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On some convexity properties in the
Besicovitch-Musielak-Orlicz space of almost

periodic functions with Luxemburg norm

FAziA BEDOUHENE, AMINA DAoUI, HOCINE KOURAT

Abstract. In this article, it is shown that geometrical properties such as local
uniform convexity, mid point local uniform convexity, H-property and uniform
convexity in every direction are equivalent in the Besicovitch-Musielak-Orlicz
space of almost periodic functions (E“’a.p.) endowed with the Luxemburg norm.
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1. Introduction and preliminaries

This article is a continuation of the investigations concerning the geometrical
properties in the space of Besicovitch-Orlicz of almost periodic functions (see [1]).
Here we are interested in such properties as local uniform convexity, Kadec-Klee
property, mid point local uniform convexity and uniform convexity in every di-
rection in the widest class of Besicovitch-Musielak-Orlicz space of almost periodic
functions B¥a.p.. We are finding criteria for these properties. An approximation
property in E‘Pa.p. is also presented.

Now, we recall the needed definitions and notations.

We say that a Banach space (X, ||-||) is locally uniformly convex LUC (see [10])
if for each € > 0 and each y € S(X) there is a dx(e,y) > 0 such that if x € S(X)
and ||z — y|| > ¢, then [|3(z + y)|| < 1 — dx(e,y), where as usual, the notations
S(X) and B(X) are used for the unit sphere and unit ball of X respectively.

There are also sequential characterizations of LUC (see [10]): the space (X, |||
is LUC if and only if for each x € S(X) and every sequence (y,,) in S(X) (or B(X))
for which || 3(z + yn)|| — 1, we have ||y, — z|| — 0.

Let z € S(X). If #, € X, ¥, — z weakly (z, — x) and ||z,|| — ||z| = 1
imply #, — « in norm, then we call x an H-point of B(X). If every point in
S(X) is an H-point of B(X), then we say that X has the H-property (or satisfy
the Kadec-Klee property also called the Radon Riesz property) (see [5]).
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The space X is called mid point locally uniformly convex (in short MLUC)
when every point x € S(X) is strongly extreme, i.e., for each sequence (x,,) in X,
the conditions ||z + x| — 1 and || — @, || — 1 implies ||z, | — 0.

Now we present the class of Banach spaces introduced by A.G. Garkari, the
so-called uniformly convex in every direction (see [4], [15]). We mention that
these spaces (among others) are important in approximation theory since they
are exactly those Banach spaces in which every bounded set has at most one
Cebyshev center. If K is a subset of Banach space X then the Cebyshev centers
of K are the elements ¢ in K with the property that

sup ||[c — k|| = inf sup||s —¢t|| .
sup flo— k]| = inf sup s 1]

The Banach space X is said to be uniformly convex in every direction (in short
UCED) if the following property holds: for every nonzero z in X and ¢ > 0
there exists 6(z,¢) > 0 such that |a| < € if ||z|| = |ly| = 1, ¢ — y = az, and
lz + yl| = 2[1 — (z,&)]. We mention the following characterization of UCED
Banach spaces in terms of sequences: for any z € X, and every sequence (z,,) in
X, the conditions ||z, || — 1, ||zn + 2|| — 1 and |2z, + 2|| — 2 imply z = 0.

Let us note that the implications LUC = MLUC = SC (strict convexity),
LUC = H-property and UCED = SC hold in general Banach spaces (see e.g. [10]).

In the case of Musielak-Orlicz spaces, these geometrical properties are well
characterized in [11], [7].

The most important geometrical properties of the space Ewa.p. with respect to
the Luxemburg norm are characterized in [8] and [9]. The authors have obtained
the following results (see Theorem 3.1 of [9] and Theorem 1 of [8] respectively):

Theorem 1. The space Ewa.p. endowed with the Luxemburg norm is uniformly
convex if and only if o is uniformly convex and satisfies the A¥ "_condition.

Theorem 2. The space Ewa.p. endowed with the Luxemburg norm is strictly
. . . . . B! .
convex if and only if ¢ is strictly convex and satisfies the A5 -condition.

Now, we introduce some notions joined with Besicovitch-Musielak-Orlicz spaces
of almost periodic functions. In what follows, let us denote by N, R and C the
natural, real and complex numbers respectively.

Let ¢ : R x [0,400[— [0,400] be a continuous function on R X [0, +o0[
satisfying:

(1) Vt e R, o(t,u) =0 iff u=0,

(2) Vt € R, o(t,u) is convex with respect to u € [0, +o0l,

(3) Yu € [0, +o0], p(t,u) is periodic with respect to ¢ € R, the period 7 being
fixed and independent of u € [0, +oo[. Without loss of generality we may
suppose that 7 = 1.

As a consequence of these assumptions, we get that the function ¢(a) =
infier{p(t, @)} is strictly positive and convex. This fact will be very useful in
our computations.



On some convexity properties in B¥a.p.

We denote by L} (R) the subspace of ¢-locally integrable functions, i.e. the
subspace of all Lebesgue measurable functions on R such that for each compact
K CR, there exists Ag > 0 for which [, ¢(t, Ax|f(t)]) dt < 400. The functional

pie i LE®) —>  [0,45d]

loc . o
(1.1) fo— ppelf) = limswp o [ (e If @)t
T

T—4o0 —

is a convex pseudomodular (see [12]).
We define the Besicovitch-Musielak-Orlicz space associated to this pseudomo-
dular by

B?(R) = {f € Li(R): lim ppe(af) =0},
= {feLlf.R):ppe(af) <0, forsome a>0}.

loc

The space B?(R) is naturally endowed with the Luxemburg (pseudo)norm
17ll5e = nf{k>0: pse (D) <1}, [ € Be(R)

Under the Luxemburg norm, B?(R) is a Banach space.
Let A be the set of all generalized trigonometric polynomials, i.e.,

A={P,(t) = Zajei’\jt, a; €C, \j R, ne N}
j=1

The Besicovitch-Musielak-Orlicz space of almost periodic functions, denoted
B%a.p., is the closure of the set A in B¥(R) with respect to the (pseudo)norm

|| . ||B<PZ
Bfa.p. = {fe€ B¥R):3f, € AVk> O’HEIJIrloo pie(k(fn — f)) = 0},
{F € B*R):3fn € A, lim_||fu ~ f]l 5. = 0}.

We shall also be concerned with the space
E‘pa.p. = {f S B@(R) : Efn S .A, dko > 0, ll}r_iI_l PB¥ (k’o(fn — f)) = 0},

which is defined as the closure of the set A in B¥(R) with respect to the (pseudo)-
modular pse (+).

Some topological properties (reflexivity and duality properties) of these spaces
are considered in [3]. Clearly, we have the following inclusions

Bfa.p. C B%a.p. C B?(R).

When ¢(t,-) = | - |, we denote by B'(R) and Bla.p. the respective spaces. The
notation p; is used for the associated pseudomodular.
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If in addition the Musielak-Orlicz function satisfies the condition that for every
ug > 0 there is a ¢ > 0 for which @ > cfor u>wugand t € R (see [12, p. 91,
Theorem 13.18]), we get the inclusion B¥a.p. C Bla.p.. So, to every f in B®a.p.
we can associate a formal Fourier series. Questions concerning the convergence of
the Fourier series are not considered.

Remark 1. To each function f € B¥a.p., one can associate a Bochner-Fejer
polynomial o/ as follows:

+T
o/ (z) = M(f(z+)Kp(-) = lim [z +t)Kp(t)dt,

T—oo J_p

where Kp(-) is the Bochner-Fejer kernel (see e.g. [6]). An important question is
the approximation property of Bochner-Fejer, that is, for any f € B¥a.p. and for
each ¢ > 0, can one find a Bochner-Fejer polynomial ¢f such that || f—of| ge < e?
It is still an open problem whether this approximation property is true or not for
Besicovitch-Musielak-Orlicz spaces of almost periodic functions E‘Pa.p.. The only
trouble is that, for f € B¥a.p. and the associated Bochner-Fejer’s polynomial o/,
one cannot prove the inequality

ppe (07) < ppe(f)
for any Musielak-Orlicz function .

Another fundamental result concerning the functions in B¥a.p. is the fact that
if f € B¥a.p. then (-, |f(-)]) € Bla.p. (see [8]). This property guaranties the
existence of the limit in (1.1).

We say that ¢ satisfies the AQBI—condition (p € AQBI) if there exists £ > 1
and a measurable nonnegative function h such that p;(h) < +oo and ¢(t,2u) <
kp(t,u) + h(t) for almost all ¢ € R and all u > 0.

We say that ¢ satisfies the Vfl—condition (p € Vfl) if its conjugate ¥ given
by the formula

Y(t,u) = sup{uv — p(t,v)}, for teR and u >0
v>0

satisfies the AQBI—condition.

Let us mention the following important fact (see [8]): ¢ satisfies the AZ'-
condition if and only if ¢ satisfies the A%l—condition, that is, there exist k& > 0
and a positive function h with fol h(t)dt < +oo such that

o(t,2u) < ko(t,u) + h(t), for almost all ¢ € [0,1] and u > 0.
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2. Auxiliary results

Let P(R) be the family of subsets of R and X(R) the X-algebra of its Lebesgue
measurable sets. We define the set function

+T
_ — 1

7(A) = lim —/ xa(t)dt = lim —p(AN[-T,+T])
_T T—o0 2T

where x4 denotes the characteristic function of A € X(R).

It is easily seen that the set function @ is not o-additive.
A sequence {f,} C B¥(R) is said to be fi-convergent to some f € B¥(R) when,
for every a > 0, we have

nlergoﬁ{x eR:|fn(z) — f(z)] > a} =0.

This convergence concept satisfies the following property:

If { fn}n>1 and {gn } n>1 are two sequences of 3-measurable functions f-convergent
to f and g respectively, then for all real o and g the sequence {af, + Bgn} is
n-convergent to af + fg.

Remark 2. We can also see that 1 does not satisfy the extraction property.
Indeed, let us consider the sequence (f,), of B®(R) defined by

In (t) = X[-n,n] (t)

It is not difficult to see that f,, is fi-convergent to f = 0 in B?(R). Nevertheless,
there is no subsequence which converges 7i almost everywhere (1 a.e.) to f = 0.
More exactly, for any bijection 6 : N — N, the sequence (fy(n))n converges to 1
with respect to the &z a.e. convergence on R.

We give here some technical results that are the key arguments in proof of the
main theorems. First we need the following results (see [8] and [9]):

Lemma 1 ([8], [9]). Let {fn}n>1 be a sequence in B¥(R). Then:

(i) if {fn}n>1 Is modular convergent to f € B¥a.p. it is also Ti-convergent

to f;
1) 1 nfn>1 1S p-convergent to S a.p. an ere exists g € a.p.
i) if >1 s T tt B! d th ist. B!
satisfying max(|f.|,|f]) < g, then

Jim p1(fa) = pr(f)-

Lemma 2 ([8], [9]). Let f € B¥a.p.. Then
(1) Ifllze <1 if and only if ppe(f) <1,
(2) ||fllp» = 1 if and only if ppe(f) = 1.

Lemma 3 ([8]). Let {f»},{gn} be sequences in B¥a.p. such that ppe(fn) < 1,
pBe(gn) < 1 and limp o0 pae (3 (fn+9gn)) = 1. Suppose that ¢ is strictly convex.
Then, the sequence { f,, — gn}n is Ii-convergent to zero.
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In the following we denote by M(R) the set of Lebesgue measurable functions
on R, and L¥([0,1]) the usual Musielak-Orlicz class

Le([0,1]) = {f € M(R) : 37 > O’/o ot ALf(8)]) dt < o0}

Proposition 1 ([8], [9]). Let f € L¥([0,1]). Then,
(1) if f is the  periodic extension of f to the whole R (with period T = 1), we
have f € B%a. D.. N N
(2) The injection map i : L¥(]0,1]) — B¥a.p., i(f) = f is an isometry with
respect to the modulars and for the respective Luxemburg norms.
We are ready now to present our results.

Lemma 4. Let f € B¥(R). Then lim, o 2{t € R, |f(¢)| > n} =0.

PROOF: For f being in B¥(R) there exists o > 0 for which ppe(af) < co. For
an integer N, let fy be the truncation of f, i.e.,

_Jfe) it [fOI SN,
In(t) = {N if [£(t) > N.

Putting Ex = {t € R, |f(t)] > N} and taking into account the convexity of ¢ we
will have for each N € N,

pee(af) = ppe(afn)
> ppe(afnXEy)
= ppe(aNXEy)
> ¢(aN)a(EN).

Then, letting N tend to infinity, it follows directly that limy_ 0o T(En) =0. O

Lemma 5. Let f € B¥a.p.. Then the following equivalence holds:

pp-(f)=0 if f=0 Tae.

PRrOOF: The assertion that pp.(f) = 0 implies f =0 7 a.e. is a direct conse-
quence of (i) in Lemma 1.

Let us show that if pge(f) > 0 then there exist real numbers a, 6 > 0 such
that

fi{t e R |f(1)] = a} > 0.
In the contrary case, we will have for all n > 1

1
_ <1
L{Gn} < -

with G, = {t € R, |f(¢)] > 1}. We will denote by G¢, its complement.
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Since lim, 00 f{Gr} = 0, by using Lemma 4 in [8], we get
lim ppe (fxa,) = 0.
n—oo

On the other hand,

1\ 1
(2.1) pBe (fxae) <supep (t, —) 1 (GS) <supgp (t, —) .
teR n teR n

Letting n tend to infinity in (2.1), it follows

lim PBe (fXG%) = 0.

n—-+4oo

Otherwise, we have for all n > 1

(2.2) ppe(f) < ppe (fxa.) + ppe (Fxas) -

Finally, by choosing n sufficiently large, the last term of inequality (2.2) can be
made smaller than any e > 0 from which we get pp+(f) = 0. This is a contradic-
tion, which finishes the proof. (I

Lemma 6. Let {f,} and f be in B¥(R) such that f, is i-convergent to f, then
the sequence (p(, |fn(-)]))n is Ti-convergent to ¢(-,|f(+)]) in BY(R).

PROOF: Let us mention that the continuity of ¢ is sufficient to show the desired
result. The method developed here is influenced by the proof of Proposition 1
in [8]. In view of Lemma 4, for each 6 €]0, 1 there is an M > 0 such that

w{t eR,|f(t)]| > M} < 6.
Let now € > 0. We define the set
Gn={teR[f(O)] = M}U{t € R, [fn(t) = f()] = }.
The function ¢ being continuous on R X [0, +o0] is also uniformly continuous on
[0,1] x [0, M +¢€]. Moreover, using the periodicity of (¢, u) with respect to ¢t € R,

it follows that ¢ is uniformly continuous on R x [0, M + ¢].
Then, there exists n > 0 for which the following implication holds:

o (&, [fn @) = (6 [FOD] > e = |fu(t) = f(B)] >n, VE€ Gy,

On the other hand, since {f,} is i-convergent to f, we have

(23) im T {t € GoL Lo (41 fa(0]) — o (11O > €} =0
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and then

E{t € R, [o ([ fn () = (& 1f ()] = €}
)

< BlteGulet1fn @O —e @1 (D] = €}

+rft e Gole (41 fn (D) — e (4 [ (D] = €}
< B(Gn) +E{t € GLi o (6] o (D) — o (1 (D] = €}
< B{eR|fO =My +E{t e R [fn(t) = fF ()] = €}

tr{t e Gole (411 @) = (& 1F (OD] = e}

Now, letting n tend to infinity and in view of (2.3) we get:
Jim 7 {t € R o [fo@)]) =@ [f@)N] 2 €} < 0.

Since 0 is arbitrary, it follows that the sequence {¢(-, |fn|)}n is T-convergent to

e( 1 f1)- O

Corollary 1. If {f,}n>1 C B?(R) is i-convergent to f € B¥a.p. and there exists
g € B?a.p. satisfying max(|f,|,|f|) < g, then

Jim_ppe(fa) = ppe(f).

PRrROOF: First, remark that in the proof of (ii) of Lemma 1 (see Lemma 4 of [§]
and Lemma 2.6. of [9]) we can assume that {f,}n>1 and f are in B}(R) instead
of Bla.p..

Now, let us show the corollary. Let {f,},>1 be a sequence in B?(R) convergent
to f in the sense of fi-convergence. Then in view of Lemma 6, we get that the
sequence ¢(+, f,(+)) is fi-convergent to ¢(., f(+)) € B(R) and satisfies the following
fact:

max (¢ (| fa())) 0 CIFOD) < @ (L lg()]) € Blap.

Consequently, using Lemma 1, we deduce that
1 p1 (o 1)) = 10 (4 LFOD):

which means that

lim ppe (fa) = pBe(f)- U

n—oo

We now give an adapted version of Fatou’s Lemma in B¥a.p..

Lemma 7. Let {f,}n>1 be a sequence in B¥(R) G-convergent to f € B¥a.p.,
then we have

lm ppe (fn) > ppe(f)-

n—-+4oo
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PRrOOF: Consider the following sequence

gn(t) = f(t)xe, (t) + fult)xEe (t), t€R

where E, = {t € R, |fo(t)| > |f(t)|} and E¢ is its complement. It is clear that
for each n € N, g,, belongs to B¥(R) and satisfies

) 0] it 14,01 > 110,
O-7O1 i O] <l0|
It follows that |g,(t) — f(¢)| < |fn(t) — f(t)| and consequently the sequence {g, }n
is -convergent to f.
Now, since |gn(t)] < |f(t)| and f € B¥a.p., using Corollary 1 we deduce that
limy, 400 pBe(9n) = pBe (f). Hence,

ppe(f)= lm pg.(9,) < Lm ppe(fn). O

n—-+4oo n——+oo

Lemma 8. Let {fy,}n>1 be a sequence in B¥a.p.. Suppose that {f,} Is Ti-
convergent to f € B?(R) and limy, 400 ppe (fn) = ppe(f). Then,

fnff _
ninioopB“’< 9 =0

If in addition, ¢ € AB" then lim,_, oo || fn — f||3e = 0.

PRrROOF: In view of Lemma 6, we deduce that {o(-, \fn )}n is fi-convergent to

0 and consequently the sequence g, = w o(-, Lfn—
convergent to g = (-, |f]). Then, by using Lemma 7, we get that

|) is also .-

lim pi(gn) > p1(9).

n—-+o0o

Consequently, in virtue of the existence of the limit in the expression of p(-), we
obtain

pe (f) = pi(9)

. ‘P(lan""P(lfD |fn — [l
= nﬂ—rfoo”l( 2 ( 2 ))
< 1w {5ome )+ gone() - oo (257}
< ppe(f)— gff PB¢ (anf).

Finally, we get lim,,_, 4+ oo pBw(M) =0. 0
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3. Main results

Theorem 3. The following properties are equivalent to each other:

(1) B¥¢a.p. is LUC,

(2) B¥a.p. has the H-property,

3 is strictly convex and o satisfies the AB' -condition.
(3) ¢ Y 2 2

PrOOF: We will show the following implications: (3) = (1) = (2) = (3).
Observe that the implication (1) = (2) holds in general Banach spaces.

To prove (3) = (1), let f,, f be in B¥a.p. such that

—1 as n — +oo.

|nmﬁwmm:1wd’
By

f+fn
2

Recall that since ¢ satisfies the AQBI-(:ondition7 we have B¥a.p. = E‘Pa.p. and
from Lemma 2, we have ppe(fn) = ppe(f) = 1. Following analogous arguments
to those of [14, Lemma 2], it is possible to show the following assertion:

PBe (f—i_f") —1 as n — 4+

2

whenever

—1 as n — 4o0.
By

[+ fn
2

Indeed, suppose the assertion is false. Then, there exists € > 0 such that the

following inequalities hold for all n > 1: pB¢(f"’2f”') <l—corppe (f+2f") > 1+4e.

In both cases, we will obtain a contradiction. In the first case, by using the
Afl—condition, we get sup,, ppe(f + fn) < 00, and consequently

— e M): V}((#_ )
! = (||f+fn||3¢ PB Hf+fn||B¢ 1 (f+fn)
_ 2 [+ fn
+ () (557))
e - 2 f+fn
: <||f+f"”BV’ 1) pee (f+f")+<2 ||f+fn||3¢>pm< 2 )

2 2
S(w+mmq4%?””ﬂ”“+@‘w+nm)“‘”

Passing to the limit for n — 400, we obtain 1 < 1 — ¢, that is, a contradiction.
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) > 1+¢, the Agl—condition implies that sup,, ppe (2

If ppe (Lo ) <

oo, and then

f+fn
If+FnllBe

vre s o (558 = (|57, (570)
e IS
< (-] ) ()
(7%, ) L)
< (5L (7 ) ()

Letting n tend to infinity, we get 1 + ¢ < 1, a contradiction. This completes the
proof of the previous assertion.

Hence, in view of Lemma 3, it follows that the sequence {f,}, is i-convergent
to f. Then using Lemma 8 and the AQBI—condition on ¢, we conclude that

”fn_fHBso — 0 as n — +oo.

(2) = (3): Suppose that B¥a.p. has the H-property. Using Proposition 1
and the same techniques as in [1] (see the proof of Theorem 1) we will show
that the Musielak-Orlicz space L¥([0, 1]) has also the H-property. We repeat this
justification for the clarity of the proof. Let {f,,} be a sequence in L¥([0, 1]) such
that:

e {fn} converge weakly to some f in L¥([0,1]),
o ||fulle — [Ifll, (here, the notation || - ||, is used to designate the Lux-
emburg norm associated to the Musielak-Orlicz space L¥([0,1])).

Then, for each G in the dual space (B¥a.p.)*, we have G oi € (L#([0,1]))*.
Moreover, since f, — f weakly in L¥([0,1]), we get

Goi(fn) — Goi(f)

or equivalently G (fn) — G(f) Thus f,, —> fweakly in B¢a.p..
It is clear that ||fn|ze — ||f]l5+ and since Ba.p. has the H-property, we

can write ||f, — fllpe — 0 and finally ||f, — flle — 0. This means that the
Musielak-Orlicz space L?(]0,1]) has the H-property.

It follows from [11] that ¢ is strictly convex and satisfies the A%l—condition.
Since it satisfies also the AQBI—condition, the proof is finished. O

Theorem 4. The following properties are equivalent to each other:
(1) B¥a.p. is UCED;



546

F. Bedouhene, A. Daoui, H. Kourat

2 is strictly convex and o satisfies the AB' -condition.
(2) ¢ Y 2 2

PROOF: Since E‘Pa.p. is a pseudonormed space, we will adapt the definition of
UCED property to this space as follows: for any g € E“’a.p., and every sequence
(fa) in Bfa.p., the conditions || fu| — 1, |[fa + gl — 1 and [|2f, + g|| — 2 imply
llgll = 0. Remark that this definition is equivalent to that of UCED property of
a normed space.

(2) = (1): Let || fullpe = 1, [ fn + 9llBe — 1 and |2f, + gl|p» — 2. Assume
that ¢ is strictly convex and ¢ satisfies the AQBI—condition. Then, we have also
Pre(fn) = 1, ppo(fn+9g) — 1 and pBS,(Qf”%) — 1. Now, applying Lemma 3
to the sequences (fy)n and (fn + g)n, we get that ¢ = 0 T a.e. and in view of
Lemma 5 we deduce that pp.(g) = 0 and using again the AP "_condition it follows
that ||g]|g» = 0.

(1) = (2): Using Proposition 1, and since the UCED property of E‘Pa.p.
implies the UCED property of L¥(]0,1]), we get the necessity of the strict con-
vexity of ¢ and the AL'-condition (see [7]) and then the necessity of the AB'-
condition. O

Corollary 2. The following properties are equivalent to each other:
(1) Bfa.p. is LUC;
(2) B‘Pap is MLUC;
(3) B¢a. p. has the H-property;
(4) B‘Pap is UCED;
(5) Bfa.p. is SC;
(6) ¢ is strictly convex and ¢ satisfies the AB -condition.

Now, we apply the previous results to give an application in best approxima-
tion.

Let (X, - |lx) be a Banach space, C' be a subset of X and x € X. Let us
consider the metric projection

Po:x—d(x,C)=inf{||lz —y|x,y€C}.

In the paper [3], the authors have shown that, under the additional conditions
on :

(3.1) veRr, lm 2GY lim £(6%)

U—>00 u u—0 u

=0,

the space E‘Pa.p. is reflexive if and only if ¢ € Agl N VQBI.

Since reflexive strictly convex Besicovitch-Musielak-Orlicz spaces of almost pe-
riodic functions are LUC, and so they have the H-property, we get the following
corollary which is a generalization of Doob Theorem:

Corollary 3. Assume that ¢ is strictly convex, ¢ € AQBI N Vfl and ¢ satisfies
the conditions (3.1), then for any closed convex sets C1 D Cy D -+ D Coo =N, Cy
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in E‘Pa.p. and any x € E‘Pa.p.,

|Pc, () — Po(x)|| = 00, as n — oo.
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