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Abstract

In this paper we introduce a new sequence space BV, (M, u,p,r, ||-,...,-||)
defined by a sequence of Orlicz functions M = (M}) and study some topo-
logical properties of this sequence space.
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1 Introduction and Preliminaries

The concept of 2-normed spaces was initially developed by Gahler[2] in the
mid of 1960’s, while that of n-normed spaces one can see in Misiak[11]. Since
then, many others have studied this concept and obtained various results, see
Gunawan ([3], [4]), Gunawan and Mashadi [5] and many others. Let n € N and
X be a linear space of dimension d, where d > n > 2 over the field K (K is
the field of real or complex numbers). A real valued function |[-,..., | on X™
satisfying the following four conditions:

1. ||x1,@a,...,2,|| = 0 if and only if z1,29,...,2, are linearly dependent
in X;

2. ||z1,x2, ..., z,|| is invariant under permutation;

3. |laxy, xa, ..., 2, = || |21, 22, . .., @,|| for any o € K, and

4. lz+ 2" za,. . x| < 2,22,z |12 22, . 2|
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is called a n-norm on X and the pair (X, ||-,...,-||) is called a n-normed space
over the field K.
For example, we may take X = R” being equipped with the Euclidean

n-norm, ||x1,Ta,...,T,||r = the volume of the n-dimensional parallelopiped
spanned by the vectors x1,xo,...,x, which may be given explicitly by the
formula
||331,.132, o 71‘71”E = | det(xij”?
where z; = (z41,%2,...,%in) € R™ for each ¢ = 1,2,...,n and |.||g denotes
the Euclidean norm. Let (X, ||-,...,-]]) be an n-normed space of dimension
d > n > 2 and {aj,as,...,a,} be linearly independent set in X. Then the
following function |-, ..., |lcc on X"~! defined by
lZ1,z2, ..., Tn_1lloo = max{||z1,22,...,Tn_1,ai]: i =1,2,...,n}

defines an (n — 1)-norm on X with respect to {a1,as,...,an}.

A sequence (z1) in a n-normed space (X, ||-,...,-||) is said to converge to

some L € X if

lim || — L,21,...,2n-1]| =0 for every zq,...,2,—1 € X.
k—o0
A sequence (xj) in a n-normed space (X, |-, ...,-||) is said to be Cauchy if
lim ||zx —zp, 21,...,2n-1]| =0 for every 21,...,2,-1 € X.
k,p—o0

If every cauchy sequence in X converges to some L € X, then X is said to be
complete with respect to the n-norm. A complete n-normed space is said to be
a n-Banach space.

Let X be a linear metric space. A function p: X — R is called paranorm, if

1. p(z) >0, for all z € X;

2. p(—x) =p(x), for all z € X;

3. p(z+y) < p(z) +py), for all 2,y € X;
4.

if (o,,) is a sequence of scalars with 0, — 0 as n — oo and (z,) is a
sequence of vectors with p(x,, —z) — 0 as n — oo, then p(opz, —ox) = 0
as n — oo.

A paranorm p for which p(z) = 0 implies 2 = 0 is called total paranorm
and the pair (X, p) is called a total paranormed space. It is well known that
the metric of any linear metric space is given by some total paranorm (see [20],
Theorem 10.4.2, P-183). For more details about sequence spaces see ([6], [12],
[16], [18]).

Let I, and c denotes the Banach spaces of bounded and convergent sequences
x = (wg);—, respectively. Let o be an injection of the set of positive integers
N into itself having no finite orbits and 7" be the operator defined on [, by

T((xn)ff’:l) = (%(n))ff’:l-
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A positive linear functional ¢, with ||p| = 1, is called a o-mean or an
invariant mean if p(z) = p(Tx) for all z € [.

A sequence z = (z) is said to be o-convergent, denoted by = € V,, if p(z)
takes the same value, called o-lim x, for all o-means ¢. We have

V, = {:17 = (zy,): Z tm,n(x) = L uniformly inn, L =0 — limx} ,

=1

Tn+Zo(n)t - FTomn)
m—+1

for m > 0, n > 0, where, &y n(2) =
schaefer [19]), where 0™ (n) denotes the m'" iterate of o at n. In particular, if
o is a translation, a o-mean is often called a Banach limit and V, reduces to f,
the set of almost convergent sequences (see Lorentz [8]). Subsequently invariant
mean have been studied by Ahmad and Mursaleen [1] and many others.

A sequence space E is said to be solid(or normal) if (z;) € E implies
(apzy) € E for all sequences of scalars (ay) with |ag| <1 and for all k € N.

A sequence space E is said to be monotone if it contains the canonical preim-
ages of all its step spaces.

An orlicz function M is a function, which is continuous, non-decreasing and
convex with M(0) =0, M(z) > 0 for x > 0 and M (z) — o0 as £ — 0.

Lindenstrauss and Tzafriri [7] used the idea of Orlicz function to define the
following sequence space. Let w be the space of all real or complex sequences

x = (z), then
e Sl
EM{IEw.kl (p)< }

,and t_q, = 0 (see

which is called as an Orlicz sequence space. The space ¢, is a Banach space

with the norm
|| = inf {p > 0: ZM(@) < 1} .
P
k=1

It is shown in [7] that every Orlicz sequence space ¢j; contains a subspace
isomorphic to £,(p > 1). The Ay—condition is equivalent to M (Lz) < kLM (z)
for all values of x > 0, and for L > 1. An Orlicz function M can always be
represented in the following integral form

where 7 is known as the kernel of M, is right differentiable for ¢ > 0,7(0) =
0,7n(t) > 0, n is non-decreasing and 7n(t) — oo as t — oco.

A sequence M = (M) of Orlicz functions is called a Musielak—Orlicz func-
tion see ([10], [14]). A sequence N' = (N) defined by

Ni(v) = sup{|v|u — My (u): u>0}, k=1,2,...

is called the complementary function of a Musielak—Orlicz function M. For a
given Musielak—Orlicz function M, the Musielak—Orlicz sequence space t 4 and
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its subspace h g are defined as follows

tm = {x € w: Ipm(cx) < oo for some ¢ > 0},
ha ={x € w: Ipm(cx) < oofor all ¢ > 0},

where I, is a convex modular defined by
Im(z) = My(wx),z = (zx) € ta.
k=1

We consider ts equipped with the Luxemburg norm

||| = 1nf{l~c > 0: IM(k) < 1}

or equipped with the Orlicz norm
0 _ : 1
|z]|” = inf E(lJrIM(kx)) k>0,

Mursaleen [13] defined the sequence space

BV, = {x €ls Z | ©m,n ()] < 0o, uniformly in n}

where @, () =t n(2) — ti—1,,(x), assuming that ¢,, ,(z) =0, for m = —1.
Note that for any sequences z = (xx), y = (yx) and scalar A we have

Omn(T+Y) = @man(T) + Omn(y)

and

Pmn(AT) = Apmn(2).
Let M = (M) be a Musielak-Orlicz function, p = (p,,) be any sequence of
strictly positive real numbers and r > 0 the sequence space BV, (M, p, ) defined
by Raj, Sharma and Sharma [15].

Let M = (M) be a sequence of Orlicz functions and w(X) denotes X-valued
sequence spaces. Let p = (p;,,) be a bounded sequence of positive real numbers
and u = (ug) be any sequence of strictly positive real numbers. In the present
paper we define the sequence space:

BV (M,U;,p,'ﬁ ||7a||) =

> 1 m,n\L Pm
{x:( g —[SupukMk(HL n ),zl,...,zn_1||)} < 00,
m” Li>0 p

m=1

uniformly in n and for some p > O}.
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For M(z) = z, we get

BVU(u,p,T,||~,...,-||)=
el 1 Somn(x) DPm
= (k) €w(X): —[supuk( L 2,y 2 )} < 00,
{ =G0 0+ 3 L [supue (1755 2 1||

uniformly in n and for some p > O}.
For p = p,,, = 1 for all m, we get
BV, (M,u,r, ||+ ...,-]) =
{a: = (zx) € w(X): i % {supukMk (HM,ZM.-.,%AH)] < o0,
1 TV L E>0 p
uniformly in n and for some p > O}.
For r = 0, we get
BV,(M,u,p,||,...,-]|) =
{o= (@) ewx): Y

1

X Pm
[supukMk(HLm’n( ),zl,...,zn_1||>] < 00,
k>0 P

uniformly in n and for some p > O}.

For M(z) = z and r = 0, we get

BVU(uapv ||77||) =
°© m.n T Pm
{:17 = (z1) € w(X): Z [Supuk(HL(),zl,...,zn_1||)] < 00,
ey - k>0 P

uniformly in n and for some p > O}.

For p = p,, =1 for all m and r = 0, we get

BV,(M,u, | ..., ) =
{1’ = (xk) S w<X) : Z {i{;%ukMk(l|%7Tm721, . '7271*1”)} < 0,
m=1 =

uniformly in n and for some p > O}.

For M(z) =z, p = p,, = 1 for all m and r = 0, we get,

BV (u,||...,]) =
{:c = (zx) € w(X): mZZI [21;%’%0('%’;'(Sc),zl,...,zn_lﬂﬂ < 00,

uniformly in n and for some p > O}.
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If we take u = up = 1 for all k we get,

BVU(Map7T7||'7~'~7'||):
< 1 Omn(T) Pm
= () € w(X): g —[Su M(i s 21y e e ey Bne )] < 00,
{ (zk) (X) e kg% Kl P 1 1]l

uniformly in n and for some p > O}.

The following inequality will be used throughout the paper. If 0 < pr < suppr =
H, K = max(1,2%71) then

lar + b ["* < K{|ak|"* + bk} (1)
for all k and ag, by, € C. Also |a|P* < max(1,|a|?) for all a € C.

The aim of this paper is to examine some topological properties and inclusion
relations between above defined sequence spaces.

2 Some properties of sequence space BV, (M, u,p,r, |- ...,

Theorem 2.1 The sequence space BV,(M,u,p,r, ||, ...,-||) is a linear space
over the field of complex numbers C.

Proof Let z,y € BV,(M,u,p,r,||,..., ]|) and «, 3 € C. Then there exist
positive numbers p; and ps such that

mr
m=1

o0
1 Pm
E —{supukMk(HM,zl,...,zn,l)} < 00,
k>0 P1

uniformly in n and for some p; > 0

and
o0
1 Pm
Z —{supukMk(HLn(y),zl,...,zn_l)} < 00,
= m" k>0 P2
uniformly in n and for some ps > 0.
Define

ps = max(2|alpy, 2|5]p2).
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Since M = (M},) is non-decreasing, convex and so by using inequality (1.1), we
have

— 1 m.n (O +
Z [SupukMk<||<p7(0;§6y)7217"'7Zn—1|>i|p

o 1 AP ()
<Y s und (| ]

m=1 " k>0 P3
Pm
+Hﬁ@m,n(y)721, azn71||)]
P3
o0
1 T
<K Z —r[supukMk<”80m n )721’”.72”71”)]
m=1 m k=0
oo
1
+ K Z — {supukMk(” Pm n(y)’zh L Zn71||)i|
m=1 m k>0
< 00, uniformly in n.
This proves that BV, (M, u,p,r,|[-,...,-||) is a linear space over the field C of
complex numbers. -

Theorem 2.2 Let M = (My,) be a sequence of Orlicz functions, p = (pm) be a
bounded sequence of positive real numbers and u = (uy) be a sequence of strictly
positive real numbers, the space BV, (M, u,p,r,|",...,-||) is a paranormed space
with the paranorm defined by

. Pn > ]- m.n X Pm L
gm=mvw(2@hgwMﬁ7Q@wwmm )T,

n>1
m=1
uniformly in n} ,

where H = max(1,sup py,).

Proof It is clear that g(x) = g(—z). Since M(0) =0, we get g(0) = 0. By
using Theorem 2.1, for « = g =1, we get

g(x+y) < g(x) +g(y).

For the continuity of scalar multiplication, let A # 0 be any complex numbers,
then by definition, we have

g(Azx) = inf {p%n: (i L{supukMk(HC'OT'L(/\:E),zl,...,zn_l)]pm) <1,

>1 r
nz g L k>0 P

uniformly in n}
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g() = inf {(\s) %
> 1
(3 o lpwan (122205 )] ) <

uniformly in n}7

where s = ﬁ Since |A[Pm < max(1,|\|?), we have

g(Az) < max(1, ]\|) inf {ﬁ :

e ]_ Som,n Pm %
(Z —{supukMk<H ,21,...,27,,_1”)] ) ) <1,
oy M LE>0 S

uniformly in n} = max(1, |A\|9)g(z),

and therefore g(A\x) converges to zero in BV, (M,u,p,r, |-, ...,-||). Now let
be fixed element in BV, (M, u,p,r, ||, ...,||), there exist p > 0 such that

. Py =1 mn (T Pm\
g(z) = inf {pH : (Z m{s};li%ukMkO(pvp()’zl,...,znq”)] )H <1,

uniformly in n}

uniformly in n} —0as A — 0.

This completes the proof.

Theorem 2.3 Suppose that 0 < pp, < g, < 00, for each m € N and r > 0.
Then

(7’) vif(Mauvva'v'”a'”) c BVU(Mauv(LH'v"‘?'H)’
(i) BVy(M,u, ||, ..., ) € BVo(M,u,r, | ...,-])-
Proof (i) Suppose that © € BV, (M,u,p,||,...,||). This implies that

Pm
[supukMk(HLm’n(m),zl,...7zn,1|\)} <1
k>0 P
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for sufficiently large value of m, say m > mg for some fixed my € N. Since

M = (My,) is non-decreasing, we have

- m,n\L qm

S [swpuadte (122 )]

— Li>0 p

m=mgq
< i [SupukMk(”MVZ - 17' . '7Zn—1H)i|pm < 00.
meme k20 p
Hence z € BV, (M, u,q,||-,...,|.
(ii) Suppose that z € BV, (M, u, ||-,...,-||). This implies that

[supuedr (1222 )] <1,
k>0 P

for sufficiently large value of m, say m = my for fixed mg € N. Since M = (M})

is non-decreasing, we have

=1 mon (T
Z —T[supukMk(Hicp il ),zl,...,zn_1||>]
m’ Lg>0 P

m=mqg
— (z)
< Z {supukMk(Hm,le-~7Zn71|‘)} < 00.
. Dk>0 P
0
Hence © € BV, (M,u,r, |- ...,-|)-

Corollary 2.1 (i) If 0 < p,, <1 for each m, then

BVO—(M,u,p, ||7 .. 7”) - BVU<M’U7 H’ s 7”)
(i) If py, > 1 for all m, then
BVU(Mvu’H'v"'v'H) - BVU(M7’U,,p, ||77||)

Proof It follows from the above Theorem.

Theorem 2.4 The sequence space BV, (M, u,p,r, |-, ...,-|) is solid.
Proof Let z € BV, (M,u,p,r,|,...,||). This implies that

oo

- x Pm

S = [swpwt (222t 2 )] <
—_ k>0 P

Let (o) be the sequence of scalars such that |, | < 1 for all m € N. Then the

result follows from the following inequality

= e (x) P
Z m~" [supukMk(Hmtp%, 21y ,zn,1||>]

m—1 k>0

oo
< Zm T[supukMk(Hspm’in(),zh-.-,Zn—1||)} < oo.
k>0 P

m=1
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Hence ax € BV,(M,u,p,r,||,...,-||) for all sequences of scalars («,,) with
|am,| <1 for all m € N whenever @ € BV, (M, u,p,r,|-,...,-|)- O
Corollary 2.2 The sequence space BV, (M, u,p,r,|-,...,||) is monotone.

Proof It follows from the above Theorem. O

Theorem 2.5 Let M = (M), M' = (M}), M" = (M}!) are sequences of
Orlicz functions satisfying Ao-condition and r,r1,79 > 0. Then we have
(i) If r > 1 then BV, (M, u,p,7,||-,...,-||) C BVo(Mo M  ju,p,r |- ...,-),
(i1) BVo (M Ju,p,r, |-y [) N BVe (M uypory |-+

g BVU(M/+M/17U7P7T7 ||a7||)7
(’LZZ) If’l"l S T2 then BVO-(./\/L’U,,p,Tl, H7 . 7”) g BV0<M7U7P7T27 ||7 .. 7||)

Proof (i) Since M’ = (M) is continuous at origin from right for all k, for e > 0
there exists 0 < § < 1 such that 0 < C' < § implies M/ (C) < e. If we define

I, = {m € N: supukM,'c(HM,zl, .. .,zn_1||) <4, for some p > O},
E>0 P

I = {m € N: supukM,’c(HM?zl, .. .,zn,1||) > ¢, for some p > 0},
E>0 P

when supj~ UkM]/C(”WL'Tn(x)7Zh . ,zn,lﬂ) > 0, we get
Pmn ()
sup up My, supMk l———=, 21, zn—1]|
k>0 P

< {ZSupukMk(l)/(S} supukM,'g(H(an(x),zl, .. .,zn_1||).
k>0 P

k>0
Hence for x € BV,(M',u,p, |-, ...,]|) and r > 1, we have
- Pmn(T) P
Z m=" {supuk(Mk o Mj) (HL, 21y ,zn_1||>}
oot k>0 P
_ x Pm
= 3 m [sup w00 ) (1222 2y )]
mely k>0 P

+ Y m {Supuk MkOMk)(I%T"()ath»Zn1”)}"%

mely
<) m7E

mel;

Pm
+ Z m" [{ sup2ukMk(1)/(5} supukM,’g(”M’Zh 3 _7Zn_1||)}
k>0 k>0 p

mels

< max(eh, ) i m=" + max ({ 2M§(1) }h’ {2M§(1) }H>

m=1
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where 0 < h = inf p,, < py, < H = suppy, < oo.
(ii) The proof follows from the following inequality

- T Pm
m~" {supuk(M,’c + M;Q’)(HL”(),zl, . .7,2",1”)}
k>0 P

Pm
< om = fuentf () ) )]
p
. Pm
+KmT|:ulelc/(|SD,p()azlw-')Zn—lH)] .
(iii) The proof is straight forward. O

Corollary 2.3 Let M = (My,) be a sequence of Orlicz functions satisfying Aq-
condition. Then we have

(i) If r > 1, then BV (u,p, 7, ||,...,-||) C BVo(M,u,p, 7 |-y ,-1),
(”) BV{T(Mvuap7 ||7 . 7”) g BVU(M7U7pa T, ||7 <. '7'”);
(”Z) Bvﬂ(u7pa ) ||7 . 7”) g Bvﬂ(uapvrw ||7 <. '7'”);
(iv) BV,(M) C BV, (M, u,r,, || ...,)-
Proof The proof follows from the above theorem. O
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