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Let us have the system of partial differential equations of the linear elasticity. The solution
of this system with the bounded boundary condition (in general) is not bounded (i. e. the displa-
cement vector is unbounded). In the paper it is shown, that the maximum principle does not
hold even for the continuous solutions of this system. The maximum principle does not hold
even for the smooth solutions of the system with the smooth coefficients.

O npuHLMIIE MAKCHMYyMa B TEOpHH JIMHEHHOH ynpyroctu. PaccmoTpum cucremy muddepes-
LMaJIbHBIX YpaBHEHUi (B YaCTHBIX IPOM3BOAHBLIX) TEOPHM YIPYrocTd. PeilieHne 3Toi cHCTeMbI
C OrpaHMUYEHHBIM KpPAaeBbIM YCJIOBMEM He SBJISETCHA, BOOOLE TOBOPSA, OTPaHMUYEHHBLIM (T.e. He
OrpPaHMYEHHBI KOMIIOHEHThI BEKTOpa TPaHC/IalKK). B cTaThe NpuBOAATCS NMpUMEPHI, TOKA3aIOIIHE,
YTO IIPUHIMIT MAKCHMYMa HE MMeET MECTa IJIA HEIPEPhIBHOTO PEIICHHUA 3TOi cucTembl. IIpuHIpmm
MaKCHMyMa HE MMEET MECTa HM TOTr/ja, KOrja NpPeJIIoJaraeTca, YTo pelleHue U KoedUIUEHThI
CHUCTeMb! 00J1aJal0T HEMpEePbIBHBIMM MPOU3BOAHBIMH BCEX IOPAAKOB.

O principu maxima v teorii linedrni pruZnosti. UvaZujme systém parcidlnich diferencidlnich
rovnic linedrni pruZnosti. ReSeni tohoto systému s omezenou okrajovou podminkou obecné neni
omezené (tj. nejsou omezené slozky vektoru posunuti). V ¢&ldnku jsou podény piiklady, které
ukazuji, Ze princip maxima neplati ani pro spojitd feSeni tohoto systému. Princip maxima neplati
ani pro hladks fe$eni systému s hladkymi koeficienty.

Let D (£2) be the class of real functions, each of which is infinitely differentiable
and has its support in the domain 2 < Es. Let W3(Q), Wo/é(!)) be usual Sobolev spaces,
and Cijxi, 1,J, K, I = 1, 2, 3, — the tensor of elastic coefficients in 2 with the following
properties:

Cijsr (x) are measurable, bounded in £,
(1) { Cigr = Ciug = Cyirts 1555 k1 = 1, 2,3,
Cisrr Ei Exi > o Eiy &y for any symmetric matrix (&;)3,
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. . 1
where o >0 is a constant. Denote the strain tensor ex; by ey = — (

Ouy ouy )
2 3

Ox; | oxk
ky1 =1, 2, 3 (where u € [W(Q)]3 is the displacement vector).

Let up € [W}(£2)]3. We say, that the vector function u € [W}()]3 is the generalized
solution of the second problem of mathematical theory of elasticity in 2 with the boundary
condition u(x) = uo(x) on 0 £, if the following two conditions are fulfilled:

@ f Cijn -—g::—; exrdx =0 for every v € [Wofé(.Q)]s

Q

(we neglect body forces),

(i) u — uo & [WHO)F.
The existence and the uniqueness of a solution follows from the inequality
@ o2, < C f Cia 220 9% 4 e [IPAQ)P
1,2 = 7kl ox; oxy ] 2 >

Q

where C is a positive constant depending only on ¢ and on £, and from the Lax-Milgram
lemma.

Define Q = {xeEs;|x| <1}
1 3
3) Cyri (x) = 7 (Oex01s + Oudsr) + 047 Or1 + e (Ousxrxs + Opixixs) +

9
+ W xexgxexss x|l # 0, 4, 5, b, 1 =1,2,3,
where dy; is the Kronecker symbol delta,

31 — 117)
2)17

Theorem. The displacement vector u(x) = x||x]|* is the generalized solution of
the second problem of mathematical theory of elasticity (with the coefficients (3)) in 2
with the boundary condition #(x) = x on 0f2. The solution # is not bounded in £.
The proof is contained in [3].

Now we find the sequence of the coefficients {C%;;;}°, and the corresponding
solutions {#"}3>, in 2: Let n > 1 be any natural number. Put

Q= {xeEs; x| < 1/n}, 23 = {xeEz; 1n <|x|| <1}, n =2,3,...
Let A = (3]/17 — 1)/2. For x € 2} we define:

u(x) = xlxl* = (eallxl|? x2llx]|?, x3llx||?), where o =

411 ..
4) Chu(x) = —— |5 (Oix 01y + 0i1 Osx) + 04j Ont| 55555 ks I = 1,2, 3.
4 |2
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For x € 2 we define C7;, (x) by the formula (3). We see, that the sequence {C%}2,
is uniformly bounded on £ and that the relations (1) holds for C};;, with o = 1. Now
we define the corresponding generalized solutions:

un(x) = x(1/n)?, x €}
u™(x) = x||x||2, x €Q%, n = 2, 3,...

These vector functions are continuous in £2, u* € [W3(£2)P and u™(x) = uo(x) = x for
x€0,n=2,3,...

Theorem. For any natural » > 1 the continuous displacement vector #%(x) is the
generalized solution of the second problem of the mathematical theory of elasticity
(with the coefficients C7;,) in {2 with the boundary conditions ##(x) = x on 9 2. The
sequence {u”} is unbounded in Q.

Proof. For x| # 0 put n(x) = 5 n(0) = 0. Then is

*
[1]
ou 0N, o (. o .
ny Clin —5; =m <_n—) A, 5 (Cifkl _a—x’:—) =0,xe},i=1,2,3,
oul;

-5;) :0, xE.Q;’, i=l,2,3.

ou}, )
n; nkl axz =n; Hx[l A a—xj( Z'kl

According to Green’s theorem is for v € [&/é (Q)B:

a 4 a a l a
f - a’;k a:; dx = f ving Cly —— 3 U dS = A(;) f mvdS,

2 ounn llxll=1/n
oup oo a5~ a (1)’
fcrj“ ax —aa—d f‘vt(—nj)C,-ik,WdS =—4 ; mvd S.
2gn 2Qgn lxll=1/n
Hence is
f ” uz aw
K ax,
Q Qgn

The rest of the proof is obvious.
Now we define

~ 1 )
Clim (%) = 7 (Bux Oy + Ou Ogi) + 045 Ot + (1 — p(nx))

[” ”2 (6‘.1 XkXi + ékl X{ xj) + - xixjxkxl] 3 i,j, k, l= 1, 2, 3, n= 1’ 2, ceey

el®

where p € D(2),0 < ¢ < 1 on 2, ¢(x) = 1 for |jx]| < l .

Then the assumptions (1) are fulfilled for ¢ = 1, the sequence {C:’,k,},, 1 is uniformly
bounded, and C7;, are infinitely differentiable on 2, n = 1, 2,
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Hence the corresponding solutions %" with the boundary conditions #”(x) = x on 92
o

are also infinitely differentiable on . For u(x) = x|jx/|? is #® — u € [W}({2)]3. Then is

(due to our first theorem and to (2)):

lle — wmiff o < Cf Cln Ou — um)i 0w — u™

ax; Ox;
&n Ou; o(u — u™) ou; o(u — u")k
= Cf ijkl ax axl dx = Cf(cukl Cifkl) T x <
Q2
< o w \2 A — e A — ue 12 _
Ox; 0xj ox; 0x;
llxl|<1/n llxl|<1/n
1/2
<C f o oy N2y,
ax, axj
[xl<tm

and consequently

1/2
e — %12 ng(f Ous _au_idx) / — 0, when n —>oco.

axj aJCj
Ixl|<in

Hence the sequence {#"}, is unbounded in Q.

We found the sequence of the uniformly bounded and “uniformly” elliptic smooth
coefficients and the unbounded sequence of the smooth solutions of the corresponding
systems in the sphere with the uniform bounded (smooth) boundary condition. Hence
the maximum principle for the smooth solutions of the system with the smooth coeffi-
cients does not hold.
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