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RARITA-SCHWINGER TYPE OPERATORS ON SPHERES
AND REAL PROJECTIVE SPACE

Junxia Li, JOHN RYAN, AND CARMEN J. VANEGAS

ABSTRACT. In this paper we deal with Rarita-Schwinger type operators on
spheres and real projective space. First we define the spherical Rarita-Schwinger
type operators and construct their fundamental solutions. Then we establish
that the projection operators appearing in the spherical Rarita-Schwinger type
operators and the spherical Rarita-Schwinger type equations are conformally
invariant under the Cayley transformation. Further, we obtain some basic
integral formulas related to the spherical Rarita-Schwinger type operators.
Second, we define the Rarita-Schwinger type operators on the real projective
space and construct their kernels and Cauchy integral formulas.

1. INTRODUCTION

Rarita-Schwinger operators are generalizations of the Dirac operator and arise in
representation theory for the Spin and Pin groups. See [3] @, 6], 14, [15]. We denote
a Rarita-Schwinger operator by Ry, where k = 0,1,...,m,.... When k& = 0 we
have the Dirac operator. The Rarita-Schwinger operators R in Euclidean space
have been studied in [3} [4] [6] [14], [15]. Here we construct similar Rarita-Schwinger
operators together with their fundamental solutions and study their representation
theory on the sphere and real projective space.

First J. Ryan [12 [I1I] in 1997 and P. Van Lancker [I3] in 1998 studied the
Dirac operators on the sphere. Later, H. Liu and J. Ryan [8] studied the spherical
Dirac type operators on the sphere by using Cayley transformations. See also
[1]. Using similar methods to define the Rarita-Schwinger operators in R", we
can define the spherical Rarita-Schwinger type operator on the sphere based
on the spherical Dirac operator. We also use similar arguments as in Euclidean
space to establish the conformal invariance for the projection operators and the
spherical Rarita-Schwinger type equations under the Cayley transformations. See [6].
Further the fundamental solutions to the spherical Rarita-Schwinger type operators
are achieved by applying the Cayley transformation. In turn, Stokes’ Theorem,
Cauchy’s Theorem, Borel-Pompeiu Formula, Cauchy Integral Formula and a Cauchy
Transform are proved for the sphere. Furthermore, we show that Stokes’ theorem is
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conformally invariant under Cayley transformation, and with minor modification, is
equivalent to the Rarita-Schwinger version of Stokes’ Theorem in Euclidean space
appearing in [3] [6] and elsewhere.

By factoring out S™ by the group Zs = {£1} we obtain real projective space,
RP™. On this space, we define the Rarita-Schwinger type operators and construct
their kernels over two different bundles over RP". Further, we obtain some basic
integral formulas from Clifford analysis associated with these operators for the two
different bundles. This extends results from [7].

2. PRELIMINARIES

A Clifford algebra, Cl, .1, can be generated from R"*! by considering the
relationship

2 = —||z|?
for each z € R"*1. We have R"*! C Cl,, ;. If e1,...,€,41 is an orthonormal basis
for R"*1 then 2% = —||z||? tells us that e;e; +eje; = —26;;. Let A= {j1,...,4.} C

{1,2,...,n+ 1} and 1 < j; < jo < -+ < J» < n+ 1. An arbitrary element of
the basis of the Clifford algebra can be written as e4 = ¢;, ...e;, . Hence for any
element a € Cl,, 11, we have a = ZA asea, where ay € R.

The reversion is given by

a= S (~1)A04=D2g 0,
A

where |A| is the cardinality of A. In particular, e, ... e;. = e;, ...ej. Also ab = ba
for a,b € Cl,,+1. The Clifford conjugation is defined by

o= S (~1)lAllaD/2g 0y
A

and satisfies €5, ... ¢;, = (—1)"¢;, ...e;, and ab = ba for a,b € Cl,41.

For each a = ag +a1e1 + -+ a1, n+1€1 ... €nt1 € Cl,41 the scalar part of aa
gives the square of the norm of a, namely af + a3 + --- + a?_,,,. For more on
Clifford algebras and their properties, see [9].

The Pin and Spin groups play an important role in Clifford analysis. The Pin
group can be defined as

Pin(n+1):={a€Clyy1:a=y1...Yp:¥Y1,...,yp €S",pe N}

and it is clearly a group under multiplication in Cl,11.

Now suppose that y € S C R**1. Look at yzy = yzlvy + yatvy = —zllv + 2ty
where zllv is the projection of z onto y and z1v is perpendicular to y. So yxy
gives a reflection of z in the y direction. By the Cartan—Dieudonné Theorem each
O € O(n +1) is the composition of a finite number of reflections. If a =y ...y, €
Pin(n+1), then @ := y, ... y1 and aza = O,y (z) for some O, € O(n+ 1). Choosing
Y1,...,Yp arbitrarily in S, we see that the group homomorphism

f: Pin(n+1) — O(n+1): ar— O,
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with @ = y1...yp and Oq(x) = axa, is surjective. Further —az(—a) = aza, so 1,
—1 € ker(0). In fact ker(8) = {£1}. See [9]. The Spin group is defined as

Spin(n+1):={a€Pin(n+1):a=y;...y, and p even}
and it is a subgroup of Pin(n + 1). There is a group homomorphism
f: Spin(n+1) — SO(n+1)
which is surjective with kernel {1, —1}. See [9] for details.
The Dirac Operator in R™ is defined to be

D := i

Note D? = —A,,, where A,, is the Laplacian in R”.

If px is a homogeneous polynomial with degree k such that Dp; = 0, we call
such a polynomial a left monogenic polynomial homogeneous of degree k.

Let Hj be the space of Cl,41-valued harmonic polynomials homogeneous of
degree k and My, the space of Cl,11-valued monogenic polynomials homogeneous
of degree k. Note if hy € Hy, then Dhy € My_1. But Dupg_1(u) = (—n — 2k +
2)pr—1(u), so

Hi = M@ uMi_1,  hi =i+ upr1.

This is the so-called Almansi-Fischer decomposition of Hy. See [2], [10].
Note that if p(u) € My, then it trivially extends to P(v) = p(u + unt1€n+1)
with 4,41 € R and P(v) = p(u) for all u,4+1 € R. Consequently D,, 11 P(v) =0
n+1
0
here Dpsy = 3 e
where D41 ; €; s

If p(u) € M then for any boundary of a piecewise smooth bounded domain
U C R" by Cauchy’s Theorem

(1) /BU n(u)p(u)do(u) =0.

Suppose now a € Pin(n + 1) and u = awa then although u € R™ in general w
belongs to the hyperplane a 'R"g ! in R"*+!.
By applying a change of variable, up to a sign the integral becomes

(2) / an(w)aP(awa)do(w) = 0.

a—loUa—1
As OU is arbitrary then on applying Stokes’ Theorem to we see that
(3) D,aP(awa) =0, quadwhere D, := D”+1|a—1Rna—1'

Suppose U is a domain in R". Consider a function of two variables
f:UXR" — Clyyq

such that for each x € U, f(z,u) is a left monogenic polynomial homogeneous of
degree k in u. Let Py be the left projection map

Py Hy — My,
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then Ry f(x,u) is defined to be Py D, f(x,u). The left Rarita-Schwinger equation
is defined to be

We also have a right projection Py ,: Hy — M, and a right Rarita-Schwinger

equation f(x,u)DyPy, = f(x,u)R, = 0, where My, stands for the space of right
monogenic polynomials homogeneous of degree k. See [6].

3. RARITA-SCHWINGER TYPE OPERATORS ON SPHERES

Let R™ be the span of eq,...,e,. Consider the Cayley transformation C': R" —
S™, where S™ is the unit sphere in R**!  defined by C(x) = (epr12+1)(x+e,41) 71,
where © = x1e; + -+ + xpe, € R, and e, is a unit vector in R"*! which is
orthogonal to R™. Now C(R"™) = S™ \ {ep+1}. Suppose z, € S” and z; = x4,€1 +
c+ T, €n+Ts, , €nt1, then we have z = C Y (ws) = (—ens12s +1)(2s —€ni1) L.

The Dirac operator over the n-sphere S has the form D, = w(A + %), where

- 0 0
weS™ and A = | Z eiej(wia—wj - wja—wi)
1<j,i=1

Let U be a domain in R™. Consider a function f,: U x R™ — Cl,,;1 such that
for each x € U, f,(z,u) is a left monogenic polynomial homogeneous of degree
k in w. This function reduces to f(zs,u) on C(U) x R™ and f(xs,u) takes its
values in Cl,, 41 where z = C~1(z;) and x5, € C(U) C S™. Further f(zs,u) is a left
monogenic polynomial homogeneous of degree k in u.

Since Ay Ds 5, = Dy, Ay, then D, . f(2s,u) is harmonic in u. Hence by the
Almansi-Fischer decomposition:

Dy, f(xs,u) = fip(zs,u) +uforp—1(xs,u),

where f1 5 (xs,u) is a left monogenic polynomial homogeneous of degree k in w and
fok—1(xs,u) is a left monogenic polynomial homogeneous of degree k — 1 in w.

We can also consider a function g,: U x R™ — Cl,, 41 such that for each x € U,
gx(z,u) is a right monogenic polynomial homogeneous of degree k in u. This
function also reduces to a right monogenic polynomial homogeneous g(zs,u) on
C(U) x R™

Let Py be the left projection map Py: Hi = My @& uMy_1 — My, then the
n-spherical left Rarita-Schwinger type operator Rf is defined to be

, see for instance [5], 8] [13].

lef(xw u) = Psz,;csf(msau) .

On the other hand, the n-spherical right Rarita-Schwinger type operator Rfvr is
defined to be

g(xsa U)Rir = g(IS7 U)Ds,xspk,r 5

where Py, is the right projection Py ,: Hj — M,,. Consequently, the left and the
right n-spherical Rarita-Schwinger type equations are defined to be

Ry f(xs,u) =0 and g(zs,u)Ry =0 respectively.
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4. CONFORMAL INVARIANCE OF P, UNDER THE CAYLEY TRANSFORMATION
AND ITS INVERSE

Consider the Cayley transformation C(z) = (enr12+1)(z+eni1) "t = eppr (v —
ent1)(@ +eni1) "t = enp1 (T +ent1 — 2en1) (T Feni1) Tt = enpr +2(z Fengr)
This last term is the Iwasawa decomposition for the Cayley transformation, C.
Further, C~!(2;) = (—epp12s+ 1) (s —€ni1) ' = —ens1(@steni1)(@—epnir) L =
—eni1(Ts—eni1+2en11)(Ts—eni1) = —enr1+2(xs—eny1) ", and this last term
is the Iwasawa decomposition for the inverse, C~!, of the Cayley transformation.

Now let f(zs,u): Us x R™ — Cl,,41 be a monogenic polynomial homogeneous
of degree k in u for each x4 € Uy, where Uy is a domain in S™.

It is shown in [6] that Py is conformally invariant under a general Méobius
transformation over R™. This trivially extends to Mébius transformations on R+,
It follows that if we restrict x5 to S™, then P is also conformally invariant under
the Cayley transformation C and its inverse C~!, with = € R™.

It follows that we have:

Theorem 1.

(z+ ens)w(@ + eny1)
=+ ental?

Peawd (C,0)f(C (), ) = J(C2) P f (s, ),

(@ + ensr)ule +2e"+1) and J(C,z) =
[+ enta |

weight for the Cayley transformation.

T+ epit
[z + ensa”

where u = is the conformal

Also for U a domain in R", and g(x,u) defined on U x R™ such that for each
x € U, g is monogenic in » and homogeneous of degree k in u, we have:

Theorem 2.

N 5 T
(z ent1)W(Ts — €ny1)
|25 — enyall?

Pe(C1 )9 (C7 ), ) = J(C ) Peag(w,u),
(Is - €n+1)w(xs - en—i—l)

|25 — ent1]?
mal weight for the inverse Cayley transformation.

Ts — en+1

where u = __7s  Tntl
|25 — ent1ll®

and J(C~1, )

is the confor-

Note that in the previous theorems aq(x) := ch—tilﬂ and
T T €ntl
az(@s) = e ontl belong to Pin(n + 1). So w € R"*! and hence Dy, (4)f =0
H'TS — €En+1 H

and Dy, ;.19 = 0, where for a € Pin(n + 1) the operator D, is defined in ().

5. THE INTERTWINING FORMULAS FOR Rj AND R{ AND THE CONFORMAL
INVARIANCE OF RYf =0

We can use the intertwining formulas for D, and D; ,_ given in [8] to establish
the intertwining formulas for Ry and Ry.
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Theorem 3.
J,l(C_l, xs)Rk,uf(xv u)

= BE (O ) f(0 (o), el — i)y

”Is - €n+1||2
where Ry, is the Rarita-Schwinger operator in Fuclidean space with respect to
u € R”, Rf’w is the spherical Rarita-Schwinger type operator on S™ with respect

tow € R ¢ = (s — eny1)w(zs _e"+1), J(C Yy = s Tl g
2 n
|zs — ent1l] |zs — ent1l]
J_(C71, ) Ts ~ Cnil
- ) S

" = e[
Proof. In [§] it is shown that D, = J_1(C™1, 25) "' D, . . J(C~!, x5). Consequently,
Ry f(x,u) = Py oDy f(x,u) = P 1 (C7 1 ) T Dy o, J(CTH ) F(C7H (), w) -
Now applying Theorem |2 the previous equation becomes
Ryuf(z,u) = J 1(C7 2) " ProwDs 2, J(CF, 24)
x flo~Y(xs), (s — eng1)w(zs — €n+1))

|25 — ent1]?

(
= J_1(C Y a) T RE L J(CTY 1)
(

% foa! ), (s — enq1)w(xs — €ni1)
P07 @), e )
O

We have the similar result for the Rarita-Schwinger operator under the Cayley
transformation.

Theorem 4.

x4+ e, w(x + e,
J1(Coa) R L9, u) = Riwd (Co2)g(C (@), ( ;fe <+1”2 “)) :

where Rf’u is the Rarita-Schwinger type operator on the sphere with respect to u
and Ry, ., is the Rarita-Schwinger operator in Euclidean space with respect to w,

u= @+ enyulz +26n+1) ) J(C,z) = _ BT Cntl_ — and
[+ ena [z + enta
T A(Cz) = — 2T
-1 )

e+ a2

In other words we have the following intertwining relations for Ry and R,f :
(4) J_1(CYz) Ry = Ry J(C™ 1, zy)
(5) J_1(C,z)Ry = R J(C, x)

As a corollary to Theorems [3|and [4] we have the conformal invariance of equation
Rf wf =0
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Theorem 5. Rf’ug(xs,u) =0 if and only if

(Z‘ + €n+1)’w(.’13 + 6n+1)) —0

Rk,w‘](cax)g<c(x)a H1'+6n+1H2

and Ry f(x,u) =0 if and only if

S —1 —1 (xs - 6n+1)w(xs - e71+1) o
Rk,w:](c ,l’s)f(c ("175)7 H.I'S — €n+1H2 ) = 0 .

6. THE FUNDAMENTAL SOLUTIONS OF R,‘g AND SOME BASIC INTEGRAL
FORMULAS

The reproducing kernel of M, with respect to integration over S*~! is given by
(see [2], [6])
Z(u,v) := ZPU(U)VU(U)U,

where
1 9*G(v)
P,(u) = =2(u;;, —u e_lei o(uy, —u e_lei Vo) = ————mM——
(1) = g, — e ) o, —wie ea), Vo) = 5=
-1
Jot -t dn =k, ix € {2,...,n}, Gv) = —ﬁ, and w, is the surface area
wy, ||v||™

of the unit sphere in R™. Here summation is taken over all permutations of the
monomials without repetition. This function is left monogenic in w and it is a right
monogenic polynomial in v. It is homogeneous of degree k in both u and v. See [2]
and elsewhere.

Consider the kernel of the Rarita-Schwinger operator in Euclidean n-space

1 z—y (z — y)u(z —y)
6) Er(x—y,u,v)= Zk( ,v)
O B o e EA N P
1 s Ys — — - -
T 7 S R E S I 10 S 14%7”) ,
W Ck s — s/ [z =yl
-2
where ¢, = anﬁ See for instance [6]. Note that (z — y)u(z — y) € R™ as u,
x and y € R™.
Now applying the Cayley transformation to the above kernel, we obtain
1 _ _ -1 Ts— Y
E (zs,ys,u,v) 1 = JC 1 z)J(C w2
k:( s Y ) WnCh ( 3) ( ) Hxs _yan
x J(C™1 ys) "t Zp (aua, v)
1 o
(8) = BV 5 ) Zi(aud, v),

wnek s — ys"
J(C_l xs)_l(xs B ys)J(C_lv ys)_l
where a = a(zs,ys) = : .
T (@ z) T M @s = ) [T (O ) 7Y
EZ(xs,ys,u,v) is the fundamental solution to Ry f(xs,u) = 0 on S™. This
function is left monogenic in « and it is also right monogenic in v.
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In the same way we obtain that

1 _
Zk(u,dva)J(Cfl,ys)flizs Ys -
WnCk ||.%'5 - ysH

(9)

is a non trivial solution to g(xs, v)Rf)T = 0. In fact, this function is E} (zs, ys, u,v).
Applying the same arguments in [6] to prove the representations and @D are
the same up to a reflection, we have

~ — — Ts —Ys
Zi(u, ava)J(C7L ) 1 222
T I N PR
— ——az(aud, v)at (Cy,) L
W Cl s — ys™
1 _ 1 XTs—y J(C~ Y w7t ~ J(C~ Y xg)t
= — J(C gy )Tt —= 28 o3 Zplaua, v) —— 222
Wn C ( be) zs —ysll™ [J(C=1 zs) 1| kl )HJ(C‘lvxs)‘lll
J(Cilvxs)il 1 Ts —Ys J(0717x3)71

= J(Cilvys)ilzk(auglav)

CI(C ) waek s =y [J(C=Y )M

Theorem 6 (Stokes’ Theorem for the n-spherical Dirac operator D; [8]). Suppose
Us is a domain on S™ and f,g: Us x R™ — Cl,, 41 are C*, then for OV, a sufficiently
smooth hypersurface in Ug bounding a subdomain Vi of U, we have

/ 920 0)n(2) f (20, u)dS(z,)
oV

- /V (9(s,0)Dara.) F(@sstt) + g(s 1) (Doo. f(es ) dS ()

where dS(zs) is the n-dimensional area measure on V, d¥(zs) is the n — 1-dimen-
stonal scalar Lebesgue measure on OVs and n(xs) is the normal vector tangent to
the sphere at x, orthogonal to OV and pointing outward.

Definition 1 ([6]). For any Cl,y1-valued polynomials P(u), Q(u), the inner
product (P(u), Q(u)), with respect to u € R™ is given by

(Pl).Q) = [ Pa)Qu)dstw).

where S*™1 is the unit sphere in R™.

For any pr € My, one obtains
pul) = (Zeu ) pe)o = [ Zu(opu(o)ds(o),
Snfl

See [2].
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Theorem 7 (Stokes’ Theorem for the n-spherical Rarita-Schwinger type operator
RY). Let U, Vi, OVy be as in Theorem @ Then for f, g € C*(Us x R, My), we
have

/V (9(zar )RS, flzaw)), + (9(xe,u), BE (e, w) ) dS(z)

g(Ts,u Pkn(xé)f(a:s,u))udil(xs)
8Vs‘

_ / (00 )2 Py f (2o 0)), d5(cs)
OV

- / (00, 0)(2) f (0, 0)), A1)
Vs

where dS(xs) is the n-dimensional area measure on Vy, n(xs) and dX(xs) are as
in Theorem [6.

Proof. The proof follows similar lines to the proof of Theorem 6 in [6]. First, by
the traditional Clifford version of Stokes’ Theorem

| (gt wnte) o w)udSie.)
oV,
= /V ((9(3737 ) Ds o, f(Ts,u))u + (9(s5, 1), Ds o, f (s, u))u)dS(xs) .

By applying the Almansi-Fischer decomposition to g(xs,u)Ds 5, and Dy . f(xs, u)
and Definition [1| the right side of the previous equation becomes

/V (9(@a )RS, f(aaw)), + (g(e 0), RE f (0, 0)), )dS ().

The other identities follow from arguments given in the proof of Theorem 6 in
[6]. O
Corollary 1 (Cauchy’s Theorem). If R} f(xs,u) = 0 and g(zs,u)Ry =0 for f,
g € CH{Us x R™, M), then we have

/ (G(s 1), Pen(s) f (e, 0))udS(as) = 0,
oV

where OV is a sufficiently smooth hypersurface in Ug bounding a subdomain Vi of
Us.

Now let us look at Stokes’ Theorem for Rarita-Schwinger operators Ry in R™.
Suppose U is a domain on R” and f,, g,: U x R"® — Cl,,41 are C*, then for OV a
sufficiently smooth hypersurface in U bounding a relatively compact subdomain V'
of U, we have

/V (g2 (20, w) Rie, £ (2, 0) ) + (90 (2, 0), R fo(, ) ]
- / (95 (2, w), Pen() (2, )),, dor(z)
ov
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where do(x) is the scalar Lebesgue measure on 0V. Now consider the integral on
the right hand side

| @), Panta) . (w1, do (o)
av
:/ / gx(x, u) Pen(z) fi(z, w)ds(u)do(x)
v Jsn—1

/ / (z5),u) Py (C™1 z6)n ()
C(av) sn—1
5) fo(C7H(xs), u)ds(u)dS(zs) ,
where 2z, = C(z), C(0V) bounds a domain C(V) in S, d¥(xs) is the scalar

Lebesgue measure on C(dV) and J(C71,z4) = %. Since Py, inter-
Ts — Ep+1

changes with J(C~1,z,), the previous integral becomes

|zs — ensall?

[ [ e g St ot () I )
c(ov) Jsn—1

X fo(C M ), 2 ﬁiﬂiﬁﬁwe”*” )ds(w)dS(x,)

(s — eny1)w(Ts — €ni1)
|5 — entrl?
Consider the integral on the left hand side

where u =

(11) /v [(g+(z,u) Ry, fu(z,u)), + (9x(2,u), R fu(z,u)) | da”
:/ \/Snil[g*(l',u)Rk,r,uf*(fE,U)+g*(SC,U)kaf*(x,u)]ds(u)dzn

Applying Theorem [3] the integral now is equal to

Lo L Jo(c 0, @3*6”*1)”(“*"“))J<0 PRE, W IO 20)
.

lzs — en+1||2

—1 en+1 - en+1
X f* (O (1:8)7 ||$S _ €n+1||2 )

_ s — €n 1 -Ts_en+1 -1
+ g, (CNzy), + J(C wl (C7 7 g
go(C7( ), 4 nxé—enﬂn )J( ( )
12 X fo(C™Hzy), ~ Ent)W(Ts — en1) ds(w) dS(xs
(12) f.(c7( ), ——E )] as( )

where C(V) = V5 is a domain in S™.

Stokes” Theorem for Rarita-Schwinger operators Ry in R™ tells us that is
equal to . Therefore Stokes” Theorem for Rarita-Schwinger type operators is
conformally invariant under the Cayley transformation.
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Now let us consider Stokes” Theorem for Rf in S™.
/V (( ('Tsa )Rk ) f(zsa u))u + (g(IS,U),REf(ZEs, u))u) dS(zS)
_ /av (g(zsw), Pyn(as) (s, 1)), dS(@,)

where V;, 9V;, dS(z,) and dX(z,) are stated as in Theorem [7]
First look at

/av (9(xs,u), Pen(zy) f (x5, u)) d5(z)
- /av /sn 1Q(JCS,U),Pkn(xs)f(xs,u)ds(u)g(xs)
/ 1(6‘/)/8” 7 u) Piud (C(2)n(2)) J(C,2) f(Cla), u) ds(u) do(z),

T+ Cn+1
Iz + enga |
C~1(Vy) in R™. Since we can interchange Py, with J(C,z), the previous integral
is equal to

(13) /(;1(6‘/ | /Snil g(C(JJ), (I + 6n+1)w(1' + 6n+1))J(C(I)Pkﬂun(l‘))J(C, .73)

2 + entall?

X f(C’(x), (@ + enyr)u(z + €n+1)) ds(w)do(x),

12 + enta]l?

where J(C,z) = r = C7Y(zs) and C~1(dV;) bounds a domain

(z + ent)w(@ + ent1)

|2 + ental?
Second we look at

where u =

| (ote R Fow), + (o). B faa).) dS ()
=[] (0B ) F) + gl ) (R f () ds(a) dS o).

Applying Theorem [4] the integral becomes

/7 / g(C@), (“e"“)w(”e"ﬂ))J(c DRS,,
Cc—1(Vy) Jsn—t

& + ental?
J(c. a:)f(C’(x), (z+ epy1)w(z + en+1))
& + ental?
(z + ens)w(@ + eny1)
2+ €nia
(2 + ent1)w(@ + ent1)
[+ enta|?

+g(C@), )J(C,x)

(14) x R ,J(C,x) f(C’(x)7 ) ds(w) dS(zs).
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Stokes’ Theorem for R,f on the sphere shows that is equal to . Thus Stokes’
Theorem for Rarita-Schwinger operators is also conformally invariant under the
inverse of the Cayley transformation.

Theorem 8 (Borel-Pompeiu Theorem). Suppose Us, Vs and OVy are as in Theo-
rem and ys € V. Then for f € CY(Us x R™, My) we have

f(y87u/) = J(C_17ys) /av (Ek:S(‘rS?y87u7v)?—Pkn(mS)f(‘rS’/U))v dE(‘rS)

S HC ) [ (B ). REF(2,0), dS )
Vs
J(Cys)rud (CH ys) !
[J(C~L,ys) I

on Vs CS™, n(zs) and d (ms) are as in Theorem@

where u' = , dS(xzs) is the n-dimensional area measure

Proof. In this proof we will use the representation of Ef (2, ys,u,v) given by @D
Let Bg(ys,€) be the ball centered at ys € S™ with radius e.

We denote C~1(Bs(ys,€)) by B(y,r), and C~*(0Bs(ys,€)) by dB(y,r), where

y = C~Y(ys) € R" and r is the radius of B(y,r) in R™. Consider B, (ys,€) C Vi,

then we have

/ (S (20, yor . 0), B f(z0,0)), dS(z2)

- / (E]f(xsvysauav)leff(zs;v>)vdS(zs)
Va\Bs(ys€)

—|—/ (E,f(xs,ys,u,v),Rff(xs,v))vdS(xS).
Bs (ysy€)

Because of the degree of homogeneity of x5 — y, in E,f , the second integral on the
right hand goes to zero as € goes to zero. Applying Theorem [7] to the first integral
on the right hand we obtain

/ (BS (20, y0r 0, 0), B f(00,v)). dS(zs)
Vs\Bs(ys,€)
= [ B o) Penle) (o) a2
oV
- / (B§ (24, 9w, 0), Pyn(a) (w4, 0)),, d5(z,)
0B (ys,e)

Since f(zs,v) = (f(xs,v) — f(ys,v)) + f(ys,v) and taking into account the degree
of homogeneity of x5, — ys in E,f and the continuity of f, we can replace the second
integral on the right hand by

/ (E]f(xsv Ys, U, U), Pkn(xs)f(ys, U))v dz(me) .
OB (ys,¢€)
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Applying Theorem [7] this integral is equal to
[ (B pan)nte) fg0), )
0Bs(ys,€)

= AB )/S El?(xsays,U,U)n(l's)f(y&q)) dz(xs) dS(v)
Ys,€ n—1

s(ys
1 ~
= Z(u, ava)
9B, (ys,e) JSn—1 WnCk

X IO ) T () (g, 0)ds(0) A,

Now applying the inverse of the Cayley transformation to the last integral, we have

( ) (x—y) -1 1 -1 =Y
Z J(C 7 ys)J(Cy) T —
/aByr L e B ) L CRR RCY)  remr

J(C,y)wI(C,y)

CgE ) e,
where do(x) is the n — 1-dimensional scalar Lebesgue measure on 0B(y,r) in R"
J(Cyw(Cy)

17(C, )17
by reflecting w in R**! and its last component is a constant.

Place J(C,z) = (J(C,z) — J(C,y)) + J(C,y), but J(C,z) — J(C,y) tends to
zero as x approaches y Thus the previous integral can be replaced by

wlr — xTr —
/ / Ziu ( —y)w( i y)) ynn(m)
OB(y,r) Jsn—1 WnCk lz =yl |z =yl

I (Cw), W) ds(w) do(z)

% J(C, )1 (C,x)n(z)J(C, z) f(C’(y),

and v = ;2w € R™ In fact, v is a vector in R™ which is obtained

y—

T
|z = yll
becomes
1 T —y)w(x — 1
/ / Zk<u7( y)w( i y)) _
0B(y,r) Jsn—1 WnCk |z —yll |z = yll

s (€. GHETED dstw) doe).

Using Lemma 5 in [6], the integral is now

Here n(x) = is the unit out normal vector. Now the last integral

J(C.y)wl(C.y)
| atwwrcss(cw, S ) dsw)
—snf(co). TR

N (ot /(¥ N
=1 e T )
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since J(C,y) = J(C71,ys)7L.

J(C 1 ys) tud (Chys) !
[J(C1,ys) M2

the above equation by J(C~!, y,), we obtain

Now by setting v’ = and multiplying both sides of

Fwa!) =3 ) [ Bt aCanf (), DGR dsto).

Therefore when € tends to zero we get the desired result. O

Corollary 2. Let U be a function in C*(Vy x R™, My,) and supp(¥) C Vi. Then

U(ys,u') = —J(C‘l,ys)/ (E,f(acmys,u,1))71‘?,5\11(96871)))1}dS(ch)7
V.
J(C Y ys) tud(Cys) !
[J(C=1, ys) M2

where v =

Corollary 3 (Cauchy Integral Formula for Ry). If R f(xs,u) = 0, then for
ys € Vi we have

Flymd) = J(C ) /8 (S (20, yor 0. 0), Pen(a) f(2,0)), dS(z)

s

— J(C 7y /8 (B () P (o) 45,

J(Cys) tuJ (C y,) ™!

where u' =
[J(C—L,ys) 711

Definition 2 (Cauchy Transform for Ry). For a domain Vs C S™ and a function
flas,u): Vo x R" — Cly41, which is monogenic in u, the Ty-transform of f is
defined to be

(ka)(ys,'l}) :_/ (E,f(xs,ys,u,v),f(:vs,u))udS(xs), fOT Ys eVs.

s

Theorem 9. For a function v in C°(S™ x R™, M},) we have
PkJ(Cilvys)Ds,ys g _(Elf(xSvysa u,v), (s, U))u dS(zs) = ¥(ys,v) .
Proof. By [8], the integral

PkJ(Cila ys)Ds,ys _(El}g(xm Ys, Uy U)a ¢(xsv u))u dS(xa)
Sn
can be replaced by

PkJ(Cil, ys) / *n(l's)<E]§($Sa Ys, U,y U), ﬂ}(gj& u))u dS(:CG) )
635(95,6)
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which in turn is equal to

Y
PkJ ,ys / / 7871
OB (yse) Jsn—1 wan lzs — ysll

x J(C™Y ys) "t Zi (aua, v)Y(zs, u)ds(u) dS(zs) .

Since (x5, u) = Y(zs,u) — ¥(ys, u) + ¥(ys, u) then using the continuity of ¢, we
can replace the previous integral by

Yy
PJ(CYy, / / B . e L1
OB (ys,e) JSn1 Wnck zs — sl

X (O, y,) " Zi(aud, v} (s, w) ds(u) dS(z,)
Now applying the inverse of the Cayley transformation to the previous integral it

becomes

1
PI(C ) / / _J(C,2)n(2)J(C,x)
dB(y,r) Jsn-1 WnCk

J(Cya)™ W J(C,y)"HI(CH ys)
(z —ylu(z —y) J(C,y)w(C,y)
X Zk(w,v)w(C(y)7 W) ds(u) do(z)

T —y
=PI, /aB(y,m /Sn 1 H(Gyzjn )wan |z -yl
(z —yu(z —y) J(C,y)wJ(C,y)
X Zk(Wav)w(C(y)a W> ds(u) do(z),

J(Cy)wI(C,y)
l7(C,yl*
Using the fact J(C,z) = (J(C,z) — J(C,y)) + J(C,y), and J(C,x) — J(C,y)

tends to zero as x approaches y, the integral can be replaced by

_ 1 =y
pae ) [ ey
( oo Jons wmen” OV TR

(x — y)u(z —y) J(C,y)wJ(C,y)
< B ()¢ (OO g ) e dote)

1 _ _
nf [ (e
dB(y,r) Jsn—1 WnCkT ' ||J) - y”

J(C,y)wl(C,y)
1(C,v)12

where u =

x w(C(y), ) ds(u) do ()
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Applying Lemma 5 in [6], the integral becomes

= [ zvtwoe(ct, DGR dsta)

=P [ Zu)b(C) ) ds(w) = Pb(C(0).v) = (o).

7. RARITA-SCHWINGER TYPE OPERATORS ON REAL PROJECTIVE SPACE

We consider S™ and I" = {£1}, then S"*/I" is RP", the real projective space.
In all that follows S™ will be a universal covering space of the conformally flat
manifold RP™. So there is a projection map p: S® — RP™. Further for each z € S”
we shall denote p(x) by z’. Furthermore if ) is a subset of U then we denote p(Q)
by Q’.

Consider the trivial bundle S™ x Cl, 41, then we set up a spinor bundle F;
over RP™ by making the identification of (x, X) with (—z, X), where 2z € S® and
X e Canrl'

1 _
Now we change the spherical Cauchy kernel Gg(z —y) = Ty

DT x’ y 6 Sn?
w [l —y|"

for the spherical Dirac operator into a kernel which is invariant with respect to
{#£1} in the variable z € S™. Hence we consider Gg(x — y) + Gs(—z — y). See [1].

Suppose V is a domain lying in the open northern hemisphere. We assume
flz,u): VxR" - Cl,qq
is a C! function in z and monogenic in u. We observe that the projection map
p: S™ — RP™ induces a well defined function
f(@'u): VI xR" — Fy
such that f'(2',u) = f(p~!(z'),u), where V' is a well defined domain in RP" and
' = p(z).
We define the Rarita-Schwinger type operators on RP"™, which we will call the
real projective Rarita-Schwinger type operators, in the following form
RkRPnf/(xla ’LL) = PkDRP",;E’f/(mlv ’U,) )
where Dgpn 4, is the Dirac operator in RP™ with respect to the variable z'.
See [7].
Now we introduce the spherical Rarita-Schwinger kernel which is also invariant
with respect to {£1} in the variable z € S™:

55’1(33, y,u,v) = B2 (x,y,u,v) + Ef (—x,y,u,v).
Through the projection map p (over x,y € S™) we obtain a kernel
c‘,’lf”P M2,y u,v) for RP™ defined by

RP",1 S1/ _
&Ny u ) =0 (), p (W) u ).

Now suppose that S is a suitably smooth hypersurface lying in the open northern
hemisphere of S™ bounding a subdomain W of V' with closure of W in V.
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Theorem 10. If Ry f(z,u) = 0 then fory € W
Flgew) = O ) [ (EH @ pn0). Pon(e) (,0),, ().
J(CHy) (O y) !
[7(C=1,y)~L]?

at x lying in the tangent space of S™ at x and X is the usual Lebesgue measure on

S.

where w = , n(x) is the unit outer normal vector to S

Due to the projection map we have also

Theorem 11.
F0) = I(C V) / (ERP" (' o/ u, ), Podp(n()) f/ (2! ), d= (o),

J(Chy) i (CThy )
[J(C~1y) M2

of S. Further ¥ is a induced measure on S’ from the measure ¥ on S and dp is

the derivative of p.

/

o' =p(x), v = p(y) and S’ is the projection

where O =

Now we will assume that the domain V' is such that —z € V for each z € V
and the function f is two fold periodic, so that f(z) = f(—z). Now the projection
map p gives rise to a well defined domain V’ on RP™ and a well defined func-
tion f'(z',u): V' — Ej such that f'(2/,u) = f(£z,u) for p(£z) = 2’. Then if
R,?Pnf'(z’, u) = 0, we also have

'y, 0) = J(C‘l,y’)/ (XN @y u,v), Pudp(n(a)) /(2! u)), dE'(a'),

/

where 0 is stated as in Theorem [I1]

If now we suppose that the hypersurface S satisfies —S = S then both y and
—y belong to the subdomain V' and in this case

J(Cy) / (EFT Y, 0), Pedp(n(@) £ (), () = 2 (4, 0)

We can also construct a second spinor bundle Fy over RP™ by making the
identification of (z, X) with (—z, —X), where € S™ and X € Cl,,11, we introduce
the kernel:

EE’Q(x, y,u,v) = EP (z,y,u,v) — B (—2,y,u,v).

This kernel induces through the projection map on the variable z,y € S™, the
kernel on RP"

Elfpn’2(sc',y’,u,v) = 55’2 (p_l(gc'),p_l(y’),u,v) .
In this case a solution of Rarita-Schwinger type equation on RP"
(@' u): V! xR" — Fy

will lift to a solution of spherical-Rarita-Schwinger type equation: f(z,u): VxR" —
Cl,,11 such that f(z,u) = —f(—z,u).
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Suppose that V' as before is a domain on S™ and S'is a hypersurface in V' bounding
a subdomain W of V. Suppose further that f(z,u): V x R™ — Cl,, 41 is a solution
of the spherical Rarita-Schwinger type equation such that f(z,u) = —f(—x,u). If
S lies entirely in one open hemisphere then

Fyw) = J(C ) /S (E52(z,y, u,v), Pyn(z) f(z,u)), dS(z),

J(Cy) I (Chy) !
[7(C~1, )12
Via the projection p this integral formula induces the following

i, 0)=J(C 1Y) /S (72 (@ o uv), Prdp(n(z)) [ (2, u)) , d ('),

where ¢ is stated as in Theorem [I11
On the other hand if S is such that S = —S then

/S (5:’2(% y,u,v), Pen(z) f(z, u))u d¥(z)=0.

for each y € W, where w =
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