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Abstract. In this paper, the mixed initial-boundary value problem for inhomogeneous
quasilinear strictly hyperbolic systems with nonlinear boundary conditions in the first quad-
rant {(t,z): t > 0,z > 0} is investigated. Under the assumption that the right-hand side
satisfies a matching condition and the system is strictly hyperbolic and weakly linearly de-
generate, we obtain the global existence and uniqueness of a C ! solution and its L' stability
with certain small initial and boundary data.
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1. INTRODUCTION AND MAIN RESULTS

Consider the first order strictly quasilinear hyperbolic system

ou ou
1.1 — +Alu)— =B
(11) 0 A = Blu),
where u = (uy,...,u,)" is the unknown vector function of (t,z), A(u) is an
n X n matrix with suitably smooth elements a;;(u) (¢,j = 1,...,n), and B(u) =
(B1(w),...,By(u))T is a vector function of u with suitably smooth elements.

The author’s reserach was in part supported by National Natural Science Foundation of
China under Grant No. 10926162, Fundamental Research Funds for the Central Univer-
sities under Grant No. 2009B01314, and Natural Science Foundation of Hohai university
under Grant No. 2009428011.
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By the definition of strict hyperbolicity, for any given u on the domain under
consideration, A(u) has n distinct real eigenvalues Ay (u), ..., Ap(u). We furthermore
suppose that

(1.2) A1(0) < ... < An(0) <0< Apg1(0) < ..o < A (0).

Let I;(u) = (liy(u), ..., lin(uw)) and ri(u) = (ri1(u),...,7in(u)) ") be respectively a
left and right eigenvector corresponding to A;(u) (i =1,...,n):

(1.3) Li(w)A(u) = Xi(uw)li(u) and  A(u)r;(u) = Ni(u)ri(u).
We have
(1.4) det|l;;(u)] #0 (equivalently, det|r;;(u)| # 0).

Without loss of generality, we suppose that

(1.5) Zi(u)rj(u) = 57;]' (Z,j = 1, . ,n),
(1.6) 7i(uw) Tri(u)

If
—
—_
=
|
—_
3
S~—

where d;; stands for Kronecker’s symbol.

All A\;(w), l;j(u) and 7i;(u) (4,5 = 1,...,n) are supposed to have the same regu-
larity as a;;(u), (4,7 =1,...,n).

Under the assumption that

(1.7) B(u) =0,
for the Cauchy problem of system (1.1) with the initial data
(1.8) t=0: u=9(z), z€R,

where ¢(z) is a C! vector value function with bounded C! norm, many results
concerning global existence and blow-up of classical solutions have been obtained
(see [1], [5]-[6], and [16]). In particular, by means of the concept of weak linear
degeneracy, for small initial data with certain decaying properties, the global exis-
tence and the blow-up phenomenon of a C*! solution to the Cauchy problem (1.1)
and (1.8) have been completely studied (see [9] and [14]-[15]). In virtue of two basic
L' estimates, Zhou [20] furthermore relaxed the restrictions on the initial data and
then showed that the Cauchy problem (1.1) and (1.8) for the weakly linearly degen-
erate and strictly hyperbolic system admits a unique C! solution which also satisfies
L' stability.
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In order to consider the effect of nonlinear boundary conditions on the global reg-
ularity of a classical solution of system (1.1), Li & Wang [12] investigated the mixed
initial-boundary value problem for system (1.1) on a half-unbounded domain. The
result obtained by Li & Wang indicates that the interaction of nonlinear boundary
conditions with nonlinear hyperbolic waves does not cause any negative effect on the
global regularity of the C'! solution, provided that the C'! norms of initial and bound-
ary data both decaying at infinity are small enough. Recently, Zhou & Yang [21] also
relaxed the restrictions on the initial and boundary data and then established re-
sults on the global C'! solution for linearly degenerate and weakly linearly degenerate
system, respectively.

For inhomogeneous quasilinear hyperbolic system (1.1), under the assumptions
that B(u) satisfies the so-called matching condition and the system is strictly hyper-
bolic and weakly linearly degenerate, Kong [7] and Li [8] established the correspond-
ing results for the Cauchy problem (1.1) and (1.8). Recently, Wu [19] extended the
results established by Zhou [20] to the inhomogeneous case. Chen [3] also obtained
the corresponding inhomogeneous result in [12].

In this paper, we are going to re-prove the global existence result with less re-
strictions on the initial and boundary data. In particular, the supreme norms of the
derivatives of the initial and boundary data are not assumed to be small. We shall
also obtain global L' stability results in this situation.

Moreover, for the mixed initial-boundary value problem on a bounded domain
{(t,z): t > 0,0 < = < L}, the results on the global regularity can be found in [4],
[9]-[11], and [18].

On the domain
(1.9) DY (t2): t>0,2 >0}

we consider the mixed initial-boundary value problem for system (1.1) with the initial
data

(1.10) t=0: u=9(z), >0

and the boundary condition

(1.11) x=0: vs = fo(a(t),v,...,vm) + hs(t) (s=m+1,...,n),
where
(1.12) v =Li(u)u (i=1...,n),
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hs(t) (s=m+1,...,n) are given C* functions of ¢ and

alt) ¥ (ar(t), ..., ant)).

Let

and let us define

def n 1/2
E (Zu)

for any vector value function u = (ug,...,u,) . Without loss of generality, we
suppose that
(1.13) fs(a(t),0,...,00=0 (s=m+1,...,n).

We also remark that in a neighborhood of u = 0, the boundary condition (1.11) takes
the same form independently of the choice of left eigenvectors.

To state our results precisely, we shall first recall the concept of weak linear de-
generacy (see [9], [14]) and matching condition (see [7], [8], [19]) as follows.

Definition 1.1. The ith characteristic A;(u) is weakly linearly degenerate if
along the ith characteristic trajectory u = u(i)(s) passing through u = 0, defined by

du

(1.14) i ri(u),

(1.15) s=0:u=0,

we have

(1.16) VAi(w)ri(uw) =0, V]u| small,

namely,

(1.17) Ai(u@(s)) = Xi(0),  V|s| small.

If all characteristics A;(u) (¢ = 1,...,n) are weakly linearly degenerate, then the

system (1.1) is said to be weakly linearly degenerate.

Definition 1.2. B(u) satisfies the matching condition if along all characteristic
trajectories passing through v = 0 we have B(u) =0, V|u| small, i.e.,

(1.18) B(u¥(s)) =0, V|s| small (i=1,...,n).
In this case, it is easy to see that
(1.19) B(0) =0, VB(0)=0.

Our main results can be summarized as follows:
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Theorem 1.1. Suppose that in a neighborhood of u = 0 we have A(u) € C?,
system (1.1) is strictly hyperbolic and weakly linearly degenerate, and B(u) € C?
satisfies the matching condition. Suppose furthermore that ¢, «, fs, and hy € C!
(s = m+1,...,n). Suppose finally that the conditions of C' compatibility are
satisfied at the point (0,0) and assumptions (1.2) and (1.13) hold. Let

(1.20) M = max{sup|<p’(x)|, supla/(t)], sup|h'(t)|}.
x>0 t>0 >0
Then there exists a positive constant ¢ independent of M such that the mixed initial-

boundary value problem (1.1) and (1.10)—(1.11) admits a unique global C' solution
u = u(t,z) on the domain D provided that

(1.21) | w@iase [Clar< iy
and
a2 [Cawolsobass [Tl aoha<

Theorem 1.2. Under the assumptions of Theorem 1.1, suppose furthermore that
B(u) € C3. Ifu™), u® are two solutions given by Theorem 1.1 with initial data o),
©?) | boundary conditions o), h") and o, h(?) respectively, then we have

(1.23) / M (t, z) — u®(t, z)| dz
0
<o [T - @@lar [0 - 1D 0)ar
0 0
+/ |a<1>(t)—a<2>(t)|dt), WVt 0,
0

where C' is a positive constant independent of M and t.

Under the assumption that (1.7) holds, for the weak solution to the Cauchy prob-
lem (1.1) and (1.8) for general quasilinear hyperbolic systems, Bressan et al. [2] and
Liu & Yang [17] both obtained global L' stability with respect to time t.

This paper is organized as follows: In Section 2, we recall and generalize John’s
formula on the decomposition of waves. Section 3 is devoted to two basic lemmas
concerning the L' estimate. In Sections 4 and 5, we prove Theorem 1.1 and Theo-
rem 1.2, respectively.
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2. PRELIMINARIES

Suppose that A(u) € C2. By Lemma 2.5 in [14] (see also [9]), there exists an
invertible C3 transformation u = u(%) (u(0) = 0) such that in the @-space, for each
i =1,...,n, the ith characteristic trajectory passing through @ = 0 coincides with
the @;-axis at least for |u;| small, namely

(2.1) 7i(Gie;) = e, V|| small (i=1,...,n),
where

(@) T .
(2.2) e; =(0,...,0,1,0,...,0)" € R" (i=1,...,n).

Such a transformation is called a normalized transformation and the corresponding
unknown variables @ = (7iy,...,%,)  are called normalized variables or normalized
coordinates.

Let v; (i =1,...,n) be defined by (1.12) and

(2.3) w; =Li(wu, ((=1,...,n),
(2.4) Bi=lLw)Bu) (E=1,...,n).

(2.5) u= kark(u)
k=1
and

(2.6) Uy = Zwkrk(u).
k=1

Let

(2.7) == 4 hi(u)—

d

d;t ot
be the directional derivative with respect to time t along the ith characteristic. We
have (see [19])

(2.8) % = Z()\z(u) — e (w)wgrg (u) + Z Brrn(u).
¢ h=1
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It is easy to see, in normalized coordinates, that

(2.9) iuz = Z 0k (w)ujwy + Z (Z Qijh(u)ﬁh(u)) uj + i (u) By,
j=1 “h=1

it

Jk=1
where
1 .
Ou(u) — )\k(u))/ 37“m(<9u1,~~'78Uk751;1%k,suk+1,~~78un) ds,
0 j
(2.10) ik = k+#i, j#k,
0 otherwise,
/1 87”}”;(5'(1;1, <oy SUp—1,Up, SUp+1,- -+, Sun) ds
B 0 3uj ’
@) = b j#h,

0 otherwise.

From (2.6) and (2.9), we get

(2.12) ({Z;fz + W = Z Fijr (w)ujwy, + Z (Z Qijh(u)ﬁh(u)) uj + 73 (w) By,
=1 “h=1

Gok=1
or equivalently,
(2.13) dfu;(dz — A\ (u) dt)]

= [ zn: Fji(u)ujwy, + z: <hzn::1 0ijn () Bn (U)> w; + T (u)ﬁi] dt Adaz,

j,k=1

where

(2.14) Fiji(u) = 045k (1) + Vi (w)re(uw)ds;.
By (2.10), it obviously follows that

(2.15) Fij;j(u)=0, Yj#i.

Moreover, when system (1.1) is weakly linearly degenerate, then in normalized coor-
dinates we have

(216) Fijj(Ujej)EO, V|u]‘|, Vi, j € {1,...,71}.
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On the other hand, we have

(2.17) dwz Z ’Yzjk w]wk + Z (Z zjh (u) + vij (u)>wj;

7,k=1 =1
where
(2.18) 7ijk (1) = 5{(Nj(u) = A (u))ls (W) Vry(w)r (u) — VA (w)r; (w)dar, + (1K)},
(219) Bijh(u) = —li(u)Vrj (u)rh(u),
and
(2.20) vij(u) = L;(w)VB(u)rj(u),

with (j]k) standing for all terms obtained by changing j and & in the previous terms.
Hence, we have

When system (1.1) is weakly linearly degenerate, in normalized coordinates we get

(222) 'yiii(uiei) = 0, Y |uz| (Z = ]., ey 77,)
and
(223) Bijj(ujej) = 0, \V’|U,J| (Z,j = 1, AN ,’I’L).

Similarly to (2.13), we obtain
8wi 0 )\i u)Ww; i
(224) — +%: > Tijw(u ijk+Z<ZBwh u) +vij(u )>wj,

or equivalently,

(2.25) d[wi(dz — \s(u) dt)]

- [ zn: Cijr (w)wjwy, + Z(Z 3in (W) Bn (u) + Vij(“))ﬂ]j]dt Adz,

J,k=1 =1

where

(2.26) Lijie (u) = 5 (A (w) = M (@)l (w) [Vry(w)r (u) — Vg (w)rg (u)].
Thus, we have

(227) F”](u) =0, Vij€ {1,...,77,}.

As for (2.9) and (2.17), we have
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Lemma 2.1 ([19]). Suppose that A(u) € C? in a neighborhood of u = 0 and
system (1.1) is strictly hyperbolic. Suppose furthermore that B(u) € C? satisfies the
matching condition. Then, in normalized coordinates, we have

22 (T e )+ rawi)
j=1 “h=1
Z ik (Wuug, Yul small (i=1,...,n),
k;:

where Pj;,(u) are C' functions with respect to their arguments in a neighborhood
of u =0 and

(229) Pijj (ujej) = 0, N |’LLJ| small (Z,j = 1, AN ,’I’L).

In addition, we get

(2.30) Z <Z Bijn(u)Bn(u) + vij (u ))wj

= Z Qijr(Wupw;, Yu|lsmall (i=1,...,n),

jk=1

where Q;;(u) are C' functions with respect to their arguments in a neighborhood
of u =0 and

(2.31) Qijj(uje;) =0, Vl|u;| small (4,5 =1,...,n).

By Lemma 2.1, (2.9) and (2.12) can be rewritten as

dui - =
(2.32) 1t Z 0ijk (W)ujwy + Z Piji (u)ujup,
! G k=1 g k=1
dui O Ni(wuy) = -
(2.33) n + 0 Z Fijr(w)ujwr + Z Piji (w)ujug.
jk=1 k=1

By Lemma 2.1, (2.17) and (2.24) can also be rewritten as

dwl -
(2.34) Z 'y”k ijk + Z Qijk(u)ukwj,
Jk=1 j.k=1
8wi 0 )\i u)Ww; i i
(2.35) o T % = Y Tye@wywe + Y Qg (u)uw;.
J, k=1 j,k=1
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We next present a formula on the decomposition of waves for the difference of two
solutions u™), u(? to system (1.1) (see [19], [20]). Let

(2.36) w = LMu®, w? =L@® ((=1,...n).

By (1.5), we have

(2.37) (1>_Zw uM)y, (2>_Zw ri(u®).

Let
(2.38) uw® =4 — @)
(2.39) €D = (W)@, 6P =1 (@),

then we get

(2.40) u® = Zé” (u) = Zf‘2> (@),

Jj=1 Jj=1

Thus,
(241) &P+ <x<u<l>>s“>>

Z ;) u® §(1 (1) — (\i(u®) —/\i(U(Q))li(U(l))ri(u(m)wz@)

J,k=1

+ Z uMy = X (@) (M) (r; (u™) — Tj(U(Q)))’LUJ(-z)

J#z

_Zl uM)Vr( (1))B(u(1))§§1) + LMY (B - Bu®))

and

(242) €7+ Ni(u <2>>e<2>>

n
Z (2) (2) + () = Ai(U(Q)))li(U(z))n(u(l))wz(l)
j.k=1

Z u(2 u(l)))ll(u@))(ﬁ (u(l)) —rj (U(Q)))wj(l)

JFi

=3 ) T ) B e L) (BD) - B,
=1
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where

(2.43) Ok (1) = Ak (w) — A (w))li (W) Vrj (w)rg (u) + Vi (w)re (w)ds;.

We have, in normalized coordinates, that

(2.44) ©iji(uje;) =0, Vl|u;| small, Vj#i.

When system (1.1) is weakly linearly degenerate, in normalized coordinates we get

(2.45) G)ijj (ujej) =0, v |’LLJ| small (Z,j =1,... ,n).

3. Two BASIC L! ESTIMATES

In this section, we present two basic L! estimates (see [21]).
Lemma 3.1. Let p = ¢(t,z) € C! satisfy

(3.1) v+ (At 2)p)e = F, 0t
(3.2) t=0: o=y, T=

where A € C*. Then for any t € [0,T],
(i) if A > 0, we have

T T
(33) Nt Morn < ol + / It ) g d + / ACE 0)]p(t, 0)] i,

(ii) if A <0, we have

T
(3.4) o, o wm+) +/0 (=A(t,0))]p(t,0)] dt
T
< [lwollzrr+) +/ IE(t, ) oty dt,
0

where [[p(t, )2 ey = J3° lo(t, 2)| da
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Lemma 3.2. Let ¢ = o(t,z) and ¢ = (t,x) be C' functions satisfying

sot—i—()\(t,x)ap)x: ) 0<t \T (E>0
(3.6) t=0: ¢ =go(z), >0
and
t=0: ¢ =1p(r), >0,

where A\, € C! such that there exists a positive constant dy independent of T
verifying

(3.9) p(t,x) = At,x) =200, 0<t<T, z>0.

Then, for any t € [0,T],
(i) if A > 0 and p > 0, we have

(3.10) (50// lp(t, z)| - |¢(t, z)| da dt
T T
4(|goo||ﬂ<w>+ [ IF ey de+ A(t,o>|¢<t,o>|dt)
0 0

T T
x <|¢0|L1(R+)+/O ||G(t,.)”L1(R+)dt+/0 u(t,0)|1p(t,0)|dt),

(i) if A < 0 and p > 0, we have

(3.11) 50// Y(t,x)|dedt

T
4<|<PO||L1([R+)+ / |F<t,'>||L1<R+>dt)

T T
x <|wo|L1<R+>+ / 1G(t syl + / u(t,o>|w<t,o>|dt),

(iii) if A < 0 and p < 0, we have

(3.12) 50/ / ot )| da dt

T
< 4(||soo|L1<R+> +f ||F<t,->|L1<R+>dt>
0
T
X <||¢0|L1(R+) +/ ||G(ta')|L1(R+)dt>-
0
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4. PROOF OF THEOREM 1.1

By the existence and uniqueness of the local C! solution to mixed initial-boundary
value problem (1.1) and (1.10)—(1.11), in order to prove Theorem 1.1, it suffices to
establish uniform a priori estimates for the C° norms of u and du/dx on the existence
domain of the C! solution u = u(t,z) (see [13]).

By (1.2), there exist positive constants § and Jp small enough such that
(4.1) Aj1(uw) — Aj(@) = 6o, Yu|,|lu| <6 (j=1,...,n—1).

For the time being it is supposed that on the existence domain of the C'' solution
u = u(t, z) to the mixed initial-boundary value problem (1.1) and (1.10)—(1.11) we
have

(4.2) lu(t, z)| < 6.

At the end of the proof of Lemma 4.2, we shall explain that this hypothesis is
reasonable. Thus, in order to prove Theorem 1.1, we only need to establish uniform
a priori estimates for the supreme norms of v and w = (wy, ..., w,)" defined by (2.3)
on any given time interval [0, T].

By the assumptions [ |¢/(z)|dz < oo and [~ |¢(z)|dz < oo, it is easy to see
that

(4.3) lim ¢(x) = 0.

r—00
Due to finite propagation speed of waves, we have
(4.4) lim w(t,z) =0, Vtel0,T].
r—00

Thus, it follows that

(4.5) u(t,x) = — /OO uy(t,y) dy.

Differentiating the boundary condition (1.11) with respect to time ¢ and taking
into account (1.2) and (4.2), for 6 > 0 small enough we have (see [12])

m k
(4-6) r=0: ws = Z fsr(a(t)v U’)wT + Z ?Si(a(t)a U)Oé; (t)
r=1 i=1

+ Y fesla(®),whi(t) (s=m+1,...,n),

s=m+1

where fq., fsi, and fss are continuous functions with respect to their arguments.
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By Lemma 2.5 in [14], there exists a normalized transformation. Without loss
of generality, we assume that u = (uy,...,u,)' are already normalized variables.
To consider the mixed initial-boundary value problem in normalized coordinates, we
need the following lemma.

Lemma 4.1 ([12]). The boundary condition (1.11) and the assumption (1.22)
keep the same form under any given smooth invertible transformation u = ()

(u(0) = 0).

Moreover, in normalized coordinates, it is easy to see that
(4.7) v = lLi(w)u=1;(0)u+o(Jul) =u; +o(|u]) (i=1,...,n).

Substituting (4.7) into (1.11), the Implicit Function Theorem implies, for sufficiently
small |u|, that

(4.8) x=0: us

gs(a(t), A1 (), - s (), u, - oy Um)
s@t),ut, .y um) +he(t) (s=m+1,...,n),

||(D
BN
Q

where gs € C! (s=m+1,...,n),

(4.9) a(t) = (a(t), hms1(t),- .., ha(t)),
(4.10) hs(t) = gs(a(t),0,...,0) (s=m+1,...,n),
and then

(4.11) 7:(@(®),0,...,00=0 (s=m+1,...,n).

(4.12) gs(a(t),0,...,0)0=0 (s=m+1,...,n).
Let
(4.13) Wy(T) = 7nzn?axm/ (=Ar(u(t,0)))|w,(t,0)] dt,
™ Jo
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(4.14) Up(T) = max /O (= (ut, 0)))on (£, 0)] i,

r=1,....m
(4.15) Uso(T) = sup sup|u(t,z)|,
0<t<T 220
(4.16) W (T) = sup suplw(t,z),
0<t<T 220
o0
(4.17) Wi (T) = sup/ lw(t, z)| dz,
o<t<T Jo
(4.18) Uy(T) = max maxsup/ |u;| dt,
=i o o,

(4.19) Wi(T) = max maxsup/ |w;| dt,
C

i=1.n i o Jo,

where C; stands for any given jth characteristic on the domain D(T').

Hence, we conclude from (4.5) that

(4.20) lu(t, 7)| < /OOO s (£, )] dar < CWA(T).

Here and hereafter, C' will denote a generic positive constant independent of €, M,

and T'; the meaning of C' may change from line to line.

Lemma 4.2. There exists a positive constant C' independent of €, M, and T such

that

(4.21) Wy (T), Wi(T), W1(T) < Ce,
(4.22) UL(T). 0u(T) < Cqp 7
(4.23) Wao(T) < CM.

Proof. We introduce

(4.24) Wwn =Y / / o) - g, )] i,

P
(4.25) =33 | ] e ooz ar
IR
(4.26) Qo) =323 |ty azar,
and
(4.27) S my, LS im0}
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To begin with, we estimate Qu (7).
(i) For ¢,5 € J1 and i # j, by (2.33) and Lemma 3.2 we have

T poo
(4.28) // lui(t, )| - Ju;(t, z)| dedt
0 0
T 2
< C(||sao|L1<R+> = [Cire -)|L1<R+>dt> ,
0

where F' = (Fy,...,F,)" with

n n
(4.29) F, = Z Fiji(w)ujwg + Z Pk (w)u;ug.
k=1 k=1

By Hadamard’s formula (see [19]), we get

(4.30)  |Fy )] <C Y fuml,  [Piyy(w)| <C Y fuml|, Vi, je{l,....n};
m#j m#£j

as a consequence, it follows that

T
(4.31) | IF @ de < C@Qu(T) + Quw(T))
0
Thus, for 4,7 € J; and 7 # j, we conclude that
T proo
@32 [ [t Juyt. o)l dedt < Clllgnllan) + Qu(T) + Quw ()
0 0
(if) For ¢ € Jy, j € Ja, it also follows from (2.33) and Lemma 3.2 that
T proo
(4.33) / / i (£, 7)) - | (£, 2)] da d
0 0
T
<(llonllon + [ 1AL )
0

T T
X (|<PO||L1(R+) —|—/0 |‘Fj((‘,,-)HL1(R+)dt+/O /\j(u(t,O))l’U,j(t,O)ldt).
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By (4.8)—(4.12), taking into account (4.2) and Lemma 3.1, we can obtain

(4.34) /)\ (t,0))luy (1, 0)| dt

/ X (s 0D @), ) + Ty (1))t

<Z/ A (u(t, 0
7":10

< C(||hll )y + Up(T)

T
< (||h||L1<R+> Hlipolzigen + [ 1o db
0

T —
j o (£, 0|t + / (k. 0))| oy (1) dt

Due to (4.31), we conclude from (4.33)—(4.34) that

T poo
(4.35) /0 /0 lui(t, )| - |u;(t, z)| dedt
C(Ihllziw+) + lleoll zir+) + Qu(T) + Quw (T))*.

(iii) For i € Ja, j € Jy or i,j € J and i # j, a similar procedure yields

T poo
(4.36) /0 /0 lui(t, )| - |u;(t, z)| dedt
< C(hllzr @y + lvollzr @ty + Qu(T) + Quw (T))?.
Combining the three cases above gives
(4.37) Qu(T) < C(|[hllL ) + llpollLrasy + Qu(T) + Quw (T))*.

Similarly to Qu(T), due to (2.35) and (4.6), it follows that

T 2
(4.38) Qw(T) < C(||h||L1(R+)+”a||L1(R+)+W1() /”G(tv')”Ll(R‘*‘)dt>

where G = (G4, ...,G,)" with
(439) G; = Z I‘ijk(u)ijk + Z Qijk(u)ukwj.
J,k=1 j,k=1

By (2.31) and Hadamard’s formula, we have

(4.40) Qi (1) C > Juml|, Vije{l,...,n},
m#j
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and then

T
(4.41) /0 NGt ) ey dt < C(Qw(T) + (1 + W (T))Quw (T)).
Thus, it follows that

(4.42) Qw(T) < C(IIN || Lr@+y + 1/ |1 @y + Wi(0) + Qw (T)
+ (1 + Wao(T))Quw (T))*.

By virtue of (2.33) and (2.35), we similarly have

(4.43) Quw (T) < C(||h]l L1 (w+) + lleollLrw+) + Qu(T) + Quw (T))
< (IIW L1y + 1] L1ty + W1 (0) + Qw (T)
+ (1 + Woo(T)Quw (T)).

We now estimate Wy (T').
(i) For ¢ € Jq, by (2.35) and Lemma 3.1 we have

@an) [l de < WO+ [ 160 ) d
<W1(0) + C(Qw (1) + (1 + Woo (1)) Quw (T)).

(ii) For ¢ € Jz, by (2.35) and 3.1 we also have
(4.45) / fwi(t, 2)| da
0
T T
< W1(0) +/ IG(# )z ey dt +/ Ai(u(t, 0))|wi(t, 0)] dt.
0 0

Using (4.6), we obtain

T
(4.46) /0 i (u(t, 0))lwi(t, 0)] dt

T
:/'&wwm>
0

k n
+ > Falalt),u(t,0)ag(t) + Y fis(alt), u(t,0)hi(1)| dt
=1

s=m+1

3 fir(alt), u(t, 0)w, (¢,0)
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CUIP |1 @+y + o' |y
+ W1(0) + Qw(T) + (1 + W (T))Quw (T'));

consequently, for i € Js it follows that

@an) [ ustea)lds < CW ooy + 1o lise) + W3(0) + Qu (T)
+ (1 + Ww(T))Quw(T)).
Thus, combining (4.44) and (4.47) yields
(4.48) Wi(T) < (Il Ly + 10 |y + Wi(0) + Qw (T)
+ (1+ Wao(T))Quw(T)).

We next estimate Wy (T).
For this purpose, we need to estimate

[ it £,
Cj

For any given point (t,z) € D(T), denoted by A, we have:

(i) For i € Jy, there are only two possibilities:

(a) The jth characteristic passing through the point A intersects the z-axis at a
point B (0, ;) and the ith characteristic passing through the point A intersects the
x-axis at a point P’ (0, o;). One can rewrite (2.35) as

(4.49) d(Jw; (¢, z)|(dx — As(u) dt)) = sgn(w; )G, dt A dez.

Integrating(4.49) on the domain ABP, utilizing the Stokes formula and using (4.41),
we have

(450) \ / st IO - Mu))dt\

/ |w; (0, z)| dx| + // |G;| d dt

S W1(0) + C(Qw(T) + (1 + Weo (1) Quw (T)-

<

249



By the definition of Wl, we have j # i and then
(4.51) |Aj () = Ai(u)| = do;

consequently, it follows that
(452) / jws(t,2)] dt < W (0) + C(Qu (1) + (1 + Wa(T) Quw (1))

(b) The jth characteristic passing through the point A intersects the t-axis at a
point B (8;,0) and the ith characteristic passing through the point A intersects the
x-axis at a point P (0, o;). Denote the origin (0,0) by O. We integrate (4.49) on the
domain ABOP, utilize the Stokes formula and apply Lemma 3.1 to obtain

(459) | /C 0] 0) = N(w) o

B;
g/o |w; (0, z |dx—|—// |Gi|dxdt+/0 (=i (u(t, 0))|w;(t,0)|) dt
< C(Wi(0) + Qw(T) + (1 + Weo (1)) Quw (1))

Hence, by (4.51)—(4.53), for i € J; it follows that

(4.54) / fwi(t, )] dt < C(W1(0) + Qu (T) + (1 + Woo(T)Quw (T)).

J

(ii) For ¢ € J3, there are four possibilities as follows:

(a’) The jth characteristic passing through the point A intersects the z-axis at a
point B (0, «;) and the ith characteristic passing through the point A intersects the
x-axis at a point P (0, «;). Similarly to the case (a) in (i), we integrate (4.49) on the
domain ABP and use the Stokes formula to obtain

(4.55) / it )| dt < C(W1(0) + Qur (T) + (1 + W (T))Qurw (T).

J

(b’) The jth characteristic passing through the point A intersects the z-axis at a
point B (0, a;) and the ith characteristic passing through the point A intersects the
t-axis at a point P (3;,0). Integrating (4.49) on the domain ABOP, using the Stokes
formula and taking into account boundary condition (4.6), (1.22), and Lemma 3.1,
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we have

(4.56)

/Cj |wi (£, 2)|(A; (u) — Ai(u))dt‘

aj Bi
< /0 |wi(0,x)|dx—|—//ABOP|Gi|dxdt+/0 (Ni(u(t, 0))|w;(t,0)]) dt
< OW1(0) + Qw(T) + Quw (T))

+Z/ t 0 |fzr( ( ) u(t,O))| : |wr(t,0)|dt

/A (t:0)) (Zlfu £,0))] - o ()]
3 Uila(Ot0)]- (0 ) a

s5=m-+1
C(IW L1 w+y + 11| L1 wey + Wi(0) + Qw (T) + (1 4+ Wao(T)Quw (T)).

Thus, by (4.51), it follows that

(4.57) / lwi(t,z)| dt < C(||W |1 +y + ||| r+) + W1 (0)
c

| + Qw(T) + (1 4+ Woo (T))Quw (T)).

(¢/) The jth characteristic passing through the point A intersects the ¢-axis at
a point B (3;,0) and the ith characteristic passing through the point A intersects
the z-axis at a point P (0,cq;). Similarly to case (b'), we integrate (4.49) on the
domain ABOP, utilize the Stokes formula and due to the boundary condition (4.6),
(1.22), and (4.51) we obtain

(4.58) / i (£, 2)| dt

J

CIR' | L1+ + 11 (| L1 ey + Wi(0) + Qw (T) + (1 + Woo(T))Quw (T)),

where we have used Lemma 3.1.

(d’) The jth characteristic passing through the point A intersects the t-axis at a
point B (8;,0) and the ith characteristic passing through the point A intersects the
t-axis at a point P ((3;,0). Similarly, integrating (4.49) on the domain AB P, utilizing
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the Stokes formula and the boundary conditions, we have

(4.59)

/ jwi(t, )] () — M) dt\

//ABPIG|dxdt+V w(t, 0))wi(t, 0)]) dt

C(IM lpr@+) + e[| 1@y + W1i(0) + Qw (T) + (1 + Weo(T))Quw (T)).
Hence, for any i,5 € {1,...,n} and i # j, it follows that
(4.60) / | it
Cj

C(IR | L1 w+y + 11 (| L1 r+y + Wi(0) + Qw (T)
+(1+ WOQ(T))QUW(T))7

so that
(4.61) Wi(T) < C(IIN || prgsy + o/ || pa gy + Wi(0) + Qu (T)
+ (14 Weo (1)) Quw (T)).
Similarly,
(4.62) U1(T) < C(Ihll 21wy + leoll rr+y + Qu(T) + Quw (T)).

We finally estimate Woo (T').

(i) For i € J; and any given point (¢,x) € D(T), the ith characteristic passing
through the point (¢, ) must intersects the z-axis at a point (0, ;). By (2.34), we
have

(4.63)  |wi(t,z)| < W (0) + ‘/ ( En: Yijr (W) wjwy + zn: Qz‘jk(u)ukwy‘> :

Ci \j k=1 jk=1

By (2.21) and (2.22), it follows that

(4.64) ‘/C (2:; Yigk (u)wjwy + %n; Qijk(u)ukwj)‘
< /C [iii (Ww? | + CWoo (T)WA (T / |Quii (w)ujw;| + CSWy (T))
<cwm) [ )]+ OWoe (N TA(T)

oW () [ 1Qus(w] + COTA(T).
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By (2.22), Hadamard’s formula yields

(4.65) i (W)] = Pais () = isa (wies) | < C D Jug)-
J#i

Then

(4.66) [ hstw)l < COT).

Due to (2.31), we also have

(4.67) / |Quii(u)] < CUL(T).
Hence, for i € Jy, it follows that

(4.68) [wi(t,)llco < Woo(0) + CWE(T)U1(T) + CWao (T) Wi (T)
+ COWoo (T)UL(T) + COW,(T).
(ii) For i € J; and any given point (¢,z) € D(T'), there are only two possibilities:
(a”) The ith characteristic passing through the point (¢, z) intersects the z-axis at

a point (0, o;), and similarly to (i) above we have

(4.69) [wi(t,)llco < Woo(0) + CWE(T)UL(T) + CWao (T) Wi (T)
+ CoWoo (T)UL(T) + CSW1(T).

(b”) The ith characteristic passing through the point (¢, z) intersects the t-axis at
a point (5;,0). By (4.6), (4.68), and (1.20), it follows that

(4.70) Ju(t.2)| < Jos (53, 0)| + \ / (Z i+ 3 Q“k(w“’f“”')‘

i N k=1 Jik=1
k
517 wr 617 Z 51; ))a;(ﬂl)
+ Z fis( (B, 0))h5(8:) | + CWZ(T)U\(T)
s=m-+1

T) + CSW(T)

+ CWoo (T)W1(T) + CSWooo (T) U1 (

< C(M + W (0) + W2,(T)Uy(T)
+ 6Woo (T)UL(T) + 6WA(T)).
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By virtue of (4.68) and (4.70), it is easy to see that

(4.71) Weo (T) < C(M + Wao(0) + W2 (T)UL(T) + Weo (T)W:(T)
+ OWoo(T) UL (T) + W1 (T)).

Combining (4.37), (4.42)—(4.43), (4.48), (4.61), (4.62), and (4.71), we can prove that

2

3
(4.73) Qw(T) < Ce?,
2
(4’74) QUW(T) < CM€——|—1

as well as the conclusion of Lemma 4.2. This completes the proof of Lemma 4.2. [
By (4.20), it follows that

(4.75) Uso(T) < CW1(T) < Ce.

Taking ¢ sufficiently small, we get

(4.76) Uso(T) <

o,

so the hypothesis (4.2) is reasonable.
Theorem 1.1 is a direct consequence of Lemma 4.2.

5. PROOF OF THEOREM 1.2

Proof. To estimate

/ i (t,2)| de,
0

it suffices to estimate
o0
(5.1) / €W (¢, 2)|de, Vie{l,...,n}
0

on a fixed time interval [0, 7.
By the boundary condition (1.11), we have

(5.2) ax=0: 00 = f,(a®@), oM, oW+ hD@E) (s=m+1,...,n)
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and

(5.3)  2=0: 0@ =f£,@®), 0P, @) +rP ) (s=m+1,...,n),
where v =L(uu® (i =1,...,n;1=1,2). By (2.38) and (2.40), it follows that
(5.4) vgl) - vl@ = Li(u™M)u® — [;(u®)u?

- ol ‘
= gi(l) + ZES)T;(U(”)% u® (t=1,...,n).

Then, subtracting (5.2) from (5.3) yields, at = = 0, that
1 0 s
&M + k§:1§k s (u(l))—au ul®

Ofs a0 (¢ 3fe [ 1) (), T Wyl (2) (0)
(8a) pt ou
(5:m+1;--'7n)5

where a(9) () = oM (t) — o (t), hY ()= hgl)(t) - hgz)(t). When ¢ is small enough,
we conclude from Theorem 1.1 that

m
r=1
(s:m+1,..., n),

where g;), ggz), and gg—) are continuous functions with respect to (V) (t), a?(t),

u®, @),
Similarly,

(5.7) 2 =0: ¢® = Zggi>5<2>+zg PO+3" 32001 (s=m+1,...n),

where ggr), gg), and 92? are continuous functions with respect to (oM (t), a® (1),

u® | @),
(i) For ¢ € Jq, due (2.41), it follows from Lemma 3.1 that

oo T
(5.8) / €0 (¢, 2)| da + / (=X (D (2, 0))[eM (£, 0))

(') T
< / 1€0(0, )| da + / IED (s s dt,

255



where

V= 3 0 @W)eMul — (a®) = A ()l (D) (0 )

g k=1

+2_ () (M) (5 () = 7))

J#i

- i () Vr; (@)e! + 1 (™) (B(u™) — Bu®)).

By Hadamard’s formula, some estimates are obtained in [19], [20] as follows:

(5.10) S lPl<eylg? + e Pl 1e?,

J#i J#i i
(5.11) (™) = 2@ < €3I+ C D 1,
J#i J#i
(5.12) D) = <OX I+ O3 1167,
k#j k#j
(5.13) |B(u™M)| < CZ |u§€1)|’
k#j
(5.14) 10w <> ], Vijef1,...,n},
k#j
and
(5.15)  [Bu) - Bu®)| < CZZ )| - [€P] + CZZ V|- 1),
J=1k#j J=1k#j

Combining the above facts, we obtain

516 [ IEO e
C(Qe (T) + (M +1)Deo (T) + Qeear (T) + (M + 1) Decan (),

where

(5.17) Qe (T ZZ/ / € (t, )] - [wP (¢, 2)| dadt,
J=11i#£j

(5.18) Qe (T ZZ / / €2 (¢, )| - |0l (¢, )] da dt,
J=11i#£j
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(5.19) Do (T ZZ// g (8, 2)] - €47 (¢, 2)| dadt,

J=1h#j

(5.20) Dee (T ZZ / / g (8, 2)| - €87 (¢, 2)| da dt.

J=1h#j

We first estimate Q¢ (T).

(a) For 4,7 € J; and i # j, by (2.35) and (2.41), it follows from Lemma 3.2 and
Lemma 4.2 that

(5.21) / / €M (8 2)] -l (¢, @) dedt
< c(||¢<°>||L1(R+> +Z / IO >||L1(R+>dt)

(1) 1 ) (1)
S GRCED o i e
i,7,k=1

+ Qijk( 1))U,k | dx dt)

no LT
< cE(||sa<°>||L1<R+> 0y / VED ) dt),
=1

where () = (1) — (),
(b) For i € J; and j € Ja, by virtue of (4.46) and Lemma 4.2, we conclude from
Lemma 3.2 that

(5.22) / / € (t2)] -l (8, )| dadt
C(HSO(O)HLI(W) 3 IEO Yy dt)

i=1

T
(W”() + [ a0l .0 d
S [ s )

i,7,k=1
< 05<||<P( L+ +Z/ 1Dt )] o R+)dt)
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(c) For ¢ € J; and j € Ji, due to the boundary condition (5.6), it follows from
Lemma 3.2 that

(5.23) // € (t, )| - [wlP (¢, 2)| de dt
=~ [T o
<CQw@mmﬂ+§JAnﬂ<nmmwwt
=1

+/$A<m@ométhm§

><< Z// T (u®) <1> <>

i,7,k=1

+ Qijr (WP)ufwlV| da dt>
< CE<||<P(O)||L1(R+) + ||04(0)||L1([R+) + ||h(0)||L1(R+)

n T
1
£ [ IO ar).
=1

(d) For i,j € Jy and i # j, the similar procedure gives
(5.24) / / eV (t,2)] - Jwlt (t, )| da dt
< CE<||<P(O)||L1(R+) + ||04(0)||L1(R+) + ||h(0)||L1([R+)

n_ T
1
+Z/o I )(t7')||L1(R+)dt>.
i=1

Thus, we have

(5.25) Qe (T) < CE(”SD(O)”D(R‘*') + 0| i@y + 1RO Ly

+Z/ ||F ||L1([R+)dt>

Because of (2.23) and (2.41), we conclude from Lemma 3.2 that

(5.26)  Dey(T) < C <||<P(0)||L1(R+> + 0|y + 1RO Ly

+Z/ ||F( ||L1([R+)dt).

Similar estimates hold true for Q) (1) and Dgc) (T).

€
M+1
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Consequently, it follows from (5.16) that
- ’ (1)
CEUIED Y W L R Prt
i=1
< CE(”SO(O)HU(W) + Ha(O)HLl(W) + Hh(O)HLl(Rﬂ)-

Hence, for i € J; we have

o0
(5.28) / €M (t,2)| dz < C(l9@ |1 as) + 10O L@y + 1O L @)-

(ii) For ¢ € J, due (5.6), it follows from Lemma 3.1 that

o
G29) [ 1 o) de
0
oo 1 T (1)
< [P0zt [IED e di
0 0
T 1
+ / (s (£, 0))]e1 (2, 0)])
0
=~ [T
<c<|so<0>||L1<R+>+Z / VED ()l
=1
+ ||04(0)||L1(uze+) + ||h(0)|L1([R+)>~

Thus, from (5.27) and (5.29), for ¢ € J, we conclude that

(5.30) /0 € (t,2)| d < CleN ey + 1) Loy + (12O 1 gey)-

Therefore, by (5.28) and (5.30), we prove (5.1), which completes the proof of Theo-
rem 1.2. (I
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