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Abstract. A discrete model of the two-dimensional Signorini problem with Coulomb
friction and a coefficient of friction F depending on the spatial variable is analysed. It
is shown that a solution exists for any F and is globally unique if F is sufficiently small.
The Lipschitz continuity of this unique solution as a function of F as well as a function
of the load vector f is obtained. Furthermore, local uniqueness of solutions for arbitrary
F > 0 is studied. The question of existence of locally Lipschitz-continuous branches of
solutions with respect to the coefficient F is converted to the question of existence of locally
Lipschitz-continuous branches of solutions with respect to the load vector f. A condition
guaranteeing the existence of locally Lipschitz-continuous branches of solutions in the latter
case and results for determining their directional derivatives are given. Finally, the general
approach is illustrated on an elementary example, whose solutions are calculated exactly.
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1. INTRODUCTION

Contact problems describe the behaviour of loaded deformable bodies in mutual
contact. On the contacting parts one often has to take into account non-penetration
as well as frictional conditions. The Coulomb law of friction leads to a complicated
mathematical problem, in which a lot of issues are still open. In the static case
of linear elasticity, existence results have been obtained for a small coefficient of
friction F (see e.g. [13], [4]). More recently, it has been proved in [14] that if a
solution possesses a certain property, it is unique provided that F is small enough.

The present work was supported under the grant No. 18008 of the Charles University
Grant Agency and under grant No. 201/07/0294 of the Grant Agency of the Czech Repub-
lic. The support of the Necas Center for Mathematical Modeling is also acknowledged.
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On the other hand, some examples of non-uniqueness are known for large F ([9],
110]).

In the finite element setting it is known that the discretized problem admits al-
ways a solution. There are even results guaranteeing uniqueness of the solution (see
e.g. [7]). However, most of them are of global nature and need the assumption on
the magnitude of the coefficient of friction F again. To the author’s knowledge the
only result concerning local uniqueness of solutions, which admits even large F, has
been presented in [11]. Therein, the discrete problem is formulated as a system
of non-smooth equations and a suitable version of the implicit function theorem is
employed to establish the result.

Having been inspired by this approach, the present paper deals with the local
behaviour of discrete solutions. It analyses dependence of solutions not only on the
coefficient F as in [11] but also on the loading. In fact, the role of loading seems to
be important, as well (see e.g. the discrete model with non-unique solutions in [12]).
Besides, qualitative properties of solutions are established.

The paper is organized as follows: Section 2 is devoted to discrete contact prob-
lems with given friction, which form basis of our study of problems with Coulomb
friction. In Section 3 we prove that the discrete contact problem with Coulomb fric-
tion admits always a solution and that the solution is globally unique provided that
the coefficient F is small enough. Moreover, we show that the unique solution is a
Lipschitz-continuous function of F. To get local uniqueness results we first reformu-
late the problem with Coulomb friction as a system of generalized equations. Using a
generalization of the implicit function theorem to this case we show that there exist
locally Lipschitz-continuous branches of solutions as functions of the coefficient F if
there are locally Lipschitz-continuous branches of the solutions as functions of the
load vector f. Consequently, we focus on the dependence of the solutions on f and
show that it is Lipschitz-continuous provided that the magnitude of F does not ex-
ceed the bound guaranteeing the global uniqueness of the solutions derived before.
Next, we present the formulation of the problem consisting of piecewise-differentiable
equations. Making use of the implicit function theorem corresponding to this case
we arrive at a condition on the determinant sign of particular Jacobians that ensures
the existence of locally Lipschitz-continuous branches of the solutions with respect
to f. Results for determining directional derivatives to these branches are also ob-
tained. Finally, Section 4 deals with an elementary example with one contact node.
After calculating all its solutions, we discuss the question of their uniqueness or local
uniqueness with regard to the previous general results.

We consider a linearly elastic body whose reference configuration is given by a
bounded domain 2 C R? with the Lipschitz boundary 9. Let Ty, I}, and I. be
three disjoint, (relatively) open subsets of 9 such that 9Q = T}, UT, UT.. The body
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is fixed on I, surface tractions of density p act on I} while a rigid foundation S
supports the body unilaterally along I'.. In addition, the body is subject to volume
forces of density f. We seek the equilibrium state of the body. In the sequel, we
shall suppose that there is no gap between S and T.

The so-called Signorini problem consists in finding a displacement vector u: 2 —
R? satisfying the following equations and boundary conditions:

—divo(u) = f in Q,
o(u) = Ce(u) in Q,
u=20 on I},
ol =p on I},

u)v
u, <0, o,(u) <0, wu,o,(u)=0 onl..

Here o(u) is the stress tensor, e(u) = 1/2(Vu + V "u) is the linearized strain tensor
and C is the 4th order elasticity tensor. By v we denote the unit outward normal
vector to 9 and u, = u - v, 0,(u) := (o(u)v) - v stand for the normal components
of the displacement vector u and of the stress vector o(u)r on I, respectively.

To take into account effects of friction, let ¢t be a unit tangent vector orthogonal
to v. Then u; := u-t and oy(u) := (o(u)v) -t denote the tangential displacement and
the tangential contact stress on I, respectively. The Coulomb law of friction reads
as follows:

ot (u)(@)] < =F(z)ou (u) (),

ut(x) T € PC.
u(z) #0 = o¢(u)(z) = F(z)o, (u)(z)

|ur ()]

Throughout the paper we shall use the following notation: (-,-), stands for the
scalar product in R™, ||-||,, for the corresponding norm, whereas |||/, .o denotes the

max-norm in R™:

[ 0]

n,00 — iznllax lvil, v =(v1,...,vn) €R™

ERRER)

The symbol ||-||,, is also used for the matrix norm in R™*™ generated by the vector

norm ||-||.

2. DISCRETE CONTACT PROBLEMS WITH GIVEN FRICTION

This section deals with the two-dimensional Signorini problem with given friction
in which the threshold for the magnitude of oy is set to be the product of F and a
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given slip bound g. It is assumed that F depends on the spatial variable, i.e. F =
F(z). A finite element approximation of this model leads to the variational inequality
(for more details see e.g. [8]):

Find v € K such that

(P(f,F.9)) (Au, v —u), + Zﬂgi(l(Btv)il —(Biu)i]) = (f,v —u)n

Vv e K,

where u represents the displacement vector and K is the convex set of all kinemat-
ically admissible displacements:

K ={veR": Byv<0}

with n being the number of degrees of freedom. By A € R™*™ we denote the stiffness
matrix satisfying:

2.1) { () a=ar

(ii) I3y > 0: (Av,v), = 7|v|? VYveR"™

The matrices B, By € RP*", where p is the number of the contact nodes, represent
the linear mappings associating with a displacement vector its normal and tangential
component on the contact zone, respectively. Hence we may suppose that

(j) the Euclidean norm of each row vector of B,, B; is equal to one;
(2.2) (ji) each column of B,, B; contains at most one nonzero element;

(.].].]) BIUV + B;rlv’/t =0 < (If‘ualit) = (0,0) S [RQP.
Note that (jjj) holds if and only if there exists 5 > 0 such that

(23) sup (/"’Va va)p + (”‘tv Btv)p

= Bl (b )ll2p Y (p, ) € R,
0#£veERn vl

Further, F = (F1,...,Fp), 9 = (91,---,9p) € R characterize the distribution of
the coefficient of friction F and of the given slip bound ¢ in the contact nodes,
respectively, and f € R™ denotes the load vector.

Using the Lagrange-multiplier sets A, and A;(F,g) defined by

A, = RP,
At(fvg) = {“’t - (Mt,lw "a/jft,p) € RP: |,uft,i| < fzgl Vi= 17"'ap}7
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one can reformulate problem (P(f,F,g)) as follows:

Find (u, A, A¢) € R" x A, x Ay(F,g) such that
(Au,v), = (f,v)n + (A, Bov)p + (A, Biv), VoveR",
(1y — Au, Byuw)p + (e — Ae, Byw), > 0

YV (py, ) € Ay X A(F, g).

(M(f,F,9))

Properties of both problems are summarized in the following proposition.

Proposition 2.1. Let (2.1) and (2.2) be satisfied. Then for any F,g € R and
any f € R™ there exists a unique solution to (P(f,F,g)) as well as to (M (f,F,g)).
Moreover, if (u, A,, A) is the solution of (M(f,F,g)) then u solves (P(f,F,g))
and we have

(2.4) ul, < ”f”n7
(2.5) H(’\m/\t)Hzp < H.fﬁ”n (":'rz 4 1>7

where (3 is the constant from (2.3).

Proof. Since (P(f,F,g)) is a variational inequality of the second kind, its
solvability and uniqueness are established in [6]. To prove that (M (f,F,g)) has
a unique solution, one can introduce an equivalent saddle-point formulation and
apply results from [5] showing also the mutual relation between the solutions to
(P(f,F,g)) and (M(f,F,g)). Inserting v := 0 € K into (P(f,F,g)), we obtain

P
i=1
Using (2.1), we get:
P
lwly < (Aw,w), + Y Figil(Bew)il < (F,w)n < || Fllnllee]n,
i=1

which yields (2.4). To prove (2.5) we employ (M (f,F,g))2:

(Av; Buw)p + (A, Bio)p = (Aw,v)n — (F,0)n < |Allnlullnllvlln + ([ Fllnlv]n
Vv e R".
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From this, (2.3), and (2.4) we have:

Bl Aoy < sup Bl t (v, Brv),
0#£veER™ [l

flln
< IAlallel + 1] < ||A||n% .

O

It iS V\/Orth mentioning lha‘ ‘he boundS (24) and (25) are independent ()f .7 ,g S
R .
+

3. DISCRETE CONTACT PROBLEMS WITH COULOMB FRICTION

Having studied the problems with given friction, we are able to present the fixed-
point formulation of the problems with Coulomb friction. To this end let f € R™ be
fixed and let us introduce the mapping G: RY x Rf — R by

g(fhg):_Al/) ]:,QE[RP,

where A, := A, (F, g) is the second component of the solution to (M (f,F,g)).

Definition 3.1. Let f € R™ and F € RY be given. Any triplet (u,A,, A¢) is
called a solution of the discrete contact problem with Coulomb friction if it solves
(M(f,F,—Av)), i.e. =\, is a fixed point of the mapping G(F,-):

g(f7 _)\1/) = _)\1/-

Lemma 3.1. Assume that (2.1), (2.2) hold and f € R™, F,F,g,g € R are arbi-
trary. Let (w,A,, A¢), (@, Ay, A¢) be the solutions to (M (f,F,g)) and (M (f,F,g)),
respectively. Then

(3.1) fu-aly < e g gy, o e 57,

B2 [ = XA = Ay < T g g, 4 LA e,
In particular, if 7 = F then

(3.3) 1A = Aully < % g - gl

ie. G(F,-): RY — RY is Lipschitz-continuous in R .
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Proof. Insertingv:=u € K in (P(f,F,g)) andv:=u € K in (P(f,F,3)),

we have
([(Bew)i| — [(Bew)i|) = (f,u — u)y,

(Au,u —u),

(I(Biw)i| = |[(Brw)il) = (f,u — @)n.

i M@ I M“

Summing the two inequalities and using (2.1) and (2.2), we arrive at
p p—
Ve —al; < (A(a—u),a —u), <Y (Figi — Figi)(|(Biw)i| - |(Bew)il)
i=1

ZU—" —3)||(Bya — Byu); |+Z|]—" F)7ill(Bia — Byu);|

i=1

< ||7"||p7oo|\g = gllpllt = ulln + [|F = Flp.cclglplla - uln,

which leads to (3.1). Furthermore, the difference (M (f,F,g))2 — (M (f,F,g))2

results in
(A=A, Bv)p+ (A= Ar, Bi), = (A(u—a),v) < ||All|u—al.lv], YveR"
From this and (2.3) we obtain

A \ AV—Xll?BV )‘_XvB
ﬂ”()‘v - Auy At - At)ng < sup ( v)p + ( t t t’l])p

0#£vER™ [l
< Allnllw — all,
which together with (3.1) completes the proof. O

Let
Br(0) = {u € R”: |ul, <R}, R>0.

The next theorem guarantees the existence and under an additional assumption also
the uniqueness of the fixed points we seek.

Theorem 3.1. Suppose that (2.1) and (2.2) are satisfied. For any f € R™ and
any F € RY there exists at least one fixed point of the mapping G(F,-). All the
fixed points are contained in RY, N Br(0) with R = ||f|./0 - (|Alln/y +1). In
addition, the fixed point is unique provided that ||F||p.co < 57/l Alln-
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Proof. It follows from the Brouwer and the Banach fixed-point theorems by
making use of Proposition 2.1 and Lemma 3.1. O

Corollary 3.1. Let (2.1) and (2.2) be satisfied. For any F € R, || F|p0 <
Bv/|Alln, and any f € R™ the discrete contact problem with Coulomb friction has
a unique solution. In addition, the method of successive approximations converges
for any choice of the initial approximation.

Confining ourselves to F such that || F|lpcc < Fmax for an arbitrary Fpax €
[0, 5v/||Alln), we shall show that the solution of the contact problem with Coulomb
friction is a Lipschitz-continuous function of . For this purpose we define a mapping
Sr: R — R™ x R x RP for a fized f € R™ by

By

Si(F) = (u, A, Nt), FERL, || Fllpoo < AT,

where (u, A,, A¢) is the unique solution to the contact problem with Coulomb friction
with the coeflicient F and the load vector f.

Theorem 3.2. Let (2.1) and (2.2) be satisfied and let f € R™ be arbitrary. Then
for any Fmax € [0, 8v/||Alln) there exists 6 > 0 such that:

”Sf(]:) _Sf( )||n+2p 5”-7: f”poo V]: Fe Rﬁ_, ||-7:||p,om”f||poo < Fmax-
Proof. For given Fax € [0, 37/||All,) and F, F € RE with || F||p. 0 | Fllp,oo <

Fmax let (u, A, Ny) := Sp(F), (4, A, At) := Sp(F). Further, let {g*}, {g"} be
sequences defined by

A
g =6(F.¢", g =6Fg"), k=12..
From Corollary 3.1 we know that
Jm =X fim gt = A
First, (3.2) and (3.4) give
7 = Al l1g°l =
3:5) lg' —g'll, = 16(F.9°) = G(F, "), < Tp [F = Flip.oo
< [ALNFl (1Al — _
< 32~ ~y + 1| F = Fllpoo = cl|F = Flip,oo
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where ¢ := [|A||,|| Flln/(3*Y) - (|Alln/y + 1). From (2.5), (3.2), and (3.5) we obtain

19> = 3°ll, = 1G(F.g") — G(F,g")ll,
< Al | F 1l p,00

By
<dqlg' = g'lly +c|F - F|

Al.llg" =

poo < (cq +0)||F — F]|

lg* —g'll, +

P,

with ¢ := Fmax||Alln/(87) < 1. Thus by induction,

g, <ol F = Flpoo +allg” — 5"l

<
<|F = Flpoo +alct+eqg+...+cd" DF = Fllpo
C —
< I1F = Fllp,oo-

llg P

1—¢

Letting k£ — 0o, we obtain

_ c —
(3.6) 1A = Avllp < 7= . 1F = Fllp,oo-
Inserting g := —A, and g := —A, into (3.1), using (3.6) and Theorem 3.1 we see
that
_ Fllp, < A _
fu—afy < ooy, x4 el 27,
Y Y
Cfmax ||.f||n (”A”n )) T
< + +1 F — Fllp,oo-
<7(1 -q) By \ v H Iy

Finally, (3.2) with g := —\, and g := —A\, together with Theorem 3.1 and (3.6)

ensures that
_ _ — c —
[Ae = Aellp < qlldw = Aulp + | F = Fllp,eo < o |F — Fllp,oo-

O

In the sequel, we shall restrict ourselves to the coefficients of friction F with
positive components solely. On the other hand, no upper bounds will be imposed,
i.e. F will belong to the set A defined by

A={FeR: F,>0Vi=1,...,p}.

As we know from Theorem 3.1, there exists at least one solution to the contact
problem with Coulomb friction for any F € A. Next, we shall study the behaviour
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of such solutions as functions of F € A and of the load vector f € R™, respectively.
For this purpose we introduce an alternative definition of the problem in which the
Lagrange-multiplier set A¢(-) does not depend on F.

Let F € A, g € R". be given and set

Ai(g) = {me €RP: ppi| < g Vi=1,...,p}.

As an alternative to (M (f,F,g)), a mixed formulation of the problem with given
friction reads as follows:

Find (u, A, A¢) € R™ x A, x Ay(g) such that
(Au,v), = (f,v)n + (A, Byv)p + (FA¢, Byv), Yo e R,
(s = Av, Byu)p + (F(pe — Ar), Bru)p = 0

V(s i) € Ay X Ai(g),

(M*(f,F,9))

where F := F(F) = diag{Fi,...,Fp} € RP*P,

Clearly, the triplet (w,A,,A;) solves problem (M*(f,F,g)) if and only if
(u, Ay, FAt) is a solution of (M (f,F,g)). Hence, the existence and the uniqueness
of the solution to (M*(f,F,g)) result from Proposition 2.1.

Now we are ready to rewrite Definition 3.1.

Definition 3.2. Let F € A be given. Any triplet (u,A,,A;) is said to
be a solution of the discrete contact problem with Coulomb friction if it solves

(M*(f,F,—X\)).

Since there is a one-to-one correspondence between the solutions established by
this and the former definition, the existence and uniqueness results remain valid.

Next, we derive an equivalent formulation of the contact problem using Defini-
tion 3.2. Let f € R™ be fized and let (u,A,, At) be the corresponding solution of
(M*(f,F,—A,)). The inequality (M*(f,F,—X,))s can be written as

—B,u € NAU ()\l,), —FBiu € NAt(f)\u)()‘t)a

where Np, (1), Na,(—x,)(1) denote the normal cones of A, and A¢(—A,), respec-
tively, at a point u € RP. Consequently, the solution of the discrete contact problem
with Coulomb friction can be characterized as a solution to the system of generalized
equations

(3.7) Find y € R""? such that 0 € C¢(F,y) + Q(y),
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where Cy: A x R"T2P — R™"2P and Q: R™"2P = R™?P are the single-valued, con-

tinuously differentiable function and the set-valued mapping, respectively, defined by

A —B;r —B;rF u I
Cf(]:a y) = B, 0 0 Ay - o],
FB; 0 0 At 0
0
Qly)=| MN.(A) |,

Na,(-x,) (A1)
F = (Flv"'vfp) € Av Yy = (ua)‘ua)‘t) € RnJerv
with F := F(F) = diag{F1,..., Fp}.
Interpreting F as a perturbation parameter and following the technique used in [1],

we shall analyse this system according to [15] (see also [3]):
Let F° € A be a reference point. Assume that y° € R"+2P is such that

0eCr(F,y°) + Qy").
Define multi-valued functions Sf: A = R"*?7, 3p: R = R™F2P by

(3.8) Sf(F)={yeR": 0 Cs(F,y)+Qy)}, FeA,
$r(€) ={y e R": £ € Cp(F°,9%) + VyCr(F°,4°)(y — ¥°) + Qy)},
€ c [R"-FQP,

where V,C(F°, y°) stands for the gradient of Cy with respect to y at (F°,y%). In
other words, S;(F) is the solution set of (3.7) for a given coefficient F € A and
the load vector f € R™. Furthermore, 3 (&) is the solution set to the generalized
equation obtained by the partial linearization of C¢(F,y) in (3.7) with respect to
the second variable around the reference point (F°, y°).

The following generalization of the implicit function theorem holds (see [3, Theo-
rem 5.1]).

Theorem 3.3. Assume that there exist a single-valued Lipschitz function ¢¢ from
a neighbourhood W of 0 € R™*2P into R"*2? and a neighbourhood V of y° such
that

dr(0)=¢° and  @(§) =Zf(§)NV VEeW.

Then there exist neighbourhoods U and V' of F° and y", respectively, and a single-
valued Lipschitz map op: U — V with

of(FO) =y’ and oy (F)=8j(F)NV VFeU.
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Let us mention that if Q@ = 0, the single-valuedness of 3 in a neighbourhood
of 0 in the assumption of the previous theorem corresponds to the nonsingularity
of VyCs(F°,y°). Hence Theorem 3.3 is a generalization of the classical implicit
function theorem.

Next, we analyse the assumptions of the theorem. Obviously, X¢(§) with £ :=
(€u,€,, &) € R"T2P is the set of all y = (u, A,, A;) satisfying

0=Au— B )\, — B/ F'\, — f — &,
(39) 0c Bu— 51/ + NAV (AV)v
0 € F'Biu—& + Np,(—x,) (M),

where FO := FO(F°) = diag{F7, ..., F_}. Substitution

- B, \" (&
v (o) (&)

+
B
denotes the Moore-Penrose pseudo-inverse of ( Foé ), leads to
t

h B.
where FOB,
the following transformation of (3.9):

0=Aw-B/ A\, —B/F'A —f+A B, \" (& —¢
v \v t t FOBt ét us

(3.10) 0 Bw+ Na, (M),

0 € F'Byw + Np,(—x,) (M)
Indeed,

Bw \ [ B, _( B, B, B, \" (&
F'Bw) \FB )Y \rFB )" \FB, )\ FB, ¢
([ Byu—¢&,
B FOBtu — 615 ’
Comparing this with (3.7), it is readily seen that the triplet (w, A, , A;) satisfies (3.10)

if and only if it is a solution to the contact problem with Coulomb friction with the
coefficient F° and the new load vector &,

_ B, \' (&
§f-—f—A(FoBt> (&)*5“’

being a perturbation of f. That is,
(w, A, Ar) € S¢,(FP),
where & (F?) is defined by (3.8) with f := & and F := F°.
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To summarize the results we now introduce for a fized F € A the set-valued
mapping Sg : R" = R x R? x R? by

Se(f) ={(u, A\, M)}, feR,

where {(u, Ay, )}, (w, Ay, Ar) := (u(F), Au(f), Ae(f)), denotes the set of all solu-
tions to the contact problem with Coulomb friction with the coefficient F and the
load vector f.

Theorem 3.4. Let us suppose that Sz, has a locally Lipschitz-continuous branch
containing y° in a vicinity of f € R", i.e. there exist a single-valued Lipschitz-
continuous function @ zo from a neighbourhood O of f into R"*2P and a neighbour-
hood V of y° such that

ero(f) =1y’ and  pp(&)=Sm()NV V& eO.

Then there are neighbourhoods U, V of F°, y°, respectively, and a single-valued
Lipschitz-continuous function op: U — V satisfying

op(F) =y’ and  of(F)=8;(F)NV VFeU.

Proof. One can easily verify the assumptions of Theorem 3.3 for

F'B, &

B, \" (&
31 = em(7 - A ( oy )+(5”)+gu)+ <FBZ (%) |
0

£=(6u,&,8) W,

with a sufficiently small neighbourhood W of 0 € R"*27, O

The previous theorem says that the analysis of local dependence of a solution to
the contact problem with Coulomb friction on the coefficient F can be converted
to the analysis of local dependence of the solution on the load vector f. For this
reason, we shall focus on the study of the set-valued mapping f — SE(f), f € R™,
for F € A fized.

To start with, using the same technique as in the proof of Lemma 3.1 one can get
the following auxiliary result.

Lemma 3.2. Let (2.1) and (2.2) be satisfied and let F = (F1,...,Fp) € A,
f.f€ER"andg,g € R”. be arbitrary. Denote the unique solutions of (M*(f,F,g)),
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(M*(f,F,9)) by (u, A\, A¢) and (@, X, A¢), respectively. Then

I U =
(3.11) |u—u|n<;||f—f||n+—' 'j"” lg -3l

1Al > 1AL F e
312) Ay = Al < = (20 Vi p = Fp, + LA e o
(3.12) | b B( 2L )ir -7 o g g,

i 1 /]Al. 1AL F e
3.13) A = Al < e [ N 1 Sl X STPA T
319) I =Ml < g (P2 1) ip = 7 P2 e g g,
where Frin = min F;.

i=1,...,p

Now we shall suppose for a moment that all components of the fixed coefficient
F € A are strictly bounded by 3v/[|A||,, from above, i.e. F € B with

By
Al

B::{}'E[Rp:0<}"i< Vi=1,...,p}.

Then Sg is single-valued on R™ for any such F according to Corollary 3.1. Owing
to the previous lemma it can be proved in a way similar to that in Theorem 3.2 that
Sz is even Lipschitz-continuous on R".

Theorem 3.5. Assume that (2.1) and (2.2) are satisfied and F € B is arbitrary
but fixed. Then there exists = > 0 such that

1S£(f) = Sr(Fllnt2p < 0% f — Flln VI FeR™

As a consequence of this and Theorem 3.4 we arrive at a result, which is weaker
than that of Theorem 3.2.

Corollary 3.2. Let (2.1) and (2.2) hold and let f € R™ be arbitrary but fixed.
Then &; is locally Lipschitz-continuous in B, ie. for any FO € B there exist a
neighbourhood U C B of FO and d¢ > 0 such that:

187 (F) = 8F (F)llnt2p < 0| F = Fllpoo YF FeU.

In the rest of this section we shall suppose again that F € A, i.e. no upper bounds
on F are imposed. Our aim is to analyse the mapping f — Si(f), f € R, for
such F fixed with the aid of the implicit function theorem for piecewise-differentiable
functions presented in [16] (see also Appendix).

First, we shall formulate the discrete contact problem with Coulomb friction as
a system of non-smooth equations. Let r > 0 be an arbitrary parameter and let
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F € Abefixed. If y = (u, Ay, A) € SE(S), i.e. (u, Ay, Ay) solves (M*(f, F,—\,)),
the inequality (M*(f,F,—X,))s multiplied by (—r) gives

07 i:]-a"'vp7 VI’LVGAV)
0

Mui >\1/,i Al/ 1 Bl/ u); >\1/,i
5 i—l,...7p, VIJ/tEA.t(—AV)

<

(i = Aei) (Ae = rBpu); — Agi) <

Since A, € A, and A; € A¢(—A,), the equivalent expression of (3.14) is
Ay =P, (A, —rByu), A= Py, (—x,) (At — rBiu).

Here Py, : RP — A, and Py, (_x,): R? — R? are vector functions with the compo-

nents
(PA,,)i(u):P(—OO,O](,LLi)v izla"'apvﬂe Rp’
P, =0 (1) if A\ <0,
(Pay(-a,))i(p) = o _ i=1,...,p, p€RP,
_P[_)\u,iy)\u,i](/’l'i) if >\1/,i > 07

where P_ 0], Pla,) stand for the projections of R! onto (—o0,0] and [a,b], —o0 <
a < b < oo, respectively. It is readily seen that Py, is the projection of RP onto A,
and Pp,(—x,) is the projection of R” onto A;(—\,) whenever A, € A,.

Let H*: R™ x R*"+2P — R"*2P bhe defined by

Au—BJ\, —B/F\ — f
H(f,y) = A, — Py, (A, —rB,u) .y = (u,A,, ) € RV,
)\t — PAt(fku)(At — rBtu)

Then y € Sg(f), f € R, if and only if y solves the following problem:
(3.15) Find y € R""? such that H*(f,y) = 0.

We shall view this problem as an equation parametrized by f.

Below we shall show that H* is a piecewise-differentiable function. Obviously,
it is continuous. Moreover, let (f°,4°%) € R® x R 49 = (u® A0 A?), be an

arbitrarily chosen vector. To construct a set of selection functions for H* at (f°,y°)
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we introduce in a way similar to [2] the following index sets (see Fig. 1):

@) ={ie{l,....p}: A\ —rB,u"); <0},
% :={ic{l,...,p}: A2 —rB,u’); >0},
I°(y% = {ic{1,...,p}: A2 —rB,u’); =0},
L(y?) s={ie{l,....p}: (A —rBuu®)i < =[N3,
I7(y%) :={ie{l,....p}: A —rBu®); > |\2,|},
L) ={ie{l....p}: [ —rBuu®)il <A1},
Iy ={ie{l,....p}: A —rBu®); = X2},
Ig”*(yo) ={ie{l,...;p}: (A} — rBu); = )\811},
J (") ={ie{1,....p}: A, <0},
Joy°) = {ie {1,....p}: A, =0},
J+(y0) ={ie{l,...,p}: /\?,Jv > 0}.
A ABJ:A

[(A? = rByu®);| < |A),

(A — rBu®); < 7|/\8J~ AY —rBu0); > \)\Bi
(B,u%); A0 2 Bul);

()\8 — TB,,’LLO)Z‘ =0

()\8 — ’V‘B,,’U.O)i <0
|(A] = rBeu)i| < |

v,i

N =Bt =X, | 0B - -,
Figure 1. Partitions corresponding to the index sets.
Remark 3.1. To interpret the sets defined above, suppose for a moment that

y° € S5(f°). Then

ice(y’) = (B,u’);=0& /\?,J- < 0 (strong contact),

iel)(y’) <= (B,u’); <0& \); =0 (no contact),

iel(y’) = Bul);=X,;=0 (weak contact).
Analogously,

ic I} (y°) <= Bwu'); >0& A\, =N,
’ (slip),

i€l (¥°) <= (Bwu?); <0& A, =-\);
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i€ (Y’ = (Biu");, =0& |)\Oi| < —)\Oi (strong stick),
eI (Y') = (Bu’);=0& X, =)\,

(weak stick).
el (y°) = Buu'); =0& X, =-)),

Let 1Y~ C I¥(y°), I'*T C [T (y°) and I}~ C I} (y°) be arbitrary sets. For
such sets we shall denote

=IO\ LT, LT =L\, = () \
here and in what follows. These index sets will be associated with the set

(3.16) w LTI Z {(f y) € R™ x RT2P,
(A, —rByu); <0VieIY", (A, —rByu); >0Viec 't
(At —rByu); =\ Vi€ IV (N —rByu); < A\, Vi€ IV
At —rBiu); < A Vie I, (A —rByu); = =\, Vie I’}

and the function H*( 7 1HLTT)

defined by

: R® x R*t2P — R™*+2P whose components are

(3.17) MU

(2

f.y) =(Au— B/, — B/ FX — f);,
i=1,...,n, (f,y) € R" x R""?P,

*(Jf;“—,fg“”,ft’“")(f,y) _ {T(Buu)i ifiel(y") ULy,

o A if i € I9(y%) U I,
i=1,...,p, (f,y) € R" x R""?

0N e i
Hn+p+i ' ' (fa y)

H

r(Byu); ifie (B)UIPTTUR)NJ (y°)
UL AL 0 J0(y0),
(22X —rBuu); ifie (H)ULt~uL ") nJt(y%)
UL AL 0 T0(y0),
Tl A e ) U@ NI @) U NI O)
UL AT N I0y0),
e+ A) e I (y°) U (LT 0T (g0) UL 0T+ ()
UL AL A T0(y0),

i=1,...,p, (f,y) € R" x R""?P,
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Then one can easily verify that there exists a neighbourhood W of (£°,4°) such
that

H(f,y) = 1T (£, y)
V(foy) € W ({(£0,y0)) + w7 HTET),

Now consider all possible combinations of I*~ C I¥(y°), I;})*" C I}**(y°) and
I~ C I} (y°) and denote their total number by [. One obtains the collections IT
and {H*M ..., H*D} of subsets of R® x R"*?P and functions from R™ x R"+2P
into R™*2P, respectively:

Ve el 3L CIY(y"), ' C L' (y°), I C ' (y°):
= WL

(318) Vie{l,....1} 3L~ CIY(y"), ' C L' (y"), ' C L (y°):
H*(]) _ H*(I;“_,I;“++,I;“__) in R™ x RnJer.

From the construction it immediately follows that there exists a neighbourhood W
of (£°,4") such that:

(3.19) Vo eIl 3j, €{1,...,1}:
H(f.y) =M (f,y) Y (f.y) e Wn{(f9°)} + ).

This implies that 7* is a continuous selection of H*(M) | ... H*(") and consequently
a piecewise-differentiable function in a sufficiently small neighbourhood of (f°,y°).
Let us note that if y° is such that I¥(y°), I;"*(y°) as well as I} (y°) are empty
sets then [ = 1, IT = {R” x R"*2P} and H*(Y) = H* in a neighbourhood of (£, y°),
i.e. H* is even differentiable therein. Otherwise, we claim that IT is a conical subdi-
vision of R™ x R"*2P,

Indeed, let # = 7rU§771?W++71?W?) E IT be given. Introduce functions @W“‘O)):
Lo @) = 120, o L)) — 1) and
@Ff T (y0))) — 1P (y°) such that

w 0
Vie I(y%) e {1, |10y e @)
w0
Vie I[P (y®) 3j € {1,.. | @)} o8 () =,
w — 0
Vie I (y%) 35 € {1,..., [~ (y0)}: 05 @) =4,

i,
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where | K| stands for the cardinality of a set K. With the aid of these functions
define the matrix B "L 1T7) ¢ RULZ@OIHILET WO+ (7)) x (2n42p) py

B([:/“*,I;“’**’[tw**) N { (05 (_TBV)’U (Ip)ia O) ifi € Il’ﬁu—,

J (0, (rB.)i, (—I,);, 0)  ifie I¥,
w 0
J=1, 0,100, i = e @),
B('IZ,"_,I;“++,I;"__) _ (0, (TBt)'L'; (Ip)i7 (_Ip)i) ifi e IthrJr,
J (0, (=rBy);, (—I1)i, (I);) ifie ",
. w w ; I w
G= 10+ 1, [T 0)] + 11 ()], = 08 @ — 1o ),
U _ (0, (—=By)i, (I,)i, (I);)  ifiel’ ",
J (0, (rBy)i, (—I);, (-1,);) ifie '™,
j—uw( O 4 L @O+ 1, [T (O] + 17 (0)] + |1~ (6°)],
I“ w w
=0l WG ()] — |1 (0))).

Here C; denotes the ith row vector of a matrix C and I, represents the identity
matrix of order p. Then we have

(3.20) wllE LRI _ {(f,y) € R x R, gULT LI (f) < 0}7
y

(L2 1)

which shows that 7 is a polyhedral cone with vertex at 0.

By the assumption (2.2), BTN g g full-row-rank matrix and one can
find a vector (f,7) € R™ x R"*?P with

s (T) <o
Yy

v ,I;U++,I;U__

Hence the dimension of the linear hull of (% ) equals (2n + 2p).

The union of all cones in IT covers R™ x R"™2P as we consider all possible

choices of I*~, I}*" and I"~~. Finally, the intersection of any two cones
w— qwA+ gw——y L Fw— FwH+ Fw——

w=nxl L) g = gL € T takes the form

7,l,(If,“’ et e N7 ~ ([w= TwTT 12 —) _ {(f,y) c R™ x R™+2p.
(A, —rB,u); =0Viec (IY NnI*H)yuI»+tniy),
(A, —rByu); <0VieI* NI, (A, —rB,u); >0Vie I NI,
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(A —rByu); = \,; Yie (IPHT NIt )yu (It n e+,

(At TBt'U,)rL >\1/,i VZ S IZU++ n IZU++, (At - TBtu)i < >\1/,i VZ S IZU+_ N jzu-‘r_?
At —rByu)i = =\, Vie (IP " NI Hu P rtni*),

(At —rByu); < — A Vie [P NI,

( )i =

A —rBuu); = —\,; Vie [T nIv)

w— qwtt pw—— L (fw— Fwtt fw—— ..
Whenever 7(lv'-1e L) and #0041 T) are distinet, at least one of the

sets 1=, I;""* or I}~ does not coincide with -, I:Z‘H"", I:Z“", respectively, and
the set above forms a common proper face of both cones.

Next, let ¢ denote the dimension of the lineality space of II. According to the
assumptions of the previously mentioned implicit function theorem for piecewise-
differentiable equations, either (2n 4+ 2p — ¢) < 1 needs to be satisfied or there has
to exist a number m € {2,...,(2n + 2p — ¢)} such that the mth branching number
of IT does not exceed 2m.

The lineality space of any cone 7 = al T IETNETT) e T s the subspace

{(f y) € R" x R0 USRI (i) = 0}

with an appropriate BUX L7 L) o RUL WO @WOIHIT (y")])x (2n+2p)
(cf. (3.20)). The full row rank of any B LI ynder consideration guaran-
teed by (2.2) yields that the dimension of the lineality space of S MR (and
of IT, as well) is equal to (2n-+2p— (|1 (y) |+ | T (y°)|+|[*~ (y°)])). Consequently,
the condition (2n+2p—q) < 1 is equivalent to |12 (y°)|+| 1" (y°)| + |~ (y°)| < 1.
If it is not satisfied, we assert that the other condition holds with m = 2. Indeed,
the 2nd branching number of IT is the maximal number of cones in IT containing a
common face of dimension (2n + 2p — 2). Having in mind (2.2), each such face can
be written as

{(f,y) € R" x R™?:

(A —rB,u); =0Vie Y, (A, —rB,u); <0Viec I \ I,
(A, —rByu); = 0Vi € I* T\ I (At —rByu); = \,; Vi€ [T,
(At —rByu); > N\, Vi€ [P\ IO (N —rByu); <\ Vi€ I[P\ [0,
(At —rByu)i = X\, Vi€ ;"0 A\ —rBuu); < =\ Vie I[P\ I"°,
(At —rBiu); > )\, Vie I[P\ I;"70)
for some I¥~,I%0 C T¥(y°), IMT, 1+ C 1T (y%) and I, 1" ° C I (y°)
with |1%0] + |I"T0 +|I;"~° = 2. From this it easily follows that the 2nd branching
number of IT is equal to 4.
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To conclude, the following two theorems are valid (cf. Theorem 4.2.2 and Propo-
sition 4.2.2 in [16]).

Theorem 3.6. Let (f°,y°) € R™ x R""2P be a vector with H*(f°,y°) = 0. If
all matrices VyH* (0, 4%), j =1,...,1, where H*\) are given by (3.18) have the
same nonvanishing determinant sign then

1. the equation H*(f,y) = 0 determines an implicit PC*-function at (f°,y°),
i.e. there exist neighbourhoods O, V' of f°, y°, respectively, and a PC'-function
pr: O — V such that

er(f) =y’ and  @r(f)=Sp(f)NV VfeO;

2. the implicit functions determined by the equations H*Y) (f,y) =0,5=1,...,1,
form a collection of selection functions for the PC'-function ¢ at f°;

3. for every h € R" the identity & = @'z(f°; h) holds if and only if & satisfies the
piecewise-linear equation H*'((f°,y°); (h,&)) = 0.

Theorem 3.7. Suppose that the assumptions of the previous theorem are satisfied
and h € R" is arbitrary.

1. Then there exists a cone w € Il such that

h L, 0, (n+2p) >
.21 . )
(321) <0> : (Vf”"*(j")(foayo) VyHO (10, 40) ) "

with j» being given by (3.19).
2. The inclusion (3.21) holds if and only if

h
(—(VyH*‘j"’(fﬂyo))_lvfﬁ*(j")(fo7y°)h> e
3. If h satisfies (3.21) then
* . _1 * .
(O h) = —(VyH ) (£0,4°)) 7 Ve U (£0,40)h,

where @ is the implicit PC!-function determined by the equation H*(f,y)
=0 at (f°,9°).

Applying Corollary 4.1.1 in [16], which tells us that every piecewise-differentiable
function is locally Lipschitz-continuous, we get the following consequence of Theo-
rems 3.4 and 3.6.
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Corollary 3.3. If F € A and (f°,y°) € R® x R"*2P are such that the assump-
tions of Theorem 3.6 are fulfilled then there are neighbourhoods U,V of F, y°,
respectively, and a single-valued Lipschitz-continuous function ogo: U — V satisfy-
ing

op(F) =y’ and  op(lr) =Sf(EF)NV VEFeU.

Let us note that the assertion of the corollary is close to Theorem 1 in [11], which
concerns discrete contact problems with Coulomb friction and a coefficient of friction
represented by one real. However, the latter result was obtained from the version of
the implicit function theorem involving Clarke’s gradient and one has to deal with
generally infinite number of matrices included in the respective generalized Jacobian
to verify its assumptions.

At the end of this section we shall analyse the cases when the assumption con-
cerning the determinant signs in Theorem 3.6 is not satisfied.

1. There exists an index j € {1,...,l} such that

(3.22) H O (f%,9°) =0,
(3.23) rank(Vy’H*(j)) =n+2p—s5, s>0.

Here we denote Vy’H*(j) = Vy’H*(j)(fO,yO) because H*), j =1,...,1, are affine
functions.
From (3.17) and (3.18) it is readily seen that V,H*\) satisfies

VoH Y = (A, (=B, (-B[F),), i=1,...,n,
VD) € {((rB.)i, 0,0), (0, ()i, 0)}, i=1,....,p,
V) € (B, 0, 0), (—rBy)i, 0, (2L),), (0, (~,);, (1,),),
0, (L)i, (B}, i=1.....p,

for an arbitrary j.
Taking into account that H*U) is an affine function, we see that (3.22) is equivalent

fO
V,H Dy = 1| 0
0

to

Making use of (2.2) one can eliminate 2p columns with the aid of the last 2p rows of
the matrix Vy’H*(j ) and one can arrive at an equivalent system of the type

fo M M;, c [Rn><(n+2p)7
(3.24) My=|(0), M=|M|,

pX(n+2p)
O M Ml/7 M E R )
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M,
where the rows of the matrix ( V) are linearly independent not only to each
f

other but also to the rows of M,. This and (3.23) yield that rank(M,) = n — s.
Moreover, the system in (3.24) is solvable if and only if f° is contained in the range
of M,,. Therefore, (3.22) and (3.23) restrict f° to some (n — s)-dimensional subspace
of R"™.

Since the number of all possible selection functions of H* is finite, the presented
situation occurs generally only for (f° y°) such that f° is from a union of some
lower-dimensional subspaces of R™.

2. Two or more selection functions with nonsingular Jacobians are active at
(£°,y°), satisfying H*(f°,3") = 0.

Taking one such selection function, say H*\), it follows that H*U)(f9 4°) = 0,

ie.

fO
(3.25) V,H Wy = | 0
0

In addition to this, [I¥(y°) U I}t (y°) U I;"" (y°)| > 0 (which means that at least
one contact node is in weak contact or in weak stick) and the following (|I%(y%)| +
|1 (y°)| + |1~ (y°)|) conditions have to be satisfied:

(3.26) A —rBiu®); = )‘?/,i Vie L' (y°),
(A —rBuu’); = =X}, Vie L' (y°).

Notice that if i € I2(y*)N [T (y°)NI"~ (y°) then the (n+i)th equation in (3.25)
is A ; = 0, which together with the two corresponding conditions from (3.26), and
(3.26), yields only two linearly independent equations with respect to y0. Further-
more, if i € I¥(y°) N [*T(y°) N I;"~ (y°) then the (n + 4)th equation in (3.25) and
the corresponding equation in (3.26), are equivalent to )\SJ = (B,u"); = 0, which
added to the two corresponding conditions in (3.26), and (3.26), leads only to three
linearly independent equations. As a consequence, we can leave out one of the equa-
tions in (3.26), or (3.26), for any such i and (3.26) reduces in this way to a system
of s equations with

s = |1 (") + 117 () + 11 (y0)
(@) UL ) N L (") N L (y")] > 0.
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This system extended by (3.25) can be transformed similarly to the previous case
into an equivalent system of the form

A M. ( ) ( )
0 Mz/ € Rnx n+2p , M,,,M/ c Rpx n+2p ,
My° = , M= oM '
M, M, € Rex(n+2p)

0 M,

M,
in which the rows of the matrix | M; | are linearly independent to each other and

M.

also to the rows of M,.

Arguing in the same way as previously, one can show that (3.25) and (3.26) con-
fine f° to some subspace of R™ of dimension (n — s) and that the set of all f°
corresponding to this case forms a union of some lower-dimensional subspaces of R™
again.

We get the following remark.

Remark 3.2. All vectors (f°,4°) € R" x R"*2?P with H*(f°,y") = 0 which do
not satisfy the assumption on the determinant sign of the Jacobians in Theorem 3.6
are such that y° € Sx(f°) and f° is an element from a union of subspaces of
dimension strictly lower than n.

4. AN ELEMENTARY EXAMPLE

This section presents an elementary discrete contact problem for one contact node
(see Fig. 2). This example is taken from [11] and is nothing else than a special case
of the model studied in [12].

Dirichlet
condition

linear
finite
element

rigid foundation

Figure 2. Geometry of the elementary example.
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Denoting u := (u,,u:) and f := (f,, fi), an alternative of the projection formula-
tion (3.15) of this problem reads as follows:

Find y = (uy, ut, Ao, M) € R* such that
au, —bug — A\, — fu
4.1 bu, o
. My | et
v (—0070]( v Tuu)
At = Pz, 7 ) (A — Tue)

o O o o

where the constants a := (A + 3p)/2 and b := (A + p)/2 depend on the Lamé
coefficients A > 0 and p > 0 characterizing the isotropic and homogeneous material
of the body.

We derive exact solutions of this problem by considering all possible contact modes.

First, let there be no contact forces between the body and the rigid foundation,
i.e. A, = 0. Then the fourth equation in (4.1) implies that Ay = 0. Substituting
these values of A\, and \; into the first and the second equation in (4.1), we obtain
a system of two linear equations with the solution

afu+bft aft+bfv

Uy = —5—5— Ut = —5—5—.
v a2 — b2’ a2 — b2

In addition, from A, = 0 and the third equation in (4.1) it is readily seen that u, <0
so that
afl/ + bft < 0.

Secondly, suppose that there is a stick contact between the body and the rigid
foundation, i.e. u, = u; = 0. Consequently, (4.1), , yield

Ao=—=fu, M=—fi
Since A\, <0, FA, < A\ < —FA\, by (4.1)5 and (4.1),, respectively, one has
fl/>07 _ffllgftgffl/'

Finally, consider a slip contact, i.e. u, = 0, uy # 0.
If uy > 0 then A, = FA, by virtue of (4.1); 4, and (4.1), , give

_afu+bft ft —Ffo

arbE o T arE

A = .
a+bF

From the conditions A\, < 0 and u; > 0 it follows that

afy +bft 20, fi—Ff,>0.
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If uy < 0 then \; = —F\,, and (4.1)172 are equivalent to

(42) { —bus — A, = fl/7

(a—b}—)ut = ft+./ffl,
Assuming F # a/b this system has a unique solution

_afl/“‘bft _ft“‘]:fu

M= M T T T

whose constraints are
(F<$ &afy+bfi>0& fi+ Ffy <0 & f, >0)
V(F> T &af, +bfi<0& fi+ Ff>0& £, 20).
If 7 = a/b then (4.2) is solvable if and only if
Jt+Ff,=0
and its solutions form the set
{(ug, \) € R%: N\, = —buy — fo,, up € R},

Due to the conditions A, < 0 and u; < 0, u; has to satisfy

v
——= < u <0.
b t
Consequently,
fu>0.
Introduce linear functions S](_-i ). R2 - R* i=1,...,5, and a multi-valued func-

tion S R? = R* by

af, +b bf, +a
Sﬁl)(ﬂz( c];—bet’ £2_bzft’0’0)’ FeR FeRy,

SP(f)= (0,0, ~fo, —f), feR? FeRL,

(3) fi=Ff afu+bfe  _af, +bfi R2 -
Sf (-f) (0) G,-f—b./f, a—i—b}" ]:a—i—b}' ) .fe a]:E +
(4) = RQ

S]: (-f) a—b}" a—b}"]:a—b}" ), fe ,]:€|:0, ),

5_7(_-5)(f) — <0, ft+-7:f1/ _afu+bft Fafu+bft)’ fE [R2, Fe (%700)’

ft+]:f1/ _afu+bft a‘fV+bft

0,

S

a—bF’  a—bF"’ a—bF

SO (F) = (t, e, Ay Ar) € R

uy =0, _% Su <0, Ay = _(fV+but)) At :f(fu+bUt)}7 ,f S [R2, F = %



Moreover, let F € Ri_ and let us define sets:

1) ={feR? af,+bf, <0} (no contact),
(2) =1{fe R2: f, >0, -Ff, < fi < Ff,} (contact and stick),
Q]: —{fG R?: af, +bfr 20, fr — Ff, 20}
(contact and non-negative slip),
D = {f € R af, +bfi 20, fi+ Ff, <0, f, >0}
(contact and non-positive slip, F < a/b),

oF = {f €R*: af, +bfi <O, fi+ Ff, 20, f, > 0}
(contact and non-positive slip, F > a/b).

Observe that only g]} does not depend on F. One can easily verify that S, @ ()
solves (4.1) for f € Q_(7_-), 1 =1,2,3, F € [Rl, 5(4)(1") solves (4.1) for f € 9(4)
F €10,a/b), 5}5)(]’) is a solution for f € g , F € (a/b,00), and S}G)(f) is a set of

solutions for f E g(4) = gg,_-) valid when F = a/b.

Denote by g}- the lnterlor of Q(}-), i=1,...,5. From (4.3) it is readily seen that

i)( is disjoint with g}- , 1 # 3, for any F > 0. Hence, the structure of the solution

set to (4.1) will be determined by the mutual position of gf , gg_g), and g(}-4) or g(}-S),

which depends on the magnitude of F. We shall distinguish 3 cases.

Case 1: F €[0,a/b).

30
-1
2
2 0
0
2 2 f;
fv
2 2
1 1
<0 < 0
-1 -1
2 2
2 0 2 0
0 0
2 2 fi 2 2 fi
fo fu

Figure 3. Solution for 0 < F < a/b.
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Suppose first that .7 # 0. Then g(5) = {0}, é(l) N §(2) = () and 9(4) is the wedge

between g(}- and g}- (see Fig. 3). The system {Q]_- ,g(}-z),g}- ,Q]_-)} defines the

partition of R?, i.e. R? = UQ),Q? (}J-)z(l),i#j,i,jzl,...,&
The solution map S : D'\;Q — R* is defined by

sz.S'](_-i) in Q_(;-), i1=1,...,4.
It is easy to verify that
S}”mj - S}J)mj Vij=1,...,4,

where I;; is the common side of two neighbouring sectors g(}i-), Qg). Hence, S is a
single-valued function in the whole R2.

If 7 =0 then Q(Q) (}:-3) N g(}-4) and the partition is realized by {Q(fl), g(}:-s), Q]_-)}
Adapting Sy to this case we see that it is again single-valued in R2.

Consequently, if F € [0,a/b) then (4.1) has a unique solution for any f € R2.

Case 2: F > a/b.

2
15 o
1
0.5
ft 0 ggp a(f) 2 2
—0.5 1 1
-1 20 20
—~1.5 o -1 \ 2 -1 2
—92 F 2 0 - 0
-2 19 2 2 o 2 fi 2 °, 27 fi

Figure 4. Solution for F > a/b.

In this case g(}-4) = {0}, QET_S) (1) N Q ) and Q ;é () (see Fig. 4). Introduce the
function Sy as before:

Sr=8Y ol i=1235,

which is multi-valued in g(5)

290



We conclude that there exists a unique solution to (4.1) if f belongs to ((@F Dy
2) U g ) \ Q ) U {0}, there are two solutions on 8955) \ {0} and three solutwns

in Q(fS).

Case 3: F = a/b.

o

fe 0 g;l) g;_?)

—-1.5 5
o\ o

-2 9 2 T T

Figure 5. Solution for F = a/b.

This is the limit case, in which Q_(;-l) = Q(]_-S) = g( N 9(2) is the ray emanating from

the origin and separating g( ) and Q(}?) (see Fig. 5).
If f € (R%\ 9(5)) U {0}, there ezists a unique solution to (4.1). For f € gg,f) \ {0}

the continuous branch S}(-G)(f) of solutions connects S}(})(f) and 5}2)(]").

From the above analysis we see that the solution of (4.1) is a PC!-function of
F €[0,a/b) for an arbitrary f € R? fixed. Therefore, it is Lipschitz-continuous with
respect to F in [0, Fiax] for any Frax € [0,a/b). On the other hand, we have proved
the global uniqueness as well as the Lipschitz continuity of the solutions with respect
to F in [0, Fnax) with Fiax € [0, 8v/]|Alln) in Section 3. After some computations
one obtains 3v/||A|l, = (a — b)/(a + b), which is strictly less than a/b. Since the
situation concerning the Lipschitz continuity with respect to f is analogous, one can
see that the bounds derived before are pessimistic.

Nevertheless, this example shows that unicity of solutions depends not only on F
but also on f. Even if one takes F so large that there are non-unique solutions for
some f, for the same F there still exist such f that the corresponding solution is
unique. Furthermore, one can easily verify that in this particular example Theo-
rem 3.6 guarantees local uniqueness of solutions precisely except the cases where it
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is actually lost. Hence, the presented local approach seems to be better suited for
studying the behaviour of solutions than the global one.

Finally, let us mention that if one introduces selection functions H™), ..., H® of
the PC!-function H in a way analogous to (3.18) for an appropriate [/, each function
f S}(-i)(f), t =1,...,6, is nothing else than a mapping associating f with the
solution of the equation HU)(y) = 0 for some particular H). Since HM), ..., H®
are piecewise-linear functions of the load vector f, the structure of solutions to (4.1)
as functions of f is quite simple. On the other hand, dependence of the solutions on
the coefficient F is substantially more complicated, as exhibited in [11].

5. CONCLUSIONS

Theoretical analysis of discrete contact problems with Coulomb friction in which
the coefficient of friction F is assumed to be a vector was presented. The existence
result is obtained for any coefficient F whereas to get the global uniqueness result
one needs the norm of F to be sufficiently small. Moreover, the unique solution is
a Lipschitz-continuous function of F as well as of the load vector f. Local analysis
of potentially non-unique solutions is based on two different but equivalent formu-
lations of the problem—the former consists of generalized equations, the latter of
non-smooth equations. For the first formulation we showed that the study of lo-
cal behaviour of solutions as functions of F can be replaced by the study of local
behaviour of the solutions as functions of f. For the second one we got that the
solutions are locally unique and Lipschitz-continuous with respect to f if particular
Jacobian matrices depending on the contact status of the solutions have the same
nonvanishing determinant sign. Results determining directional derivatives to these
locally Lipschitz-continuous branches were also achieved. In the end, benefits of the
proposed approach are illustrated by a simple example.

APPENDIX A. PIECEWISE-DIFFERENTIABLE FUNCTIONS

For the sake of completeness we give here a brief introduction to the theory of
piecewise-differentiable functions. The exposition is extracted from [16].

We start with some basic notions. Let 7 := {x € R": Bx < 0} with B € R™*"
be a polyhedral cone with vertex at 0. Recall that the dimension of 7 is defined as
the dimension of its linear hull and nonempty faces of v can be represented as the
sets

{zxeR": Bix=0Viel Bjx<0Vje{l,....m}\I}
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for some index set I € Z(B, 0), where

I(B,0)={IC{1,...,m}:
JxeR": Bix=0Viel Bjx <0Vje{l,.... m}\I}

([16, Proposition 2.1.3]). Here B; is the ith row vector of the matrix B. A nonempty
face of 7 which does not coincide with 7 is called a proper face. Further, the lineality
space of 7 is the linear subspace {x € R": Bx = 0}.

A finite collection IT of convex polyhedral cones in R™ is called a conical subdivision
of a polyhedral cone g C R™ if

all polyhedral cones in IT are subsets of g;
the dimension of the cones in IT coincides with the dimension of g;
the union of all cones in IT covers g;

= W e

the intersection of any two distinct cones in IT is either empty or a common
proper face of both cones.

It holds that if IT is a conical subdivision of a polyhedral cone then all polyhedral
cones w € II have the same lineality space ([16, Proposition 2.2.4]). Hence, the
lineality space of II is introduced as the common lineality space of the polyhedral
cones of II.

The pth branching number of a conical subdivision IT of a polyhedral cone o is
defined as the maximal number of cones in IT containing a common face of dimension
(dim o —p), where p € {1,...,dim g — ¢} and ¢ is the dimension of the lineality space
of II.

Finally, let U be a subset of R" and let H\Y): U — R* j =1,...,l, be a collection
of continuous functions. A function H: U — RF is said to be a continuous selection
of the functions H™M, ..., H® on the set W C U if it is continuous on W and
H(z) € {HD(x),...,HO ()} for every € W. A function H: U — RF defined
on an open set U C R™ is called a PC”-function for some r € {1,2,...} U {oo} if
for every &° € U there exist an open neighbourhood W C U of 2° and a finite
number, say I, of C"-functions H): W — R* such that 7 is a continuous selection
of HW, ..., H® on W. A set of C"-functions H"): W — R* j=1,...,1, defined
on an open neighbourhood W C U of x° is called a set of selection functions for
the PC"-function ‘H at z° if H(z) € {HV(x),...,HV(x)} for every x € W.
The selection functions H /) such that H ) (2°) = H(xC) are called active selection

functions at £°. PC'-functions are also called piecewise-differentiable functions.

Theorem A.1 ([16, Theorem 4.2.2]). Let U C R" x R* be open, let H: U — R¥
be a PC"-function and let (z°,y") € U be a vector with H(x°,y") = 0. Further, let
HD, ..., HO: W — RF be a collection of selection functions for H at (x°,y°) €
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W C U, and II a conical subdivision of R™ x R¥ with a lineality space of dimension q.
If

1. for every w € II there exists an index j. € {1,...,l} such that H(x,y) =
HU=) (xz,y) for every (x,y) € W N ({(z°,y°)} +7);

2. either (n + k — q) < 1 or there exists a number p € {2,...,(n+ k — q)} such
that the pth branching number of I1 does not exceed 2p;

3. all matrices Vy’H(j") (x°,9y°), w € II, have the same nonvanishing determinant
sign,

then

1. the equation H(x,y) = 0 determines an implicit PC"-function y(x) at (z°,y°);

2. the implicit functions yU=)(x) determined by the equations HU=)(z,y) = 0,
m € II, form a collection of selection functions for the PC"-function y(x) at x°;

3. for every h € R™ the identity £ = y'(x°; h) holds if and only if & satisfies the
piecewise-linear equation H'((x°,y°); (h,&)) = 0.

Theorem A.2 ([16, Proposition 4.2.2]). Suppose that the assumptions of the
previous theorem are satisfied and h € R™ is arbitrary.

1. Then there exists a cone w € II such that

h I, (U
Al € , Y .
. (0) € (Sanortio ) w000, )) ™
2. The inclusion (A.1) holds if and only if

h
(-(Vyﬁ(j“(wo, y")  VeHU (@, yo)h) =

3. If h satisfies (A.1) then
. -1 .
y' (@ h) = —(VyHU™ (20,4°)) " Vo HU™ (2, y°)h.
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