)a(y)u(y) dy,

where a(y) denotes the outward normal unit vector at y.
(iii) Let u € L{ (R™). The maximal operator is defined by

1

Mu(x) =sup ——— u(z)| de.
( ) T>g meaS(B(a:,r)) ~/B(z,r)| ( )|

Lemma 2.1 (see [7]). Let Q C R" be a bounded domain, x € 2 and u € L, (R™).
Then

1 .
/Q WIU(@J)I dy < C(n)(diam Q) Mu(z).

Lemma 2.2 (see [7]). Let p(x) satisfy (1.3). Then M is bounded in LP(*)(R™).

Lemma 2.3 (see [19]). Let u € C1(Q,C¥¢,). Then

O Tu(x) = S /Q iG(x —y)u(y)dy + uf) €k

Wn oxy,

Lemma 2.4 (see [18]). The operator T: LP(Q,Cl,) — WLP(Q,CL,) (1 <
p < 00) Is continuous.

Lemma 2.5 (see [7]). Let ® be a Calderén-Zygmund operator with Calderdn-
Zygmund kernel K on R™ x R™. Then ® is bounded on LP(*)(R™).
Theorem 2.6. The operator 9, T: LP(*)(Q,Ct,) — LP®)(Q, C¥,) is continuous.

Proof. By Lemma 2.3 we have for u € C§°(Q2, C¢,,)

O Tu(x) = = /Q iG(x —y)u(y)dy + Mék.

Wn oxy, n

Let K(x,y) = w,, *(0/0z;)G(x — y). Since

n n

9 gy = L (%“%)25 N @ ) (@i )
g0 = (L e )

=1 =
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we obtain

Notice that

n
(xj - y] (xr — yr) (i —s) _ >
—n e; | ds =0,
/SI(Z =y Z |x—y|2

Jj=1

hence it is easy to verify that K (x,y) satisfies the following conditions:
(a) [K(z,y)| < Clz —y[™"
(b) K(t(z,y)) =t "K(z,y), t > 0;
c) [g, K(z,y)dS =0, where S1 = {y € Q: [z —y|=1}.
Now we define u(z) = 0,z € R™\ Q. Then K(z,y) satisfies the conditions of

Calderén-Zygmund kernel on R™ x R™. By Theorem 2.1, we know the inequality can
be extended to LP(*)(Q, Cf,,). Therefore, we obtain by Lemma 2.4 and Lemma 2.5

23 | [ o -t ay

< C(n,p, Q)||ull Lo (@,c0,0)-
Lr()(Q,CL,)

On the other hand, we have

(2.4) HuHLm) Q,0¢,)-

|

ek‘
n

Lr(=)(Q, ce,,)

Combining (2.3) with (2.4), we obtain

10k Tull (Lr@) (@,ce,))m < C(p, DUl Lo @,c0,)-

O

Theorem 2.7. The operator T: LP(*)(Q, Ct,,) — WLPE)(Q CL,) is continuous.

Proof. First we prove that the operator T: LP(*)(Q, C¢,) — LP®)(Q,CL,) is
continuous. We define u(z) = 0,z € R™ \ Q. Since

1 1

wy |z —y

Gz —y)| =

=
from (2.1) we have
ITu(z |—‘/Gx— dy‘
<Cs | 166 = )lluty)ldy = C*”/'_%mmdy.
Wn Jo |T y|
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Then we get by Lemma 2.1
|Tu(z)| < C(n, Q)M (|u])(x), Ve
In view of Lemma 2.2 we obtain

ITull Lee ,ce,) < Clnyp, D[ufl Loe (o,ce,)-

Secondly we prove that the operator T: LP(®)(Q, C¢,,) — WP (Q, Cl,,) is contin-
uous.
By Theorem 2.6, we have

n
ITullwr.re (0,ce,) = 1TullLoe ,ce,) + Z 10k Tull (Lo (0,c0,))m
k=1
< C(n,p, Q)|Jull Lo ,ce,)-
Then we get the desired conclusion. (I

Lemma 2.6. The operator D: W'P(®)(Q, Ct,) — LP®)(Q, C¥,,) is continuous.

Proof. Ifued uses€ Wl’p(”)(Q,Cén), then
T

ou = Z@ujej = Z(@luj, ..., Opur)er, Du= Zzn:&ujeiej.
I

I I =1

Since

1D Lot ,000) = D

’— Z Oiuren (iy + Z diureryyiy

I3 el i€{l,...n\I Lr() (Q,Cly)
< ZZ 105urll Lo () = 10ull (e @,ce,))m s
I =1
the conclusion follows from Remark 2.1. O

Lemma 2.7 (see [21]). Let u € WHP(Q,Cl,) (1 < p < o0). Then the Borel-
Pompeiu formula
Fu(z) + TDu(x) = u(z)

holds for all x € .
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Now we define another norm on the space Wol’p(x)(ﬂ, Cly):

|||u|"WolJ’(~T)(Q7cgn) = ||U||Lv(w>(ﬂ,cen) + ”DUHLI’(@(Q,CEW,)'

Remark 2.3. By Theorem 2.7, Lemma 2.6 and Lemma 2.7, we obtain that
the Borel-Pompeiu formula still holds for v € WP (Q, C¢,). Thus, we have for
uwe Wer @, ce,)

l0ull(Lre ,ce,))n = 10T Dl Loy (0,ce,) < C(nsp, Q|| Dul| o) 0,0,
< C(n, p, D|0ull (Lo (,c0,))m-

Hence ||ul| W is equivalent to [Jull;, e ) Moreover, by Theorem 2.5

)(Q,Ce,
and ||| Dull| s () are equivalent

”’(””)(Q,Cén)
and Remark 2.1, we know that [Juf;,1.0
0

norms on Wol’p(x)(Q, Cly).

(Q,C0,)

3. THE MAIN THEOREM

In [27], [28] C. A. Nolder introduced A-Dirac equations DA(x, Du) = 0 and inves-
tigated some properties of weak solutions to the scalar part of the above equations.
Note that when u is a real-valued function, i.e. u € C£2(2) and A: Q x CLL(Q) —
CrL(Q), the scalar part of an A-Dirac equation is div A(z,Vu) = 0, i.e. an A-
harmonic equation. These equations have been extensively studied with many ap-
plications, see [23].

In this section we will establish the existence of weak solutions to the scalar part
of elliptic systems with variable growth.

Theorem 3.1. Under conditions (H1)-(H5), there exists a weak solution to the
scalar part of the Dirichlet problem (1.1)—(1.2) in Wol’p(z)(Q, Cty,). In other words,
there exists at least one u € Wol’p(g”)(Q7 Ct,,) satisfying

(3.1) /Q[A(x, u, Du)Dy — B(x,u, Du)plodz =0

for each ¢ € Wol’p(z)(Q, Cty,).

Let V = Wol’p(x)(Q, Ct,,). For u € V, we define T: V — V* in the following way:
for each p € V

(3.2) (Tu, p) = /Q[A(x,u(x),Du(x))Dgo — B(z,u(x), Du(zx))p]o dz.

Now we need only to show that there exists ug € V such that (Tug, p) = 0 for any
peV.
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Lemma 3.1. T is strongly-weakly continuous on V.

Proof. Suppose uy — u strongly in V, then {ux} is uniformly bounded in V.
Then, to see equiintegrability of the sequence {[A(z, ux, Dug)Dy|o}, we take a mea-
surable subset ' C Q. By (2.1) and (H2) we have for each p € V

(3.3) /Q/ [[A(z, ug, Dug)Dg)o| dz

<G / Az, un(@), Dur(@))] | D] da
Q/

< 05/ (Col Dug P =1 4 Cy [ug PO 1 + G(a) - |Dg| da
Q/

< 205(Colll Dus "D~ oo ey + Call [ue PO | s o
Gl L)) - 11DA Lot (-

By virtue of Remark 2.1, we obtain that the first term of (3.3) is bouded uniformly
in k. The second term of (3.3) is arbitrarily small if the measure of Q' is cho-
sen small enough. A similar argument gives the equiintegrability of the sequence
{[B(z, uk, Dug)¢]o}. Hence by (H1) and the Vitali convergence theorem, we obtain

lim (Tug, ) = (T lim ug, ) = (Tu, ).
k—o0 k—o0
That is to say, T is strongly-weakly continuous. O

Lemma 3.2. T is coercive on V', that is,

(Tu, u)

lim
lully —oo |Ju||lv

= +4-00.

Proof. By (H3) and (H4), for any A € (0,1) there exists a positive constant
C(\) such that

(Tu, u) > /Q (Co| DulP® + Cs|ulP® — h(x)
— CoCs| DulP® = u| — C,Cs[uP™) — C5G(x)|u|) d
> /Q (Co| DulP™ + Cslul?™) — h(z) — CoCs|DulP™) — CoCs |ulP™)
— CiCs[ulP™) = Au[Pt™) — C(X, C5)|G () |P™)) dz
_ /Q((CQ — CoCs)[DulP™ + (Cy — CoCs — CLCs — N)[ufP@
— h(x) — C(\, C5)|G(2)P@) da.

654



When 50, 51 are small enough such that Cy > 60C5 and C3 > Cf (50 + 6’1), then
we take A < C3 — C5(Cy + C1). Hence we obtain

(Tu,u) - C [o(|DulP® + |uP@))dz — C - C [ |DulP® dz — C

Since
[ IDupr) de / (i y Dl
l1Delooey — Jo \2 Dl IWPellurcoey
we have when ||| Du|| o) (o) = 1
D’LL p(z) dx _
Jo | DulPt dr 27 || Dull|7 ) -
[Dull| o) (@)

In virtue of Remark 2.3 we have as |ju||y — o

(Tu, u)
[|ullv

— +00.

Lemma 3.3 (see [26]). If the mapping F': R™ — R™ is continuous and

then the range of F' is the whole of R™.
Lemma 3.4. There exist a sequence {ur} C V and uy € V such that

(Tug,ur, —ug) — 0 as k — oc.

Proof. By the separability of V, we can choose a basis {wy} of V' such
that the union of subspaces finitely generated from wy are dense in V. Let
Vi = span{wi, ..., wy}. Since Vj is topologically isomorphic to R¥, by Lemma 3.1,
Lemma 3.2 and Lemma 3.3 there exists uy € Vi such that for any w € Vj,

(3.4) (Tug,w) =0
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By the coerciveness of T, uy is bounded in V. Since V is reflective, we can extract
a subsequence of {uy} (still denoted by {ug}) such that

up — ug weaklyin V. as k — oc.

By (H2) and (H3), T is a bounded operator. By the separability of V again and
Corollary 3.30 in [4], we may suppose

Tup — & weakly* in V*  as k — oc.
From (3.4), we have for any w € span{wy,ws,...}
(€, w) = 0.

For fixed £, by the continuity of (&, -), we get (£,w) = 0 for all w € V. Furthermore,
we have

(Tug, ur, — uwo) = (Tup, ur) — (Tuk, ug) = —(Tug,up) — 0 as k — oo.
This completes the proof of Lemma 3.4. 0
Let z1, = up, — ug = ;Zk[@]. Then
zr =0 weaklyinV ask — oo.
By Theorem 2.4, we obtain
(3.5) zp — 0 strongly in LP(®)(Q, CL,,).
Since

(Tug, up — uo)

= / [A(z,uo + 2k, Duo + Dzy) Dz — B(x,up + zx, Dug + Dzi)zg]odz — 0
Q
we have by virtue of (H3) and (3.5)
/ [B(x,ug + 2k, Dug + Dzy)zi]o dx — 0.
Q

Therefore, we obtain

(3.6) / [A(x,ug + 2z, Dug + Dz)Dzglode — 0 as k — cc.
Q

Now if we can prove that there exists a subsequence of {z;} which is strongly
convergent in V', then from the strong-weak continuity of T" we get Tuy — Tug = &
weakly in V* as k — oo and ug will be a weak solution of (1.1) and (1.2). Next we
need the following preliminary results.
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Definition 3.1. A function f: R™ x R! x R™ — R is called a Carathéodory
function if it satisfies: for every (s,&) € R! x R™ that z — f(x,s,¢) is measurable;
and for almost every x € R™, (s,€) — f(z,s,&) is continuous.

Lemma 3.5 (see [9]). f: R™ x Rl x R™ — R is a Carathéodory function if and
only if for each compact set K C R™ and any € > 0 there exists a compact set
K. C K satisfying meas(K \ K.) < ¢ such that f is continuous on K. x R! x R™.

Lemma 3.6 (see [10]). Let E C R™ be measurable and meas E < co. Suppose
that {Ey} is a sequence of subsets of E such that for some & > 0

meas E, > ¢ for each k € N.

o0
Then there exists a subsequence {Ey, } such that (| Ey, # 0.
=1

1=

Lemma 3.7 (see [3]). Let {fx} be a sequence of bounded functions in L*(R™).
For each € > 0 there exist E.,d,J (where E. is measurable and meas E. < e, § > 0,
J is an infinite subset of N) such that for each k € .J

/ @) de < e
E

where E and E. are disjoint and meas E < §.

Definition 3.2. For u € C}(R"), define

n

(M*u)(2) = (Mu)(z) + Y (Mau)(x).

a=1

Lemma 3.8 (see [25]). If u € C§°(R™), then M*u € C°(R™) for all x € R",

u(@)] + Y (Oau)(z) < (M*u)(z).
a=1
Furthermore, if p > 1, then
IVl ey < Clra )l oy’

and if p=1, then

meas{z € R": (M*u) > A} < CE\n) llwllwa mny

for all A > 0.
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Lemma 3.9 (see [9]). Let u € C§°(R™) and A > 0. Set
H* = {zx € R": (M*u)(x) < \}.
Then for Vx,y € H*, we have

lu(y) —u(@)] < C(n)Aly — =,

Lemma 3.10 (see [9]). Let X be a metric space, E a subspace of X, and L a pos-
itive real number. Then any L-Lipschitz mapping from E into R can be extended to
an L-Lipschitz mapping from X into R.

Proof of Theorem 3.1. We need only to prove that there exists a subsequence
of {2} which is strongly convergent in V.
For each measurable set E C €2, define

F(v,E) = / [A(x, uo + v, Dug + Dv)Dv]y dz,
B

where v € V. Similarly to the proof of Lemma 3.1, we can show that F(-, E) is
continuous in V. Since C§° (2, C/,,) is dense in V, there exists {fr} C C§° (2, CLy)
such that 1 g
=2l < 50 PG ©) — Fe,0)l < 1.
So we can suppose that z is in C§°(€2, C¢,,) and bounded in V.
Next we define

zp(x) =0, VaeR™\Q.

In this way, we extend the domain of z; to R™. Hence {2} is bounded in
Wol’p(m)([R”, C¢,,) and supp 2z, C Q.

Let : Rt — R™ be a continuous increasing function satisfying (0) = 0 and for
each measurable set ' C 2, let

Sup/ (IG@)IP® + ()] + (Co + C1 + 1)(juo["™ + |DuoP™ + |24[P*))) da
k JE
< n(meas E).

where Cy, C; are the constants in (H2).

Let {¢;} be a decreasing sequence with €; > 0 and let ¢; — 0 as j — 0. For ¢;
and each {(M*z,1)?®)}, by Lemma 3.7 we get a subsequence {z, }, a set E., C Q
satisfying meas F;, < €1, and a real number §; > 0 such that

/ (M*Zklj)p(z) dzr < e
U
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for each k1, I and U C Q\ E, satisfying measU < §;. By Lemma 3.8, we can choose
A > 1 so large that for all I and kq,

meas({z € R™: (M*zk,1)(x) 2 A}) < min{ey,d1}.
For each I and kq, define

HYp={x e R™: (M z,1)(x) <A}, Hp, = ﬂng\ll'
I

In view of Lemma 3.9, we have

|26, 1(y) — 21, 1(2)]
ly — |

< Cn)A.

By Lemma 3.10, there exists a Lipschitz function gr, which extends zp,; outside
H,i‘l and the Lipschitz constant of gg,; is not greater than C(n)\. As H,?l is an
open set, we have gy, 7(z) = z,1(z) and dg,1(x) = Oz, 1(x) for all z € H) , and
109k, 11| Loo(rn) < C(n)A. By Lemma 3.8, we can further suppose that

lgkorllzoe @y < lzhutllzoemp ) S A llgrirllwies@) < Cn, A)-

According to the uniform boundedness of {||gk,r|w1.~)}, there exists a subse-
quence of {gk,r} (still denoted by {gk,1}) such that

gr, 1 — vy weakly® in WH*°(Q), as k; — oo for all I.

Setting v = > wvrer and gk, = > gk, 1€1, We have
T T

F(zan) = F(gkn(Q\Em)mHlél)—’_F(zknEEl U (Q\Hlél))
= F(gk17Q\E51) _F(gku(Q\Em)\Hli\l) +F(zk1aE€1 U (Q\Hli\l))

Next we estimate F'(z,,€?) in four steps.
(i) The estimate of F'(gx,, (2 \ E,) \ H,i‘l) and F(zg,, E., U(Q\ ng\l)) Since

meas(Q\ E.,) \ H,) < 3 meas(Q\ E.,) \ H}, ;) < 2" minfey, 61},
I
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from (H2), (H4) and (2.1), we have

(37) |F(gk17(Q\E€1)\HI?1)|

< / Az, w0 + gry, Do + Dgry) Dgi, | da
(0B, )\,

<Cs (Co|Dug + Dgg, [P~ Dgy, |
(OB \H,

+ Ciluo + g1, [ Dy, | + G(2)| Dgy, |) dz

< C5/ (Co|Dug + Dy, [P™) + Co| Dgy, [P
(O\Bep N\,

+ Ciluo + gi, [ + C1 | Dgi, [P + (G(2))”' ™) + [ D, ) dz
< 05/ (002p+*1|DuO|p(E) + 2p+*1CO|ng1 |;D(I)
(Q\E)\H}
+ Co| Dy, |p(m) + 2”*’1C1|u0|p(“’) + 2p+7101|gk1 |p(m)

+C1|Dg, @ + (G(@))” ) + | Dgi [P1)) da
< 2P+*1C5n(meas((9 \ Eel) \ Hk)’\l))
+ 2P+ C5(Co + C1 + 1)/ 7 |p(m) +1Dgk, |p(z)) dz
(Q\Eey )\HR,

< 27+ 1Csm(meas((Q\ E.,) \ H))

+ 277 C5(Co + Cr + 1)/
(OB \H,
p(x)
+ (Y 10gl) ) da
1

< 2P+ 105 (2") + 2P+ C(n, 2, Cy, C1, Cs) / APE) Az
(Q\Be ) )\H,

(S towrl)™

< 2p+_1C577(2n€1)
+ 27502, Cy, €1, C5) Y / (A" 2 P d
T J(Q\Ee ) \H},
< 2P+ 7105 (27) + 2P+ O (n, Q, Co, O, Cs)ey := Vi(e1)

and

F(zr,, Ee, U (Q\ Hy,))

- / [A(2, uo + 21, , Dug + D2k, ) Dzy, Jo da
Ee, U(Q\HR))
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= / [A(z,uo + 2k, , Dug + Dzg, )(Duo + Dz, )]0 dz
B, UQ\H,)

— / [A(z,uo + 2k, , Dug + Dzg, ) Duglo dx
Ee,U(Q\HY,)
> / (ColDuug + D, [P@ + Clup + 26, [P — h(z)) da
B, U(Q\HY,)

— (5 / (C()|DUO + Dzkl |p<x)_1|Du0|
B, UQ\HY))

+ Ch|uo + 2k, [P 7Y Dug| + G(x)| Dug|) da

> (C2'7P+ — CoCsp2P+~1) / | Dz, [P da
Ee  U(Q\HR))
- Cn(meaS(E€1 U (Q \ Hlél)))v

where p € (0, 1) is small enough. Furthermore, if we take u < 2C5/CyCs4P+, then

(38)  Flam, Bey U(Q\ H})) > Cy27P+ / D, [P@ dz — Va(er),
Be, U(Q\H))

where V(1) = Cn(meas(E., U (Q\ H)))) and Vi(e), Va(e) = 0 as e — 0.
Set U, ,, = E-, U(Q\ H,). From (3.7) and (3.8) we have

(39) F('zlﬂ ) Q) = F(gk1 ) Q \ EEl)

+ 27t / |Dzp, [P da — Vi(e1) — Va(er).
Ee, U(Q\H}))
(ii) The estimate of F'(gk,, 2\ E¢,). Set Ak, 1 = gky1 — Vg, 1. Then

hie,;r — 0 weakly* in WH>(Q) as k; — oo for each T

and
PkyrllLosmmy < 27, [|[Dhiy 1]l poe(rny < 2C(0)A.

Set
G=JGr
I
with Gr = {z € Q: vr # 0}. According to Acerbi and Fusco [3], we have
meas(G) < (2" + 1)e;.
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Set hkl = Z hkljej, then
I

F(gry, 2\ Ez,) = F(h,, (Q\ E.,)\ G) + F(gk,, (Q\ E,) N Hp, NG)
+ Flgr,,(Q\ E.,) N (G\ H))

= F(hg,, (Q\ Eo))\ G) + F(z,, (2\ E,) N Hp, NG)
+ Fgr,, (2\ E.,) N (G\ Hp)).

Set

U621:(Q\E€1)\G7 U

€1, k}l

Similarly to the proof of (3.8), we get

Flen, U2 ) > Cr2 P+ /U Dz P de — Vi)

€1,k1

Since on U4 ey WE have

/4 (|98, [P + | Dgpe, ") d < C(n, p)(2" + 1)y,

UE1J€1

hence similarly to the proof of (3.8) we obtain
[P gy, U2, x)l < C(2" + Dex +n((2" + Der)) := Valen).

Furthermore, we have

F(gkfl)Q\E€1) = (h’ku )+022 p+/3 |Dzk1|p(x) dl‘—‘/},(fl) _‘/21(61)'

e1:k1

Denote Ufl, =U!

€1, kl

UU? 4, From (3.8) we have

(310)  F(z,Q) > Flhuy U) + Ca2™ p+/ D, [P dz — Vi (1),

5
UEl k1

4
where V5(e1) = > Vi(er).
j=1
Choose an open set €' C 2 which contains U2 such that
|F (b, ) = F(hi,, UZ)| <
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From (3.10) we have

F(z,, Q) = F(hg,, Q) + Cy27P+ / | Dz, |P@) dz — Vs (e1).
5

€1,k1

Approximate ' by a hypercube with edges parallel to the coordinate axes, i.e.

construct
Hj - Q,,

meas(Q' \ H;) — 0, j — oo,

Sj

Hj = | Djm,

m=1

meas(D; ) = 27 1<m< s;.

Let j > 0 be large enough such that for all k; > 0 we have

B11) P, ®) = i, ) <, DRy P®do <
Q\H,

and
meas(Q' \ H;) < min{eq, d1}.

Then

(312)  F(zk,,Q) = F(hy,, Hj) + Co27P+ / |Dzg, |P®) da — Vi(e1) — 2.
US

€1,k
(iii) The estimate of F'(hy,, H;). Let
M = 2" C(n)A > || Dhu ||| 1= (0)

and let a > 0 be large enough such that for £ = {z € Q': a(z) < o}

meas(Q \ E) < %, o a(z)dr < e,

where a(z) = 20+~ 1C5(Co| Duo (2)|P®) + Cyug (2)[P®) + (G ()P @),
For every x € Q, s € Cl,,, £ € Cl,,, define

f(xv 875) = [A(x,uo + s, Dug + 5)5]0

By Lemma 3.5 and (H1), there exists a compact subset K C H; such that f(x,s,§)
is continuous on K x C/,, x C/,, and

€1
a+ M’

meas(H; \ K) <
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Divide each Dj ,, into 2™ hypercubes Qﬁl,m’j with edge length 277¢, 1 < h < 2. For
all j, m, [, h, take :clhmm € Ql}“m?j NKNE (if this set is empty, take xlhm] € thm])
such that

a(xlh7m7j) meaS(Ql}“mJ) < l a(z) dz.
Qhym,j

Then we have by (H2) and (2.1)
(3.13) F(hkl,Hj) = F(hkl,Hj NKNE) +F(hk1,Hj \ E) +F(hk1,(Hj NE)\ K)

>F(hk1,HjﬁKﬂE)—/ a(x)dx—/ a(x)dx
H;\E (H;NE)\K

— 2+ C5(1+ Coy + C1) - </ (|th1|p(m)+|hk1|p(m))dx
H

J

" / (1D, [P + [y, [7)) dx)
(H;NE)\K
= F(hy,, HiNKNE) - Vs(e1)
= af, + by + gl +dy] — Vo(er)

where

ol = / (f(2, hts (), D () — £ (2,0, Dhy, () da,
H;nKNE

bl = / , (f (2,0, Dhiy () = f(h 1,5+ 0, Dhy, (2))) da,
hom h’m,)jﬂKﬂE

gl =3 o F(@hm 0, Dhy, (z)) dz,
h,m Qh,m,j

-y (8300, Dl (2))

k1 Z Qﬁhm’j\(KmE) h,m,j 1

Since hg,; — 0 weakly* in W>°(€2), we get that ||hx, ]|r=(@) — 0 as k1 — oo for
each I. Thus

Rikllnll] = |||hk1|||L°°(Q§%m)j) — 0 as k; — oo for fixed [.

Since f is uniformly continuous on bounded subsets of K x C/,(Q) x CL,(Q2), we
have

: J o
lim ay, = 0.

k1—o00
Because of z}, ; € Q4 ;j» we obtain for any z € Q% j
o =} gl S VR27Y =0 as 1 — oc.

664



Using the pointwise convergence of ug(x!, , ;) and Dug(!, ;), we have

lim b7 =0

l—o0
uniformly with respect to ky for fixed j, and

|dl’j Z |f(xlh,m,j70ath1 (QC))|C1£C

@), ., \(KNE)

< Z |A(xlh’m’j, 0, Duo(mﬁhm’j) + Dhy, (z))Dhy, (x)| dz
i Jal, \KNE)

< Cs Z (CQ|Du0(a:lh7m7j) + Dhy, (x)|p($)—1|thl (z)]
hom Y @hm,; \(KNE)

+ Cufug (@, g ;) [P [ Dhiy (2)] + G(@), ;)| D, (2)]) da

< Z (a(ah ;) + 277 C5(1+ Co + C1)M) da
h m 7\(KﬁE)
= Z/ (l‘él,m’j)+2p+05(1+00+01)M)dx
h m, 7ﬁE)\K
+>° (a(@h ) + 27 C5(1+ Co + C1)M) da

hm Qézm;\E
< Cla+ M)meas((H; NE)\ K) + / (a(x) + 2P Cs(14+ Co + C1)M) dx
H;\E
CEl

From (3.6), we have

F(zk,,Q1) = / [A(x,uo + 2k, , Dug + Dzkl)Dzkl}O dr — 0 as k; — oo.
Q

Now we suppose that [ is large enough so that |bl’j | < &1 for each k1 and there exists
ky such that F(zy,,Q) < &1 for k; > ki. Therefore we have

(3.14) e1 > F(z,,Q)
> chi ¢ 2—p+02/ D, [P@ da — Cey — Vi(er) — Vi(er) — 3ex.
.

5
£1,k1

(iv) The estimate of cl’j Define a hypercube E;flnll ; contained in Qﬁl,m’ ; with edge
length 277! — 2Rk1’ ; such that

k1l
) hjm,j'

dist (0Q), ;- gl

h,m,j
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Next define

0, T € 8th e
d)kll(m) = kl’ém,j
hklj(x), S Eh,m,j'

Then 1,1 is a Lipschitz mapping on the set where it is defined and its Lipschitz
constant is not greater than 2C(n)\. By Lemma 3.10, 1)y, can be extended to the
whole Qél,m, 5 where it is also a Lipschiz mapping with the same Lipschitz constant.
We still denote the extension by vy, r and suppose that it is defined on the whole H;.
Then by [5]

OYr, 1 — Ohg,r — 0, a.e. on Hj.

So there exists a Z‘l > ky such that for all k; > lzcl we have

/ |Dig, — Dhy, 7@ dz < 6—21

J

and
g
3 F @ j» 0. Dhi (2)) = (&} g, 5,0, D, () dr| < -

l
h,m Qh,m,j

We obtain by (H5)

Lj
eyl = E I f(a:l}L7m7j,0,th1 (7)) dx
hom ? Qhm,

= Z /Ql f(xlfL7m7j; 0, Dy, (x)) de — %

hym,j

€1
= E : Q! [A(xlh,m»j’uo(xl}L7m,,j);DU0(xl}L7m,j) +D’¢)k1 (CL'))DQ/}]CI (;C)]O dx — 3
h,m,j
x €1
> l Cy| DYy, ()P da — 5
h,m h,m,j

Cy
> g [ 1D @) do
J

(04 + 1)61

Thus by (3.14) we obtain, as ky > /?:1,
e =270 / D, [P0 da 4+ 217" / | Dhe, |7 d — Vi (e1),
Us H;

€1,k J

where Vz(e1) = Vs (e1) + Vo(e1) + (3 + C)er + (1 + Cy)er.

Set
Va(er) + &1

k = .
(£1) min{2-7"Cy, 21-P"Cy}
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Then we have as k1 > l:cl

(3.15) / Do, [P@ da + / | Dhe, [P dz < k(e1).
U5 A

€1,k J

Hence we get from (3.11) and (3.15) that

/ |Dz, [P da < k(ey),
s

5
€1,k

and

/ | Dhy, [P da = / | Dhy, [P® da + / | Dhy, [P da < k(e1) + 1.
Q/ . .

J Q/\HJ

According to the definition of €', we have
/ |Dgg, [P da = / |Dhy, [P da < k(e1) + 1.
Uz U2
€1 €1
Since Dgy, (z) = Dz, () for each z € H} , we obtain
/ | Dz, [P dz < k(e1) + €1
UglmH,jl

By the definition of U2 and U?

2 4., it is immediate that
1,1

Q= (U2 NHy)UU?Z 4.,

g
which implies that

/ D [P@) dz < 2k(e1) + 21 1= O(e1),
Q

where O(g) — 0 as € — 07. For e > 0 and the sequence {z, }, repeating the above
argument we can extract a subsequence of {z, }, denote it by {zx,}, such that

/ D, P@ dz < O(es)
Q

whenever ko > ]?32 for some Z;Q. If {zkj} has been obtained, repeating the above
process we can extract a subsequence of {zy, }, denote it by {zs,,, }, such that

[ 1D, do < 0(e50)
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whenever k; i > l:€j+1 for some I:']qu. Finally, by a diagonal argument we get
a subsequence {zy, } which satisfies

/ |Dz, [P dz — 0 as i — oo.
Q

By Remark 2.2, we get

1Dz

L) — 0 asi— oo,
Therefore, by Remark 2.3 we have
zk, — 0 strongly in V.

Now we have completed the proof of Theorem 3.1. O

Remark 3.1. In the case that u is a real-valued function, the scalar part of
elliptic systems (1.1) implies that

/ [Z Ai(x,u, Ou) 9o _ B(x,u,0u)p| dx =0
@ L= Oz

forall p € Wol’p(x)(ﬂ), where A = (A4, ..., Ay). Soin this case (3.1) can be identified
with the equation
—div(A(z,u,0u)) = B(x,u,0u).

Hence by Theorem 3.1, we obtain the existence of a weak solution in VVO1 P (x)(Q) for
the above equation under the corresponding assumptions.
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