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Dependent Randor}l Variables with a Given Marginal Distribution

J. ANDEL
Department of Statistics, Charles University, Prague

Received 22 December 1982

Some models for generating dependent random variables with a given covariance function
and with a given marginal distribution are presented in the paper. The classical autoregressive
process of the first order and general autoregressive processes with random coefficients are used
for this purpose.

V praci jsou uvedeny modely, pomoci nichz lze generovat zdvislé nahodné veli¢iny s danou
kovarianéni funkci a s danym margindlnim rozdélenim. UZiva se k tomu klasického autoregresni-
ho procesu prvniho fadu a obecnych autoregresnich procesit s nahodnymi koeficienty.

B cTaTthe pacCMaTpHMBAIOTCA MOMEIM [/ KOHCTPYKLUMHM 3aBHCHMBIX Clly4aMHBIX BETMHUH
C 3a1aHHOM KOBapHAUMOHHOM QYHKUMEH U C 3aJaHHBIM YaCTHBIM pacnpeaesieHdeM. Hcnonb3yroTcs
KJIACCHYECKHH TMPOLECC ABTOPETPECCHM TIEPBOrO IOPSIKA M OOLUME MPOLECCHI aBTOPErPECCHU CO
CIlyYaiHbIMM N1 paMETPaAMH.

1. Introduction

Pseudorandom variables with a given distribution are used in Monte Carlo
methods. One of the important features of such variables is their statistical in-
dependence. However, for modelling real situations dependent pseudorandom vari-
ables with a given covariance function would be often more desirable. For example,
the lengths of time intervals between the arrivals of customers can be exponentially
distributed, but dependent. In a few last years the methods for simulating dependent
random variables with the given distribution have been developed. Usually, the paper
by Bernier [3] is quoted as one of the first works where the problem of non-normal
dependent variables was considered.

One of the simplest models for creating dependent variables is the autoregressive
model of the first order — AR(1). We shall assume that {Y;} are independent identical-
ly distributed (i.i.d.) random variables such that EY? < oo and Var Y, = ¢ > 0.
Let g e (—1, 1) be a given number. Then the process {X,} satisfying the relation

(]]) Xs = QXs—l + Y.s
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having the form
®© @©
(1.2) X,=YaYiu, Yei<oo,
k=0 k=0
is called an AR(1) process. From (1.1) and (1.2) we have
X, =YY,
k=0

It is well known that the process {X,} has the variance Var X, = /(1 — ¢?) and the
correlation function g, = !*!. The problem can be then formulated as follows. Let
a distribution of the variables X, in (1.1) be given. It is necessary to find the cor-
responding distribution of Y,. Generally, it can happen, that the formulated problem
has no solution.

Especially, exponential and gamma distributions of X are very important in
point processes, particularly in queuing theory. Some papers were devoted to this
problem — see Gaver and Lewis [5] and references given there.

Denote

Y(t) = Ee'"* and oft) = Ee''*s

the characteristic functions of Y, and X|, respectively. From (1.1) we have the funda-
mental relation

(1.3) (1) = olef) (1)

If X is a random variable with characteristic function () such that for every
0 €(0, 1) there exists a characteristic function () satisfying (1.3), we say that X
belongs to the class L, or that X is a self-decomposable random variable — see
Feller [4], p. 588. Some results concerning the self-decomposable random variables

are given in Shanbhag, Pestana and Sreehari [10], Shanbhag and Sreehari [11],
Thorin [12] and Thorin [13].

2. Classical AR(1) model

The basic tool for investigating AR(1) models is the relation (1.3), which im-
mediately gives

(2.1) Y(1) = o(r)|w(ot) .
This allows to calculate the characteristic function () in cases when the solution

exists. However, the ratio w(t)/w(ot) may not be a characteristic funtion. Now, we
shall briefly apply (2.1) to some frequently occurring distributions.

a. Normal distribution
If X~ N(0,0%), then o(t)=exp{—0v*?2} and (2.1) gives (1) =



exp . {—v?r?[2}[exp { —v?@*1*[2} = exp {—v*(1 — o?) r*/2}. Thus we have the known
result Y, ~ N[O, (1 — ¢2) v*].
b. Exponential distribution (Gaver and Lewis [5])

Let X, have an exponential distribution with parameter a, i.e. the density

f(x) =a lexp{—xfa} for x>0
and f(x) = 0 for x < 0. This distribution will be denoted Ex{a). Then w(t) =
= (1 — iat)™! and from (2.1)
Y()=e+ (1 —0o)(1 —iar)™t.

For 0 < ¢ < 1 the function y(t) corresponds to a random variable which is zero with
probability (w.p.) ¢ and equals to a random variable having Ex(a) with probability
1 — o. If E, is a sequence of i.i.d. variables with Ex(a), then the model (1.1) takes on
the form

(22) X = QXs—l WP e,
s oX,_; + E;, wp. 1—p.

c. Gamma distribution (Gaver and Lewis [5])
Let X, have I'(a, p) distribution with the density

f(x) = L c-xtagp=t for x>0

a’ I'(p)
and f(x) = 0 for x < 0, where @ > 0 and p > 0 are given parameters. The charac-
teristic function of I'(a, p) is w(t) = (1 — iat)™”. Then
Y(i)=[e+ (1 —o)(1 —iat)™']".

Consider the case 0 < ¢ < 1. The result for p = 1 is given above in (2.2), since
I'(a, 1) = Ex(a). If p is an integer, then we can obtain explicit results. For p = 2
we get

Y1) = 0* + 20(1 — o) (1 —iat)™" + (1 — @)* (1 — iat)~2,
in the case p = 3 we have
Y(t) = @® + 30*(1 — o) (1 — iat)™* + 3o(1 — @)* (1 — iat)™% +
+(1 =01 —iar)?.

For p = 2, the distribution corresponding to y(t) is a mixture of zero, I' (a, 1) and
I'(a, 2) with weights ¢, 2¢(1 — @) and (1 — g)? respectively. Similar result follows
for p = 3 etc.

d. Laplace (double exponential) distribution (And&l [2])
Let X have Laplace distribution L(b) with the density



f(x) = (2b) texp {—|x|/b}, —0 <x< o0,
where b > 0 is a parameter. This distribution has the characteristic function
ot) = (1 + b2~ 1.

Therefore, (2.1) gives

Y(t) = o* + (1 — @*) (1 + b2¥) '
This corresponds to a mixture of zero and L(b) with the weights o and 1 — ¢?,
respectively. Thus

— QXs-l W.p. QZ >

@3) X = {QXH +L owp 1-¢,
where {L,} are i.i.d. random variables with L(b).
e. Continuous rectangular distribution (Andé&l [2])

Let X, have a continuous rectangular distribution on [—a, a], where a > 0.
The corresponding characteristic function is

o(t) = (at)"'sin at .

We shall consider only the non-trivial case ¢ % 0. From (2.1)

(2.4) () = o 229
sin gat

The function () does not depend on the sign of g and thus we shall investigate only
0 > 0. There are three possible situations.

(i) Let o = 1/(2n), n = 1,2, ...
Then ’

is the characteristic function of the discrete rectangular distribution concentrated at
the points

2n — 1 2n — 3 3 1 1 3
- y — a, ..., — —a, ——a,—a,—a, ...

2n 2n 2n 2n  2n  2n

2n —3 2n-—1
a, a.
2n 2n
Each point has probability 1/(2n).
(ii) Let o = 1/2n + 1), n = 1,2, ...
In this case
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1 = . 2kat
t) = exp {i s
lll() 2n+1k=z—n p{2n+1}

which is the characteristic function of the discrete rectangular distribution concen-
trated at the points
2n 2n — 2 2 2 2n — 2
a, — a,..., — a, 0, a, ...,
2n + 1 2n + 1 2n + 1 2n + 1 2n + 1

’

2n + 1
2n

a.

The probability of each point is 1/(2n + 1).

(iii) Let ¢ + 1/n, n = 1,2, ...
If t > n/ga, then sin gat - 0 and sin at — sin n/¢ + 0. From (2.4) we can see that
[¢(t)] = oo. Obviousiy, y(t) cannot be a characteristic function (the absolute value
of any characteristic function cannot exceed 1). Therefore, for ¢ =+ 1/n there exists
no distribution of Y, which would lead to continuous rectangular distribution of X,
in model (1.1).

f. Mixed exponential distribution
Let X, have the density

f(x) = pjay’e™™* + pya;le™™* for x>0

and f(x) = 0 for x £ 0, where p; = 1 — p, and a; > a, > 0 are some parameters.
The results are derived in Gaver and Lewis [5] and in Lawrance [6].

g. Cauchy distribution
Let X, have a Cauchy distribution C(a, b) with the density

O —

Moy S

where a is a real and b a positive number. Since

o(t) = exp {iat[b — blt|},
we obtain
w(r) = exp {iar(1 — )fb — b(1 — [e]) |1} -
Thus Y, has
Cla(t = o) (1 = fe]), B(1 — [e])]-
It is a little surprising that the results of the type (2.2) and (2.3) are not satisfac-
tory. We shall consider (2.2) in detail. First of all, it is easy to see that

EX,y | X,=x)=0ox+(1—-¢)a.



If x > a, then gx + (1 — ¢) @ < x and similarly for x < a. Generally, a typical
realization of (2.2) consists of decreasing variables with the coefficient ¢ and only
from time to time a shock E; causes a jump to higher values. If we denote by R the
number of runs down of the type X, _; = ¢X|, then

ER = ¢|/(1 — ¢), VarR = g/(1 — ¢)*.

A key to understanding the bad behaviour of the model is given in the following two
assertions.

Lemma 2.1. Let X and Y be independent Ex(a) variables. If ¢ > 0, then
P(X <cY)=c/(1 + ).

Proof is obvious.
Theorem 2.2. Let X, be defined by (2.2). Then
P(X,<X,-;)=1/(2—-¢)>05.
Proof. Using Lemma 2.1 we get
P(X,<X,y) =0+ (1 —-0)PleX,-; + E, < X,_,) =

1 — ¢ 1
—o+(1—QP[E,<(1-0)X,y]=0+1-0~—2=—.
2—90 2-0¢

The problem is to construct such models in which P(X, < X,_,) = 0.5. New
models were proposed by Lawrance and Lewis [8].

3. Modified AR(1) models

Consider the following three models, where E are independent Ex(a) variables.

. _ 0 wp o, <
Model I: XS—QXS_1+{ES wp 1o 0Se<t.
Xs—l w.p. «,
Model II: X, = (1 — «) E, + 0O<a<l.

0 wp. 1 —ua,

Model III: X, = ¢, + {ﬂXS" wp % 0<a<l,

0 wp. 1 —a,
where 0 < f =< 1, aff % 1 and ¢, are i.i.d. random variables with a distribution which
will be derived later.

Model I is known from Section 2. It was derived that X, has Ex(a) distribution.
Since model I is the classical AR(1), its correlation function is ¢, = oll.



Theorem 3.1. Consider Model II. Then X, has Ex(a) distribution and {X,} is
a stationary process with the correlation function g, = a'*!.

Proof. In the first part it is sufficient to show that if X,_; ~ Ex(a), then X, ~
~ Ex(a). Introduce a random variable ¢ by

£ = X, wp «a,
0 wp. 1—a.

Then & has the characteristic function

o
1 — o+ —
1 — iat

whereas (1 — a) E; has the characteristic function [1 —ia(l — a)f]™'. Then
(1 — «) E; + ¢ has the characteristic function

[1 - ia(1 — @) ]! [1 -

1 — iat

]:(1 ~iar)t,

which corresponds to Ex(a).

It is important to notice that model II is the special case of an autoregressive
model with random parameters (ARRP). The assertion about the correlation function
follows from general theory of ARRP — see Andé&l [1] and Nicholls and Quinn [9].

Theorem 3.2. Consider model III. Then X, ~ Ex(a) if and only if

(3.1) . = {E wp. (1=B[1—-(1—-a)p]",
(1 —a)BE, w.p. af[1 — (1 —a)B]7".

Proof. Denote y(t) the characteristic function of &, Then X,_, and X, are Ex(a)
variables if and only if the relation

— a1l = - _*
(1 — iar) () [1 %+ iaﬁt]
holds. From here we obtain
_ 1 — iafit _
YO = i T = el =2 A1

__1-8 LI «p 1
1-(1—wpl—iat 1-(1—a)f1—ia(l —a)pt

which is the characteristic function corresponding to (3.1).

Let us remark that model I is the special case of model III when o = 1. Then
we have ¢ = f. Also model 1I is the special case of model III, when B = 1. Model
111 also belongs to ARRP and the correlation function of {X,} is o, = («f)"!.




Theorem 3.3. Consider model III. Let o % 1, f + 1. Then

< _ (- +p  a(l-B)
P(X. X"’)_z[1+(1_a)ﬂ]+(2—p)(1—aﬁ)'

Proof. We have
P(X,<X,)=(1—a)P(X,-; > &) + aP(X,_; > & + pX,_,).
It can be calculated that

~ 1 1-p ap
P(Xs-1>8s)_1_(1_a)ﬂ[ 2 +l+(1—a)ﬁ:|’

A1 = 1 1 of
P[Xs—1>(1 ﬂ) ES] 1—(1—-0(),3 1 +1+(1—a)[3

14+ — S A

1 -8 1-8

From here we get the result.
A similar calculation or the limit procedure gives

P(X,<X,_)=(@2—-p)'>05 for a=1,
PX,<X,_)=(1—-0a)J2—-a)<05 for B=1.
Therefore, P(X; < X,-;) = 0.5 in the following cases:
() «=0; (i) f=0; (iii) f=1)2—a).

4. Models of higher order

The attempts to generalize model (1.1) to AR(n) with n = 2 for obtaining
dependent random variables were not succesful. Lawrance and Lewis [7] proposed
the model

(4.1) X, = {cxl X, wp 1- az} e
Cip Xs_z W.p. 2]

For a, = 0 we get a model of type (2.2). Let us look for such a distribution of ¢ that
X, ~ Ex(a). If y(1) is the characteristic function of &,, then (4.1) leads to the condition

(1-iaz)-1=(1‘°‘2 P )w(z).

1 —iaot 1 — iaa,t

From here
Y(t) = A + B(1 —iat)™* + C[1 — iaoy(1 + oy — &) 1],

where
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A=oa)(l +o0; —ay), B=(1— o) (1 —a)/[1 —oy(1 +0; —a,)],
C=(1—oay)(oy — )?/{(1 + &y — ) [1 — ay(1 — &ty — )]}
Therefore, X, will have Ex(a) if and only if

0 wp. A4,
& = {Ex(a) w.p. B,
ay(1 + «; — a,) Ex(a) w.p. C.

Again, (4.1) is ARRP model. Its correlation function is given by the relation
o, = ay(1 = ) @y + #30,-2, T Z2.

It is possible to generalize model (4.1) to a higher order.

5. Other models

Lawrance and Lewis [7] proposed also MA and ARMA models with random
coefficients for calculating dependent random variables with Ex(a) distribution. The
simplest model is

S

X — ﬁEs W.p. ﬁ’
ﬁEs + Es—l w.p. 1 - ;B,

where E, ~ Ex(a) are i.i.d. variables.
However, let us remark that is possible to use also classical MA models. For
example, put

Xs = Ys + Ys—l .
If Y, are i.i.d. variables, Y, ~ I'(a, 0.5), then X; ~ Ex(a).

References

[1L] ANDEL J.: Autoregressive series with random parameters. Math. Operationsforsch. Statist. 7
1976, 735—1741.

[2] ANDEL J.: Marginal distributions of autoregressive processes. Trans. 9th Prague Conf.
Inf. Th. etc., Academia, Praha 1983, 127—135.

[3] BERNIER J.: Inventaire des modéles et processus stochastique applicables de la description
des déluts journaliers des riviers. Rev. Inst. Internat. Statist. 38 1970, 50—171.

[4] FeELLER W.: An Introduction to Probability Theory and Its Applications. Wiley, New York
1971.

[5] GAver D. P., LEwis P. A. W.: First-order autoregressive gamma sequences and point
processes. Adv. Appl. Prob. 12 1980, 727—745.

[6] LAWRANCE A. J.: The mixed exponential solution to the first-order autoregressive model.
J. Appl. Prob. 17 1980, 546—552.

11



[71 LAWRANCE A. J., LEwis P. A. W.. The exponential autoregressive-moving average
EARMAC(p, q) process. J. Roy. Statist. Soc. Ser. B 42 1980, 150—161.

[8] LAWRANCE A. J., LEwis P. A. W.: A new autoregressive time series model in exponential
variables (NEAR(1)). Adv. Appl. Prob. 13 1981, 826—845.

[9] NicHoLLs D. E., QuinN B. G.: Multiple autoregressive models with random coefficients.
J. Multiv. Analysis 11 1981, 185—198.
[10] SHANBHAG D. N., PESTANA D., SReeHARI H.: Some further results in infinite divisibility.
Math. Proc. Camb. Phil. Soc. 82 1977, 289—295.

[11] SHANBHAG D. N., SREEHARI M.: On certain self-decomposable distribution. Z. Wahr-
scheinlichkeitsth. 38 1977, 217—222.

[12] THorRIN O.: On the infinite divisibility of the Pareto distribution. Scand. Actuarial J. 4
1977, 31—40.

[13] THORIN O.: On the infinite divisibility of the log normal distribution. Scand. Acturial J. 4
1977, 121—148.

12



		webmaster@dml.cz
	2012-10-05T22:54:46+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




