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Abstract. This paper considers the existence and uniqueness of the solution to the initial
boundary value problem for a class of generalized Zakharov equations in (24 1) dimensions,
and proves the global existence of the solution to the problem by a priori integral estimates
and the Galerkin method.
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1. INTRODUCTION

The Zakharov equations, derived by Zakharov in 1972 [11], describe the propa-
gation of Langmuir waves in an unmagnetized plasma. The usual Zakharov system
defined in space-time R?*! is given by

(1.1) iFy + AE =nkE,
(1.2) ni — An = A[E?,

where E: R? — C? is the slowly varying amplitude of the high-frequency electric
field, and n: R'*? — R denotes the fluctuation of the ion-density from its equilib-
rium.

In the past decades, the Zakharov system was studied by many authors [2]-[5],
[9]-[10]. In [2], B. Guo, J. Zhang, and X. Pu established global in time existence

*This work was supported by Scientific Research Fund of Hunan Provincial Edu-
cation Department No. 10C1056, Scientific Research Fund of Huaihua University
No. HHUY2008-01.
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and uniqueness of smooth solution for a generalized Zakharov equation in the two
dimensional case for small initial data, and proved global existence of a smooth solu-
tion in one spatial dimension without any smallness assumption for the initial data.
F. Linares and C. Matheus [4] obtained global well-posedness results for the initial-
value problem associated with the 1D Zakharov-Rubenchik system, and showed that
the results are sharp in some situations by proving ill-posedness results otherwise.
In [5], F. Linares and J.-C. Saut proved that the Cauchy problem for the three-
dimensional Zakharov-Kuznetsov equation is locally well-posed for data in H*(R?),
s> %. If 0 < p < 4, the existence and uniqueness of the global classical solution for
a generalized Zakharov equation were obtained in [10]. The nonlinear Schrédinger
limit of the Zakharov equation was discussed in [7]-[8].

By using a quantum fluid approach, the following modified Zakharov equations
are obtained [1]:

(13) lEt + Ezz - HQExxxx = nEa

(1.4) Nt — Nz + H2nzzzz = |E|92L’x’

where H is the dimensionless quantum parameter given by the ratio of the ion plas-
mon and electron thermal energies. The presence of a large value of H points to
the possible experimental manifestation of quantum effects in the coupling between
Langmuir and ion-acoustic modes in dense plasmas. Quantum effects may imply
important consequences in the behavior of high density astrophysical plasmas. In
this case, quantum effects cause an overall reduction in the wave-wave interaction
level. This focusing effect may extend to quite long periods of time, indicating that
the recurrence properties verified in the classical Zakharov equation are enhanced by
the quantum effects.

In the present paper we are interested in studying the generalized Zakharov system

(1.5) iB; + AE — H*A*E —nE =0,
(1.6) ng — An + H>A?n — A|E|* = 0,

with initial data
(1.7) Eli—o = Eo(x), nli=o =no(x), n¢li=o =ni(z),

and boundary conditions

OE|  O(VE)
. = — = = 2 ,
(1.8) Eloa Ov lan ov ‘SQ 0, #20
_ a(Vn)|
(1.9) nlon =0, =5 ‘m_ 0,

582



where F is a complex valued unknown function vector, n is a real unknown function,
H is a real constant and (2 is a bounded domain in R? satisfying 9Q € C?. We
mainly consider the existence and uniqueness of the solution to the system.

To study the smooth solution of the modified Zakharov system, we transform it
into the form

(1.10) iB; + AE — H*A*E —nE =0,
(1.11) ng—Ap =0, z€f,
(1.12) 0 —n+ H*An — |E]* =

with initial data

(1.13) E|t=0 = Eo(a?), n|t=0 = no(a:), 50|t=0 = @0(3?)7

and boundary conditions

OF 8(VE)
. — 8 = 2 b
(1.14) Eloo = dvlea v ‘89 0, t>0
_ a(Vn) B _
(1.15) nlao = 0, 5 ‘89 =0, ¢lon =0,

where ¢ is a real unknown function.

For the sake of convenience of the reader, we introduce some notation. For 1 < ¢ <
oo, we denote by L9(2) the space of all ¢g-times integrable functions in  equipped
with the norm || - ||zq(q) or simply || - ||r«, and by H*P?(€2) the Sobolev space with
the norm || | rr=p(e)- If p = 2, we write H*(Q2) instead of H*?(Q). Let (f,g) =
fQ ) dz, where g(z) denotes the complex conjugate function of g(x). Now
we state the main results of the paper.

Theorem 1.1. Suppose that Eq(x) € HY(Q) N HZ(Q), no(z) € HE(Q), po(z) €
H?2(S)). Then there exists a global generalized solution of the initial boundary value
problem (1.10)—(1.15),

A*E(z,t) € L*(0,T; L*(Q)),
Ey(x,t) € L>=(0,T; L*(Q)),
n(z,t) € L°(0,T; H*(Q)),
ne(z,t) € L>(0,T; L*(Q)),
Ap(z,t) € L=(0,T; L*()),
pi(x,t) € L=(0,T; L*(Q2))
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Theorem 1.2. Suppose that the conditions of Theorem 1.1 are satisfied. Then
the global generalized solution of the initial boundary value problem (1.10)—(1.12) is

unique.

Theorem 1.3. Suppose that Eq(z) € H*T2(Q)NHZ(Q), no(x) € HH(Q)NHE(Q),
wo(z) € H*(Q), | > 3. Then there exists a unique global smooth solution of the
initial boundary value problem (1.10)—(1.15),

A*E(z,t) € L°(0,T; H*~*(Q)),
A%E(z,t) € L™=(0,T; H*~*(Q)),
A%n(z,t) € L>=(0,T; H*=4(Q)),
A%ny(z,t) € L(0,T; H*75(Q)),
Ap(z,t) € L=(0,T; H*7%(Q)),
Ay, t) € L0, T; H**(Q)).

Theorem 1.4. Suppose that Eq(z) € H*T2(Q)NHZ(Q), no(x) € HH(Q)NHE(Q),
ni(xr) € H¥=2(Q), | > 3. Then there exists a unique global smooth solution of the
initial boundary value problem (1.5)—(1.9),

A‘E
A’E

(z,t) € L=(0,T; H*~4(Q)),
t(x,t) ( (€)
A?n(z,t) € L0, T; H*~4(Q)
(@,t) ( (€)
(@,t) ( (€)

z, )
€ L°°(0,T; H*4()),

)s
A%ny(x,t) € L0, T; H*5(Q))
)

ny (X, 1) € L 0,T;H21_4 0)).

)

The paper is organized as follows: In Section 2, we establish a priori estimates
of the problem (1.10)—(1.15). In Section 3, first of all, we obtain the existence and
uniqueness of the global smooth solution of the problem (1.10)—(1.15) by the Galerkin
method [6]. Next, the existence and uniqueness of the global smooth solution of the
problem (1.5)—(1.9) are obtained.
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2. A PRIORI ESTIMATIONS OF PROBLEM (1.10)—(1.15)

Lemma 2.1. Suppose that Eg(x) € L?(Q). Then for the solution of prob-
lem (1.10)—(1.15) we have

IEC,D)IE2(0) = [1Eo(@)]172(q)-
Proof. Taking the inner product of (1.10) and E, we infer that
(2.1) (iF; + AE — H*A’E — nE, E) = 0.

By virtue of

. d
In(iE,, ) = 5 | B

l\9|’—‘

and by Green’s formula,
(2.2) Im(AE — H?AE — nE, E)
= Im/ (AE — H*A’E —nE)Edz

ov

O(AE) — OE _
2 _
+H /dQ( 0 E - Aan)ds /QnEEda:]

= Im[/ —Eds—/VE-Vde—l—HQ/AEAFdx
a0 Q

Im[—|VE||2L2 + H?||AE|3: — / n|E|2dx] -0,
Q

hence from (2.1) we get
d
SECHIE =0,
ie.
IEC, D172 = [ Eo(x)lI7-
(]
Lemma 2.2 (Sobolev’s inequality). Assume that v € L9(Q), D™u € L"(Q),
1<q,r<o0,0<j<m. Then we have the estimates
1Dl o0y < ClullGymriey Il
where C' is a positive constant, 0 < j/m < a < 1

1 j 1 m 1
—=i+a(———)+(1—a)—.
P n r n
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Lemma 2.3 (Gronwal’s inequality). Let n(-) be a nonnegative, absolutely con-
tinuous function on [0, T, which satisfies for a.e. t the differential inequality

' (t) < o(t)n(t) +p(t),

where ¢(t) and ¢ (t) are nonnegative, summable functions on [0,T]. Then

t
n(t) < efi V)0 [n<0> + [ dT}
0
forall0 <t <T.

Lemma 2.4. Suppose that FEy(z) € H?(Q2), no(z) € HY(Q), po(x) € H(Q).
Then we have
sup [ EIe + InlE + el ] < Cr.

tx

Proof. Taking the inner products of (1.10) and —F}, we infer that
(2.3) (iE; + AE — H*A’E —nE, —F;) = 0.
Since
Re(iB;, —E,) =0,
Re(AE,-E;) = Re(— /89 g—fft ds+ /Q VE-VE, dx) = % % IVE|32,

O(AE)
ov

Re(—H?A?E, —F;) = Re <H2/ E;ds — H2/ V(AE) -VE, dx)
on Q

Re (—H2 /d . 8(§VE> -VE,;ds+ H? /Q V(VE) - V(vE)d:c>

_H? d

2 dt [HEﬂclleLz + 2||E9€1$2||L2 + HE$2T2||L2}

1 1d 1
Re(—nE, —F;) = —/n|E|fdm=——/n|E|2dm——/nt|E|2da:

[\

_ ;(;1 n|E|? dz — l/ﬂnt(%_n-kHQAn)dx

= % % Qn|E|2daz: — %/ nypy do + i i ||”||L2 If % Hv"||2L2
-2 [ |E|2dm_l/Awtdxﬁ%m@w%%llwiz
:%%/n|E|2dx+idt 1l + S s+ 2L g,
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hence from (2.3) it follows that

24) 5 | IVBIEs + H*(|Brus 3 + 21 Brssall + 1 Brsealfs) + [ nlBPda
LIVl + 2 i + 2 5 Ivali:| =o.

Letting

w(t) = IVE(L> + H*(| ooy 72 + 20 Boroa |22 + | BoarallZ2) +/Q7”L|E|2dw

H?
—HVSOIILer InllZe + = IVnl2

and taking into account (2.4) it follows that
(2.5) w(t) = w(0).

By using Young’s inequality with e: ab < %eap + %bqs’q/”(p*1 +¢q~ ' —1), and the
Sobolev inequality, it follows that

1 1
< 7 lInle + 1B < 7 lInlZe + CIE| 62| B2

(2.6) ‘/Qn|E|2da:

—

H?
7 HnHL2 + = [HE£C1£C1||L2 + HE£C1£C2||L2 + HE:C2:C2||L2} +C.

W

Hence, from (2.5) we get
IVENL: + | Bz 72 + [ ErvwollTz + [ Basas 22 + IVl 72 + Il 22 + VR[22 < const.
(I

Lemma 2.5. Suppose that Eq(x) € H*(Q), no(z) € H*(Q), po(z) € H(Q).
Then we have

SupT[HAQEH%2 +InllEe + 1AellL: + [ Ell7e + lnllie + lelZ:] < Co

tx

Proof. Differentiating (1.10) with respect to ¢, then taking the inner products
of the resulting equation and E;, we obtain that

(2.7) (iBy + AE: — HQAQEt —mE —nE, Ey) = 0.
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Since

Im(iEtt, Et) =
|Im(—ntE, Et)'

||Et||L2, Im(AFE; — H*A?E; —nEy, E;) = 0,

N =
N A g|a

CllE|LlndllzllBellre < CUIEIL: + lImall72),

from (2.7) we get
d
3 1Bz < CUET: + Inel72).

Differentiating (1.11) with respect to ¢, then taking the inner products of the resulting
equation and n;, we conclude that

(29) (ntt - Agpt,nt) =0.
Since

1d
(e, ) = oW Inell32,  (—Agi,ne) = (—An+ H*A?n — A|E|?, ny),

1
(—An,ny) / 2™ ds—l—/Vn vntdx_idt [Vn|32,
(H A?n,ny) / (A ntds—HQ/ V(An) - Vn,dx
- H? a(v ) Vntds+H2/ V(Vn) - V(Vn;)des
oo OV Q

BT [”nxlle%Z + 2””:81962”%2 + ||nxz:c2||2L2L
[(=AIE”?, n4)| < CUIE| o< | Bayar Il L2 + | By || 2o | Bry || 22

+ | Ellpoe [ Evpas L2 + [ Bxs |l Lo By [ 22) 726 22
C(llnell7 + 1),

equality (2.9) yields

d
(2.10) [nellZe + 1VnlZ: + H2(Ineye 72 + 20000172 + [7020.1172)]

dt
C(llnellZ> +1).

From (2.8) and (2.10) it follows that

d
(2.11) 3 Bz + InellZz + 1VnlZe

+ Hz(”nl’lﬂh”%z + 2||n11962||%2 + ||nz2x2||%2)]
< O(mle + 1B 72 + 1)
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By using Gronwall’s inequality, we obtain
1Eel|Z2 + InellZe + V7072 + 11020 [ 22 + 170122 [ 22 + 17020, |72 < const.
From (1.10), (1.11), and (1.12) we get
|A2E||z> < const., ||Ap| 2 < const., |l¢]|r2 < const.
O

Lemma 2.6. Suppose that Fo(z) € H®(2), no(z) € H*(Q), po(x) € HA(Q).
Then we have

sup B + InelFe + 1 EwlZs + Inalli:] < Cs.

tx

Proof. Differentiating (1.10) twice with respect to ¢, then taking the inner
products of the resulting equation and Ey;, we obtain that

(212) (iEttt + AEtt - HQAQEtt - nttE - 2ntEt - nEtt, Ett) =0.
Since
. 1d 2 272
Im(lEttt7 Ett) = 5 & HEtt||L27 Im(AEtt - H°ANEyy — nkyy, Ett) =0,

< C|E| = lneell 2 1Bl 22 < CU|1Ewell 7 + Ineell72),
< C||Et||zo ||nell 2 | Bee|| 2
S CUI1Ewl32 + 1 El3n) < C1Ewll2 + IVEF2),

|Im(—nttE, Ett)'
[Tm(—2n; By, Ey)|

from (2.12) we get

d
(2.13) 3 |1 Bullie < CUBulzz + lnalis + IVEL:)-

Differentiating (1.11) twice with respect to ¢, then taking the inner products of the
resulting equation and ns, we obtain that

(2.14) (nue — Apye, n) = 0.
Since
1d 2 2 A2 2
(NttesMae) = 5% el 72, (—Apu,ny) = (—Ang + H A%ny — AE|7, ),
d(n 1d
(~ansm) == [ o) s+ [ e T do = 5 5 19,
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A
(HQAQnt,ntt) = H2/ 8(87%5) Tt ds — HQ/ V(Ant) . V’I'Ltt dzx
o0 v Q

0
= —H2/ M .Vnttds—l—HQ/ V(Vnt)V(Vntt)dx
o OV Q
2

A sl + 2neveat s + st ).
|(_A|E|§7ntt)|
S OBl 1 Ezyarell 2 + |1 Eell oo | Bryas |22 + [ Eay | oo | Bayell 22
+ 1Bl L=l Exyantll 2 + | Bl L[| Eoyes |2 + || Bayll Lo || Bayell 22) a2 2
C(1BararellZz + 1B En + 1Beiell7e + 1 BrawatllF2 + | Baaell 72 + 00l 72)
C1Exyartllie + | Besantll7z + IVE T2 + lInael|F2),

equality (2.14) yields

(2.15)

Q—'|CL

[||ntt||L2 VRl Ze + H2([0,00ell72 + 2000100172 + (7m0t 72)]
C1BarartllZs + IVEL: + | EroratllTz + InuelZ2).

Differentiating (1.10) with respect to ¢, then taking the inner products of the resulting
equation and —FE};, we conclude that

(216) (iEtt + AEt - H2A2Et - ntE - TLEt, _Ett) = 0.
Since
Re(iEy, —Ey) =0,

E — 1
Re(AE;—, Ey) = Re <—/ & Ey ds +/ VE,-VEy d$> =z ||VEt||L2a
aq Ov Q 2

CL|Q_,

1%6(-[{2A2l?t7 _Ett)

= Re<H2/ 8(§Et) Eyds —H2/ V(AE,) - VEy dx)

o9 v

E — _
= Re(—HQ/ M~VEttds+H2/ V(VEt)-V(VEtt)dx>
Ko 8V Q
H? d
= 2 dt [HE:cl:cltHL? + 2||Ex1:c2t||L2 + ||E:c2x2t||L2}

[Re(=n: B, —E)| < |||l poe el 2l Erell 2 < C(|| Buell 72 + 1),
[Re(=nEy, —Eu)| < Cllnllz< || Eell 2| Eullze < C([1Bull7> +1),
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from (2.16) we get

d
217) T [IVEN L+ H? (| Earasill 7242 Ervoat |2+ Brzent [72)] < CI1BullZz+1).
From (2.13), (2.15), and (2.17) it follows that
d 2 2 2 2 2 2
(2.18) —[I1Bullz2 + lInullze + [ Vnellzz + IV EdlZ2 + n01aaillzz + [n0swallze
+ ”natrzzzt”%2 + ||Ez1z1t||%2 + ”E'aL’wL’zt”%2 + ”Ezzzthsz}

< Cllnellze + 1BullFz +IVEN 2 + | Euyorell
+ ||E£C2£C2t||2L2 + 1)'

By using Gronwall’s inequality, we obtain

1Bl + IneellZe + [ Vnell7e + IVEG2 + 1neael 72 + Ineies 172

+ ||n$2$2t||%2 + ||E9€19€1t||2L2 + ||E:81:E2t||%2 + ||Ex2x2t||2L2 < const.
From (1.10), (1.11), and (1.12) it follows that

|AYE||> < const., ||A%n||2 < const., |[Ag|/y2 < const.,

NN

|A2E;|| 1> < const., ||Apy| 2 < const., |@ullr2 < const.

O

Lemma 2.7. Suppose that Eo(z) € H*T2(Q), no(x) € H2(Q), po(z) € H*(Q),
| > 2. Then we have

OiltlgT[llai_lEllip + 101l + 10BN 72 + |194n][72] < C.

Proof. Lemma 2.7 is true when ! = 2 (Lemma 2.6). Suppose Lemma 2.7 is
true when [ =k (k > 2), i.e.

OiggT[llaf’lEllip +10F il + 107 Bl + (107 nl72] < const.

Differentiating (1.10) (k + 1)-times with respect to ¢, then taking the inner products
of the resulting equation and 8f+1E yields that

(2.19) (0FT2E + 0FTYAE — H?0FT'A%E — 0 (nE), 0F T E) = 0.
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Since

m(i0f 2 E, 0 E) = %
(3™ (nE), 9t T B)|

d
o |0F T E|2,, Im(OF T AE — H20F ™ A%E, 0f T E) = 0,

CUIBN =10 nllre + | Bell L |0l pe + - .. + [OF B 2 Inel| L) |0 T | 2
CUIF T BZe + 10F nllZs + 1),

from (2.19) we get
d
(2.20) G197 Bl < CUI0F 72 + 10 0l 72 + 1).

Differentiating (1.11) (k + 1)-times with respect to ¢, then taking the inner products

of the resulting equation and 8f+1n, we obtain that
(2.21) (OF2n — OF L A, 08 1n) = 0.
Since

1d

(0 2n, 0y ) = 107" n 22,

2 dt
(=0T A, O in) = (=0F An + H?0FA%n — OFA|E?, 08 n),
(—0FAn, 95 +1n) = 0(0tn) Okt n ds + / V(0Fn) - V(0Fn) da
o OV
d K
=53 IVo n7e,

(H?0f A’n, 07 'n)

= H2/ 00t An) OFtlnds — H2/ V(0FAn) - V(97 n) dx
o OV Q

k
- —H2/ M-V(af+ln)ds+ﬂ2/ V(Vokn) - V(YO tin) da
o9 v Q

_ H? d
T2 dt
[(—0FfA|E?, 07 )|
C(IE|| |0 Exya, || L2 + | Ex, || o< |0 Eu, || 22
Bl o< 10 Exyas |2 + | By | Lo 10F By || 22 4+ D)[|0F 0| 2

[”aknl’ll’l ”L2 + 2||aan1I2||L2 + ”aknl’zl’z”Lz]

C|0F Exya, 22 + 107 Bay 72 + 107 Ezyas |72 + 108 Exy |72 + 105 nl|72 + 1),
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from (2.21) we get

d
(2.22) 3 105 nlIZe + 1V07nlIZz + 11087, 172

+ 10 n2r2s 172 + 10F Ny |72
< C10F Ezyas 72 + 10 Eay 172 + 10F Exya |17
X t izl L2 t HxillL2 t Hxox2 |l L2
+ 10f Beall7z + 110F 0|72 + 1)

Differentiating (1.10) k-times with respect to ¢, then taking the inner products of
the resulting equation and —8f+1E , we conclude that

(2.23) (0FT'E + 0FAE — H?0FAE — 0F(nE), -0 ™ E) = 0.
Since

Re(i0F ™' B, —oF ' E) =0,

k
Re(OFAE, —0FE) = Re(— / Maﬁ“ﬁdw / V(OFE)-V(0FE) dx>
oo Ov 9
o 1d PR
=351 IVOyE||Le,
Re(—H?0FA’E, —0F T E)

k
= Re <H2 /89 L%VE) 8f+1Eds

- H? / V(OFAE)-V(0F'E) dx>
Q

k
= Re(—H2/ MV(@{““E) ds
o0 8V

+ H? / V(VOFE)-V(VOFtE) dm)
Q
_md
2 dt
[Re(=0f (nE), —9f ™' E)|

[”awalwl ”%2 + 2||atkEl’112 ”%2 + ”afEIzIz ”%2]7

< C(IEl=llofn]rz + | Bell L 1oy nll 2 + ...+ [Inll < |07 Bl £2) |07 | 12
<O(IgF T BNz + 1),
from (2.23) we infer that
d
224) [IVO BNz + 1107 Barar 72 + 10F Bevas 72 + 107 Baaa I 72]
< C(|o7 B2 +1).
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From (2.20), (2.22), and (2.24) it follows that

(225) 3 [10F Bl + 10 3 + V0l + 10600, 132 + 08720,
110 N2, 72 + IVOFE| 72 + 110F By |72 + 10F By, |1 7.2
+110F Bz, 172
< C(10F )7z + |05 E |7 + 10F Bay 172
108 Bayor |22 + 10F Bugas |22 + |08 Euy |22 + 1).

By using Gronwall’s inequality, we obtain

10, ENZ: + 107 nllTe + IVl Lz + 107 naye, 172 + 108 naras T2 + 10 M, |17

+IIVOFE(2: + 10f Buva 72 + 107 Eayas | 22 + 10F By |72 < const.
Hence,

OiltlgT[llafEllip + 0 nlEe + 107 EBlIEs + 107 nl|72] < const.

The Lemma 2.7 is proved completely. (I

3. THE EXISTENCE OF GLOBAL SMOOTH SOLUTION FOR PROBLEM (1.5)—(1.9)

Definition 3.1. The functions E(z,t) € L>(0,T; H*(Q)) N W1°°(0,T; L?(2)),
n(x,t) € L°(0,T; H3(Q)) N WhHe(0,T; L3(2)), ¢(x,t) € L°°(0,T;H*(Q)) N
Wtee(0,T; L2(2)) are called the generalized solution of problem (1.10)—(1.15) if
they satisfy the integral equality

(3.1) (iExt,v) + (AEy,v) — (H?*A?Ey,v) — (nEj,v) =0,
(32) (nta ’U) - (AQD,U) =0,

(33) (@t; U) - (na U) + (HQAna U) - (|E|2’ U) = 07
with

(3-4) (Ek(,0),v) = (Eyo(2),v), (n(x,0),v) = (no(x),v), (¢(z,0),v) = (po(2),v),

and

O(VEy)| _0(Vn)| _
By BQ_ 07 n(l‘, t)|dQ = v 89_ Oa 50(1‘) t)|dQ - 07

kE=1,2,...,d, Yove L*Q).

(3.5) Eilaa =
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Theorem 3.1. Suppose that Eo(x) € H*(Q) N HZ(Q), no(x) € HE(Q), ¢o(z) €
H?(Q). Then there exists a global generalized solution of the initial boundary value
problem (1.10)—(1.15),

) € L*(0,T; L*(Q
) € L>(0,T; L*(Q
) € L>®(0,T; H*()),
) € L=(0,T; L*()),
) € L>(0,T; L*(Q))
) € L>(0,T; L*(Q))

))’
)

Y

3

Proof. By using the Galerkin method, choose basic functions {w;(z)} C HZ(Q)

as follows:
—Awj(z) = Nw;(z), 7=1,2,...,1,

wj($)|8Q — 8(ij) _ 8(ij)

ov ‘BQ ov ‘89
The approximate solution of problem (1.10)—(1.15) can be written as

=0.

l l
) =Y aptw;(z), met) =Y Bu()w;@), @ilwt) Z%z Jw; (
j=1 J=1

where
ajl(t) ( S)( )a g?)( )a'”? g(li)( ))

According to the Galerkin method, these undetermined coefficients a;;(t), 8;:(t), and
~v;i1(t) need to satisfy the following initial value problem of the system of ordinary
differential equations:

3.6) (B w) + (AEY w) — (HAEM w,) — (mE",w,) =0,
(3.7) (nig,ws) — (Apr,ws) =0, k=1,...,d, s=1,...,1,

(3.8) (o1, ws) — (g, ws) + (H2Anl,ws) (|El| yws) =0,

(3.9 EM(x,0) =By (2), m(z,0)=na(z), @(,0)=pu(x), el
where

2

4 2
EP(x) 15 B (@), nox) 5 no(@),  pn(z) 2 polx),
as [ —oo, k=1,2,...,d.
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Similarly to the proofs of Lemma 2.1 and Lemma 2.5, for the solution Fj(x,t),
ny(x,t), wi(x,t) of problem (3.6)—(3.9) we can establish the estimates

(310)  sup [IA2Ei(e, )]z + Imile, )l + [Ap(a, Dll2] < Ca,
0<t<T
(3.11) sup [ Eu(e )l + Inulls + lullze] < s,

where the constants Cy and Cj are independent of [. By compactness argument, we
can choose subsequences E,_(xz,t), n;, (z,t), ¢, (z,t), as m — oo such that

1 (2,1) — E(z,t) in L=(0,T; H?) weakly star,
(2, t) — Ey(z,t) in L>(0,T; L?) weakly star,
(z,t) — E(z,t) in L*(Qr) strongly and a.e.,

ny,, (x,t) — n(z,t) in L>=(0,T; H?) weakly star,
(z,t) — ny(x,t) in L>°(0,T; L?) weakly star,
1. (2, 1) — n(x,t) in L*(Qr) strongly and a.e.,
L, (2, 1) — o(x,t) in L°°(0,T; H?) weakly star,
(z,t) — @¢(2,t) in L>(0,t; L?) weakly star,

— nE in L>(0,T; L?) weaky star,

— |E(x,t)]? in L>(0,T; L?) weakly star,

Plmt
ng,, b,

m m

| By, (2,1) |

m

where Qr = Q x [0,T]. Hence, taking [ = l,,, — oo from (3.6)—(3.9), by using the
density of w; in L?(Q) we get the existence of a local generalized solution for the
problem (1.10)—(1.15). By the continuous extension principle, from the conditions
of the theorem and a priori estimates in Section 2 we can get the existence of the
global solution for problem (1.10)—(1.15). O

Theorem 3.2. Suppose that the conditions of Theorem 3.1 are satisfied. Then
the global generalized solution of the problem (1.10)—(1.15) is unique.

Proof. Suppose that there are two solutions F1,n1,¢1 and Fa, no, p2. Let
E:El_EQ, n=mniy— ny, Y = PY1 — 2.

From (1.10)—(1.15) we get

(3.12) iB; + AE — H?A?E —n1 By +ngFy =0,
(3.13) ny — Ap =0,
(3.14) 0r —n+ H*An — |E1|> + |E2)> =0
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with the initial data
(3.15) Eli—0=0, nl==0, ¢l =0,

and boundarty conditions

A(VE)

(316) E|dQ = £y ‘89 = 07
oV
(3.17) n(x,t)|aq = (81/”) ’BQ =0, oz, t)]oq=0.

Taking the inner product of (3.12) and FE yields

(3.18) (E; + AE — H*A*E —n,Fy + nyE», E) = 0,
1
Im(iEy, B) = 3 % |E|3:, Im(AE—G?*A’E,E) =0,

Im(n1E7 — noEs, E)| < |(nEy + noE, E)|
< CO(||Erll=Inllrz + [In2lle= | Bl L2) | £l 2
< C(Inl7= + I E[72),

from (3.18) we obtain

(3.19) B2 < OInls + 12)32).
Taking the inner product of (3.14) and ¢, we obtain

(3.20) (o —n+ H*An — |E1[* + | B, ¢) = 0.
Since

1d 9
(o1, 0) = > lellze,

[(=n, )] < C(lInll7z + lell2),
on

2 2 9¢ 2
(H*An,p)=H /(99( oo n V)ds—f—H /(mnAgodx

H? d
:HQ/antdm: Il

|((Ey — E2)Ey + E3(Ey — E2), )|
C(|Er L= I1El 22 + [ B2z | Bl 22) ] 2
CIEN72 + llellZe),

(= |E]? + | B2, o)

<
<
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from (3.20) we get

d
(3.21) 3 lelZe + lInllZ:] < CUIENZ: + lInllZ: + lll72).

Hence, from (3.19) and (3.21) we get

(3.22) %[HEﬂiz +lInllZs + llelZ:] < ClIEIL: + InlZ: + lelZ.].
By using Gronwall’s inequality and due to (3.15), it follows that
E=0, n=0, ¢=0.
The theorem is proved. (]

Theorem 3.3. Suppose that Eq(z) € H*T2(Q)NHZ(Q), no(x) € HE(Q)NHZ(Q),
wo(z) € H*(Q), I > 3. Then there exists a unique global smooth solution of the
initial boundary value problem (1.10)—(1.15),

A*E(x,t) € L*(0,T; H*~*(Q)),
A%E(z,t) € L>=(0,T; H*~4(Q)),
A%n(z,t) € L>®(0,T; H*4(Q)),
A%ny(z,t) € L>=(0,T; H*75(Q)),
Ap(z,t) € L*=(0,T; H*%(Q)),
Api(x,t) € L0, T; H*=())

Proof. Using Lemma 2.7 and the embedding theorems of Sobolev spaces, the
results of Theorem 3.3 are obvious. O

Theorem 3.4. Suppose that Eq(z) € H*T2(Q)NHZ(Q), no(x) € HH(Q)NHE(Q),
ni(xr) € H¥=2(Q), | > 3. Then there exists a unique global smooth solution of the
initial boundary value problem (1.5)—(1.9),

YE(z,t) € L®(0,T; H*~4(Q)),
A2Et(x,t) € L>(0,T; H* (1)),
A?n(z,t) € L>=(0,T; H*~4(Q)),
A%ny(z,t) € L0, T; H*5(Q)),
nge(z,t) € L0, T; H*'~4(Q))

Proof. Using Lemma 2.7 and the embedding theorems of Sobolev spaces, the
proof of Theorem 3.4 is easy. (]
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