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Abstract. Let By be the general Boolean algebra and T a linear operator on M n(Bg). If
for any A in Mm n(By) (Mn(By), respectively), A is regular (invertible, respectively) if and
only if T'(A) is regular (invertible, respectively), then T is said to strongly preserve regular
(invertible, respectively) matrices. In this paper, we will give complete characterizations
of the linear operators that strongly preserve regular (invertible, respectively) matrices
over By. Meanwhile, noting that a general Boolean algebra Bj is isomorphic to a finite
direct product of binary Boolean algebras, we also give some characterizations of linear
operators that strongly preserve regular (invertible, respectively) matrices over By from
another point of view.

Keywords: linear operator, invariant, regular matrix, invertible matrix, general Boolean
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1. INTRODUCTION AND PRELIMINARIES

A semiring means a type (2,2,0,0) algebra (R,+,-,0,1) satisfying the following
identities:

cxt+(y+z)=(2+y)+z

o z(yz) = (zy)z;

o 2y +2)=ay+ 5z, (@ +y)2 =22+ yz;

e x4+ 0=ux;

o rty=y+u
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ezr-1=1.z=u;

o 20 =0z =0.

Semirings constitute a fairly natural generalization of rings and distributive lat-
tices.

Let M,, (R) denote the set of all m x n matrices with entries in a semiring R.
If m = n, we use the notation M, (R) instead of M, ,(R). Algebraic operations
on My, »(R) and such notions as linearity are also defined as if the underlying scalars
were in a field.

The theory of matrices over semirings have broad applications in optimization
theory, models of discrete event networks and graph theory (refer to [9], [10], [11],
[17]). Regular matrices and invertible matrices are two special types of matrices,
they play a central role in the theory of matrices (refer to [1], [9], [11], [17], [19]).

Recall that a m x n matrix A over a semiring R is called regular if there is
a n X m matrix B over R such that ABA = A. A matrix A in M, (R) is said to be
invertible if there is a matrix B in M,,(R) such that AB = BA = I,,, where I, is the
n x n identity matrix.

Let T be a linear operator on M,, ,(R) and Z(R) denote the set of all the regular
matrices in M,, ,(R). We say that

(i) T preserves regularity (or T preserves Z(R)) if T(A) € #(R) whenever A €
Z(R);
(ii) T strongly preserves regularity (or T strongly preserves Z(R)) when T(A) €
Z(R) if and only if A € Z(R) for all A € M,, ,,(R).
Let T be a linear operator on M, (R) and GL,(R) denote the set of all the invert-
ible matrices in M, (R). We say that

(i) T preserves invertibility (or 7" preserves GL,(R)) if T(A) € GL,(R) whenever
A€ GL,(R);

(ii) T strongly preserves invertibility (or T strongly preserves GL, (R)) when T'(A4) €
GL,(R) if and only if A € GL,(R) for all A € M,(R).

During the past 100 years, one of the most active and fertile subjects in matrix
theory is the linear preserver problem (LPP for short), which concerns the charac-
terization of linear operators on matrix spaces that leave certain functions, subsets,
relations, etc., invariant. The first paper can be traced down to Frobenius’s work
in 1897. Since then, a number of works in the area have been published. Among
these works, although the linear operators concerned are mostly linear operators on
matrix spaces over some fields or rings, the same problem has been extended to
matrices over various semirings (refer to [2]-[8], [12]-[14], [16], [18], [21]-[26]).

In the last decades, a number of characterizations of idempotent, nilpotent, regu-
lar and invertible matrices over semirings are given (refer to [1], [10], [11], [14], [15],
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[17]-[20]). Also, the linear operators preserving a number of other invariants of ma-
trices over semirings (many of them are antinegative semirings without zero divisors)
have been characterized (refer to [2]-[8], [12]-[14], [21]-][26]). Among these papers,
Song, Kang and Beasley etc. studied the linear operators strongly preserving regular
matrices over antinegative commutative semirings with no zero divisors, including
the binary Boolean algebra, the nonnegative reals, the nonnegative integers and the
fuzzy scalars (refer to [12], [23], [25]); Li, Tan, and Tang [14] characterized the linear
operators strongly preserving invertible matrices over some antinegative commuta-
tive semirings with no zero divisors. Besides, Song, Kang, and Jun etc. (refer to [22],
[24], [26]) studied and characterized the linear operators that preserve (or strongly
preserve) column ranks, nilpotent matrices and idempotent matrices over general
Boolean algebras.

For a fixed positive integer k, let By be the general Boolean algebra of subsets
of a k-element set Sy and 01,09, ...,0, denote the singleton subsets of S;. Union
is denoted by + and intersection by -; the null set is denoted by 0 and the set Sy
by 1. Under these operations, B, becomes a commutative semiring, i.e., a semiring
satisfying the additional identity zy = yx. In particular, if £k = 1, B; is called the
binary Boolean algebra. The matrices over general Boolean algebra By will be called
Boolean matrices.

In this paper we are going to study the linear operators strongly preserving regu-
lar matrices over B and the linear operators strongly preserving invertible matrices
over By, respectively. We will give complete characterizations of the linear operators
that strongly preserve regular matrices over By in Section 2. Noticing that a gen-
eral Boolean algebra By is isomorphic to a finite direct product of binary Boolean
algebras, we also give some other characterizations of linear operators that strongly
preserve regular matrices over By from another point of view, i.e., we will give the
characterizations of linear operators that strongly preserve regular matrices over the
finite direct product of binary Boolean algebras. In Section 3, we will firstly charac-
terize the linear operators that strongly preserve invertible matrices over By. Next,
we also give some other characterizations of linear operators that strongly preserve
invertible matrices over the finite direct product of binary Boolean algebras.

For notations and terminologies occurring but not mentioned in this paper, the
readers can refer to [10], [11], [23].
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2. LINEAR OPERATORS STRONGLY PRESERVING REGULAR MATRICES OVER By

For any matrix A = [a;;] € My, »(Bx), the lth constituent, A4;, of A is the m x
n binary Boolean matrix whose (4, j)th entry is 1 if and only if a;; D o;. Via the
constituents, A can be written uniquely as

k
A= ZUZAI’
=1

which is called the canonical form of A (refer to [13]).

It follows from the uniqueness of the above decomposition and the fact that the
singletons are mutually orthogonal idempotents that for all matrices A € M,, »(Bg),
B,C € M, 4(Bg) and all o € By,

(AB)[ = AlBl; (B + C)l =B+ Cl; (OéA)l = o4
forall 1 <1<k
Proposition 2.1. Let A be a matrix in My, »,(By) with k > 1. Then A is regular

if and only if all constituents of A are regular in M,, ,,(B1).

Proof. Assume that A € M,, ,(Bx) and A is regular. Then there exists
X € My, n(By) such that AXA = A. Since A and X have unique canonical forms

k k
respectively, say A = Y 0y A4; and X = 3" 0,X;, we have that
=1 =1

k k k k
(Z O'lAl) (Z 0'le> (Z O'lAl> =AXA=A= ZO‘[AZ.
=1 =1 =1

=1

That is, Zk: ol(A X1 4) = zk: 01 A;. And then we have A, X;A; = A; forall 1 <1 < k.

Note thaItZIXl e M, n(Bl)l:si) A is regular in M,, ,(B;) for all 1 <1< k.
Conversely, assume that A = Z o1 A; € My, o(Bg) and all Ith constituents of A

are regular in M,, ,(B1). Then for each 1 <1< k, there exists X; € M,, ,(B1) such

that 4; X;4; = A;. NOW, take X = Z 0 X, € Mm,n(Bk)a we have
=1

k k k k
AXA= (Z UlAl) (Z Ule> (Z UlAl) = ZUlAl =A
=1 =1 =1 =1

Hence, A is regular in M,, »(Bg) with k& > 1. O
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Lemma 2.2 ([24]). Let A be a matrix in M, (By) with k > 1. Then A is invertible
if and only if all its constituents are permutation matrices. In particular, if A is
invertible, then A~' = At

The above lemma also shows that A € M,,(Bg) (k > 1) is invertible if and only if all
its constituents are invertible, since the permutation matrices are the only invertible
matrices in M, (By).

Now, assume that T is a linear operator on M,, ,(Bx) with & > 1. For each
1 <1<k, its Ith constituent operator, Tj, is defined (refer to [13], [26]) by

(VB € Mpn(Br)) Ti(B) = (T(B))-

By the linearity of T', we have
k
T(A) =) oTi(A)
=1

for any matrix A € My, »(Bg).

Proposition 2.3. Let T be a linear operator on M,, ,(By). Then T strongly
preserves regularity if and only if its each [th constituent operator, T;, strongly
preserves regularity on My, ,(B1).

Proof. (=) Forany A; € My, »(B1), assume that A; € Z(B;). Take A= A; =
k
> 0;A;. Clearly, A € Z(By). Since T is a linear operator that strongly preserves
i=1

rggularity on My, n(Bg), we have T'(A) € Z(Bx). And then we get T;(4;) € Z(B1)
by Proposition 2.1.

On the other hand, for any A € M,, »(B;), assume that T;(A) € Z(B;) for [ =
k k
1,2,...,k. Note that T(A) = T(Z aiAl) = 3 03 Ty(Ay), we have T(A) € Z(By)
i=1 i=1
by Proposition 2.1. And then we can get A € Z(By) since T is a linear operator
that strongly preserves regularity on My, »(Bx). By Proposition 2.1 again, we have

A(: Al) € %(Bl)
k
(<) For any A = > 0;A; € #(By), by Proposition 2.1, 4; € #(B,) for | =
=1

1,2,...,k. Since each [th constituent operator, T;, strongly preserves regularity

on My, n(B;), we immediately have T;(A4;) € #(B1). By Proposition 2.1 again,
k k
T(A) = T(Z UlAl) =3 o/Ti(A) € Z(By).
i=1

=1
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On the other hand, for any A = ialAl € My, n(Bg), assume that T(A) =
T(i alAl) = i oTi(A;) € Z(By). g; Proposition 2.1, we have T;(4;) € Z(B4)
forllzlz 1,2,... ,zl?.l Since T; strongly preserves regularity on M,, ,(B1), we immedi-
ately get 4; € Z(By) for 1l =1,2,..., k. And then we have A = Zk: oA € Z(By) by
Proposition 2.1. = (I

For a given semiring R, the (factor) rank, fr(A), of a nonzero A € M,, ,(R) is
defined as the least integer r for which there are B € My, (R) and C € M, ,(R)

such that A = BC (refer to [5], [6]). The rank of a zero matrix is zero. Also we can
easily obtain

(%) 0 < fr(A) < min{m,n} and fr(AB) < min{fr(A),fr(B)}
for all A € M,, ,(R) and for all B € M,, 4,(R).

Lemma 2.4 ([23]). Let min{m,n} < 2. If T is an operator (that need not be
linear) on My, »(B1), then T strongly preserves regularity.

Theorem 2.5. Let min{m,n} < 2. If T is a linear operator on M, »(Bx) with
k > 1, then T strongly preserves regularity.

Proof. Assume that A € M,, ,(Bg) is regular. By Proposition 2.1, all Ith con-
k

stituents of A are regular in M, ,(B1). Notice that T'(4A) = > 0;T1(A;), and
=1

T; strongly preserves regularity by Lemma 2.4, we immediately obtain that T(A4) is
regular by Proposition 2.1.
Conversely, for any A € M, ,(By), assume that T'(A) is regular. Since T'(A) =

k
> oiTi(4;), by Proposition 2.1, all T;(A;) are regular in M, ,(B1). And then, it
=1

follows from Lemma 2.4 that all A are regular. So, by Proposition 2.1, A is regular.
Thus, summing up the above discussions, we have shown that T" strongly preserves
regularity. O

In the following we will continue to characterize the linear operators that strongly
preserve regular matrices over By when min{m,n} > 3.
The proposition and lemma below are needed.

Proposition 2.6. Let A be a matrix in My, ,(By) with k > 1. If U € M,,(By)
and V € M, (By) are invertible, then the following are equivalent:

(i) A is regular in My, »(Bg);
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(ii) UAV is regular in M,, (Bx);
(iii) A* is regular in M, ,,(By).

Proof. Since (i) < (iii) is clear, we only need to show that (i) < (ii).

(i) = (ii) Assume that A is regular in M,, ,(Bg). Then there exists X € M,, ,,,(Bx)
such that AXA = A. And then since U € M,,(By) and V € M, (By) are invertible,
we have (UAV)(V1XU 1) (UAV) = UAV. This means that UAV is regular in
M. (Bg).

(i) = (i) Assume that UAV is regular in M,, ,(Bg). Then there exists
Y € M, n(Byg) such that (UAV)Y(UAV) = UAV. Since U € M,,(B) and V €
M,,(By) are invertible, we immediately get A(VYU)A =U-"YUAV)Y (UAV)V ! =
U 'UAVV~! = A. Hence, A is regular in M, ,,(By). |

Lemma 2.7 ([23]). Let T be a linear operator on M,, ,,(B1) with min{m,n} > 3.
Then T strongly preserves regularity if and only if there are permutation matrices P
and Q such that T(X) = PXQ for all X € My, ,(B1), orm =n and T(X) = PX'Q
for all X € M,,(B1).

Theorem 2.8. Let min{m,n} > 3 and T be a linear operator on M,, ,,(By)
with k > 1. Then T strongly preserves regularity if and only if there are invertible
matrices P and Q such that T(X) = PXQ for all X € M,, ,(Bi), or m = n and

k k
T(X) = P(;1 alYl)Q for all X = ;1 01X) € M, (By), where Y; = X; or V; = X!

Proof. (=) Assume that T strongly preserves regularity. By Proposition 2.3,
it is known that each [th constituent operator, Tj, strongly preserves the regularity
k
on My, n(By1) forl=1,2,..., k. Now, for any X = > 0,X; € My, »(Bg), notice that
=1
k
T(X) = > oyT1(X;) and by Lemma 2.7, each Ith constituent operator, T}, has the

=1
form

Ti(X;)) =P XiQ or m=n and Ti(X;)=PX/Q,

where X; € M,, »,(B1), and P, and Q; are permutation matrices for [ = 1,2,... k.
Thus we immediately get

k k
T(X) =Y aTi(X) =Y aPYiQ
=1

=1
k k k

= (Z Ule> (Z 01Y1> (Z UlQl) £ PXQ
=1 =1 =1
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k
for all X = % 0yX; € M, ,(Bg), or m =n and
=1

k k
=Y aTi(X) =Y aPYiQ
=1

=1

(o) o))
£P <§; UzYz> Q,

k
where Y, = X; or YV, = X/ for I = 1,2,...,k. Also, by Lemma 2.2, P = Y 0, P,
=1

Q= i 01Q, are clearly invertible in M,,(By). Thus, we have shown the necessity.

(<:lT1VVe will show the sufficiency as follows:

For any X = iale € Mpn(Bg), if X € Z(Bg), then by Proposition 2.6,
T(X)=PXQis (flze;rly regular.

For m = n, assume X = lfjl 01X, € #(By), then by Proposition 2.1, we have
X, € Z(By) for 1 =1,2,...,k. And then, lil oY} is also regular, where Y; = X; or

k
Y; = X/. Hence, by Proposition 2.6, T'(X) = P(Z alYl)Q € % (By).
=1

Assume that X = Z 01X € My n(Bi) and T(X) € Z(By). Then T'(X) = PXQ
is regular. By Proposmon 2.6, X € %(Bk)

For m = n, assume that X = Z o1 X; € Mu(Bg) and T(X) € #Z(By). Note
=1

k
that T'(X) = P(Z alYl)Q, where P and () are invertible matrices, Y; = X; or

Y; = X/, by Proposition 2.6, we have Y = E 01Y; € Z(By), and then Y, € Z(B;)
forl =1,2,...,k. SinceY; = X;or Y, = X we immediately get X; € Z(B;) for
1=1,2,...,k. It follows from Proposition 2.1 that X € Z(By). O

So we have obtained the characterizations of linear operators which strongly pre-
serve regular matrices over general Boolean algebras By.

Next, we will give two examples.
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Example 2.9. Let

g1 092 O3
P = o9 03 01 EMg(Bg), Q:
o3 01 g9

€ My(B3).

o O O
o = O O
o O = O
= O o O

By Lemma 2.2, P, (Q are clearly invertible matrices. Now, define a linear operator T’
on M374([B3) by
T(X)=PXQ

for all X € M3 4(B3). Then it is not hard for us to check that T' strongly pre-
serves Z(B3).

Example 2.10. Let

03 01 02 0 1 0
P = o1 02 03 , Q: 1 0 0 EMg(Bg).
0 0 1

02 03 01,

By Lemma 2.2, P,Q € GL3(B3). Define a linear operator T on Ms5(B3) by

T(X) = P(o1 X 4+ 09Xo + 03X5)Q

3
forall X = >~ 0;X;. Then it is also routine to check that T strongly preserves Z(Bs).
=1

Notice that a general Boolean algebra By is isomorphic to a finite direct product
of binary Boolean algebras B;. In the following, we will also give some other charac-
terizations of linear operators that strongly preserve regular matrices over By from
another point of view, i.e., we will study the characterizations of linear operators that
strongly preserve regular matrices over the finite direct product of binary Boolean
algebras B;.

The propositions below are needed.

k
Proposition 2.11. Let S = [[ S;, where S; = B1. If T: My, o(S) — M n(S) is
i=1
a linear operator, then for any i € {1,2,...,k}, there exists a unique linear operator

T;: Mpyyn(B1) = My, n(B1) such that T'(A); = T;(A;) for any A € My, »(S).

Proof. For any B € My, »(B1), define T;(B) := T'(C);, where C € M, »(S) is
such that C; = B and C; = O for any i # j. Let s € S with s; = 1 and s; = 0 for any
j # 4. Then for any A € M, ,(5),T(A); = s;T(A); = (sT(A)); = T(sA); = T;(4;).
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For any Ay, Ay € Mp, ,(S;), assume that T;(A4;) = T(A1)i, Ti(A2) = T(Az);,
where (A1); = A1, (A2); = Az and (4;); = O, (A2); = O for any j # i. And then
we have

Ti(A1) 4+ Ti(Az) = T(A1)i + T(Az); = (T(Ar) + T(Az))s
T(A1 + As); = Ty((A1 + Az);)

Ti((A1)i + (A2);) = Ti(Ar + As).

Also, for any a € S;, there exists a € S such that (@); = a. And then

aTi(Ar) = (a);T(Ar); = @I (A1) = T(@A1); = Ti((@A1);) = Ti(aA).

Thus, T; is a linear operator.

Suppose that T;: My, n(S;) — My, (S;) is also a linear operator such that
T(A); = Ti(A;) for any A € M, ,(S). For any B € M, ,(S;), there exists
B € M, »(S) such that (B); = B. Then

Ti(B) =Ti((B):) = T(B); = Ti((B):) = Ti(B).

Thus, Tz = Tz U

In the following, the linear operator T; will be called ith constituent operator of

T for convenience.

k
Proposition 2.12. Let S = [][ S;, where S; = B;. Then for any A,B €
i=1
My n(S), A is regular if and only if A; is regular for any i € {1,2,...,k}.

Proof. It is routine to check this proposition. O

k
Proposition 2.13. Let S = [] S;, where S; = By. Let T be a linear operator
i=1

(2

on My, n(S). Then T strongly pr;serves regularity if and only if its ith constituent
operator, T;, strongly preserves regularity.

Proof. Let T be a linear operator on M,, »,(S) and T; be its ith constituent
operator on M, »(B1).
(=) For any A; € My, »(B1), assume that 4; € Z(By). Take A = (A, Ay, ..,

k

Ar) € 1] Mmn(S;). We have A € Z(S) by Proposition 2.12. Since T is a lin-
i=1

ear operator that strongly preserves regularity on M,, ,(S), we have T(A) =

(Tl(Al), - ,Tl(Al), Ce ,Tk(Al)) € %(S) And then we get Ti(Al) € %(Bl)
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On the other hand, for any A; € M, n(B1), assume that T;(4;) € Z(B;) for
k
i=1,2,...,k. Take A= (A, Ai,..., A) € [] My n(S;). We have
i=1

T(A) = (Ta(Ar), - Ti(A)), .. T (A1) € 2(S)

by Proposition 2.12. And then A € Z(By) since T is a linear operator that strongly

preserves regularity on M,, ,,(By). By Proposition 2.12 again, we have 4; € Z(B»).
k

(<) For any A = (A1, As,..., Ax) € [] My.n(S;), by Proposition 2.12, A; €

=1
A(By) for i = 1,2,..., k. Since each ith constituent operator, T}, strongly preserves

regularity on M, ,,(B1), we immediately have T;(A;) € Z(B1). And then
T(A) = (Tl(Al), . ,TQ(AQ), . ,Tk(Ak)) S %(S)

by Proposition 2.12 again.
k
On the other hand, for any A = (A1, As,..., Ar) € [[ Mmn(S;), assume that

T(A) = (Ty(A1),..., To(As), ... Tu(Ay)) € %(S). By Proposition 2.12, we have
T;(A;) € Z(By) for i = 1,2,...,k. Since T; strongly preserves regularity on
M. (B1), we immediately get A, € Z(B;) for i = 1,2,...,k. And then we have
A= (A1, As,...,A;) € Z(S) by Proposition 2.12. O

By virtue of Lemma 2.7, we can easily have the following result:

k
Theorem 2.14. Let S = [] S;, where S; = By. Let min{m,n} < 2. If T is
i=1
a linear operator on M,, ,,(S), then T strongly preserves regularity.

In the following we will continue to characterize the linear operators that strongly

k
preserve regular matrices over S = [] By when min{m,n} > 3.
i=1

k
Theorem 2.15. Let S = [] S;, where S; = By, and T be a linear operator
i=1

on My, »(S), where min{m,n} > 3. Then the following statements are equivalent:

(i) T strongly preserves regularity;

(ii) there exist invertible matrices P = (P, Py, ..., Py) € M, (S), Q = (Q1,Q2, . . .,
Q1) € M,(S) where P;, Q; are permutation matrices such that either T(X) =
PXQ for any X € My, ,(S) orm =n and T(X) = P(s1X + s2X")Q for any
X € M,(S), where s1,s2 € S satisfy (s1)i, (s2); € {0,1} and (s1); # (s2); for
anyi € {1,2,...,k}.
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k
Proof. (i)= (ii) Let S = [] S;, where S; = By, and T be a linear operator on

i=1
My n(S), where min{m,n} > 3. Suppose that T strongly preserves regularity. By
Proposition 2.11, T; strongly preserves regularity for any i € {1,2,...,k}. It follows
from Lemma 2.7 that there exist permutation matrices P; and (Q; such that either

(1) Tz(X,L) = PzXzQ,L for any Xi S Mmm(Sz)

(2) Tl(Xl) = PzX,Lth for any X; € Mn(Sl)

Take P = (Pl,PQ, .. .,Pk) S Mm(S), Q = (Q17Q27 .. .,Qk) S Mn(S) Ifm 75 n, then
for any i € {1,2,...,k}, T3(X;) = P, X;Q; for any X, € M,,(S;). Thus T(A) = PAQ
for any A € My, »(S). If m = n, let

I :={i: T; is the form of (1)},
Iy := {i: T; is the form of (2)}.

It is clear that [; N 1o =0, I ULy = {1,2,...,k}. Let s1,s2 € S satisfy (s1); = 1 if
i € I, 0 otherwise; (s2); = 1 if i € I3, 0 otherwise. It follows that

T(A) = P(s1A + 52AN)Q

for any A € M, »(5).

(ii) = (i) Assume that T(X) = PXQ for any X € M,, »(S). Since P and
@ are invertible, it is easy to see that T strongly preserves regularity in this case.
Another case is m =n and T(X) = P(s1 X + 52 X")Q for any X € M,,(S). For any
i€{1,2,...,k} and A; € M,,(S;), there exists A € M, (S) such that A; = (A);,

Ti(Ai) = Ti((A);) = T(A); = (P(s14 + 524")Q);.
If (51); = 1, (s2); = 0, then
Ti(4) = (P(s14+ 5:(4)")Q)s = PiAQ
for any A; € M (S;). Otherwise,
Ti(A;) = PAIQ;

for any A; € M,(S;). Noticing that P, and ); are permutation matrices, by
Lemma 2.7, T; strongly preserves regularity, and then T strongly preserves regu-
larity by Proposition 2.13. O
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Hence, we have obtained characterizations of linear operators that strongly pre-
serve regular matrices over the finite direct product of binary Boolean algebras B;.

3. LINEAR OPERATORS STRONGLY PRESERVING INVERTIBLE MATRICES OVER Bj

In this section, analogous with the discussions in Section 2, we will continue to
study the characterizations of the linear operators strongly preserving invertible ma-
trices over general Boolean algebras By.

First, we will introduce the following lemma and proposition.

Lemma 3.1 ([14]). Let T be a linear operator on M,(B;). Then T strongly
preserves GL,,(By) if and only if there are permutation matrices P and ) such that
T(X)=PXQ for all X € M,,(By), or T(X) = PX'Q for all X € M, (By).

Proposition 3.2. Let T be a linear operator on M, (By) with k > 1. Then
T strongly preserves GL,(By) if and only if its each lth constituent operator, Ty,
strongly preserves G L, (B1).

Proof. (=) For any A; € GL,(B,), take A = A; = Z 0;A;. Clearly, A €

GL,(By). Since T strongly preserves GL,,(By) with k > 1, we have T(A) € GL,(By).
And then T;(A;) € GL,(B;) by Lemma 2.2.
On the other hand, for any A € M,(B1), assume that T;(A) € GL,(By) for

k
l=1,2,...,k. Note that T(A) = (Z O’ZAl) = > 0;T1(4;), so we have T(A) €
i=1

GL,(Bg) by Lemma 2.2. Since T is a linear operator that strongly preserves invert-
ibility on M, (By), we have A € GL,,(By). And then it follows from Lemma 2.2 that
A(= A)) € GL,(By).

k

(<) For any A = > 04, € GL,(By), by Lemma 2.2, A; € GL,(B;) for | =
=1

1,2,...,k. Since each Ith constituent operator, T;, strongly preserves invertibility

k
on M, (B1), we have T;(A4;) € GL,(B;). By Lemma 2.2 again, T(A) = T(Z O'lAl) =

k =1
Z UZTl(Al) S GLn(Bk).

i=1
On the other hand, assume that for any A = ZalAl € Mpa(Bg), T(A) =
k k
T(E O'ZAZ) = > oTi(A;) € GL,(By). Then by Lemma 2.2, we have Tj(A;) €
=1 i=1

GL;(Bl) for | = 1,2,.......,k. Noting that 7; strongly preserves invertibility

on M, (B;), we immediately get A; € GL,(B1) for [ = 1,2,...,k. And then by
k

Lemma 2.2, we have A = > 0;A4; € GL,(By). O

=1
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Now, we will give the main theorem of this section.
Theorem 3.3. Let T be a linear operator on M, (By) with k > 1. Then T strongly
preserves GL,(By) if and only if there are invertible matrices P and @) such that
k k
T(X) = P(Z alYl)Q for all X = 3_ 01X; € M,,(By,), where Y; = X; or ¥j = X!
=1 =1
Proof. (=) Assume that T strongly preserves GL,(By). It follows from Propo-
sition 3.2 that its each lth constituent operator T, also strongly preserves GL,(B1)
k
forl =1,2,..., k. Now, for any X = Z 01X € My(Bg), T(X) = > oTi(X;). By
=1
Lemma 3.1, each Ith constituent operator T}, has the form

T,(X)) = PX,Q or T)(X))=PX]Q,

where P, and @); are permutation matrices for all [ = 1,2, ..., k, so we can immedi-
ately obtain that

k k k k k
=S aTi(X) = S RYiQ = (z P) (z Y) (z alQl)
=1 =1 =1 =1 =1

k
where YV, = X, or ¥, = X/ for [ = 1,2,..., k. Take Z aP, =P, > 0@, =Q, then

=1
by Lemma 2.2, P, @Q are clearly invertible in M, (Bk) Hence, we have shown the
necessity.

(<) Assume that for any X = E 01 X; € My(Bg), X € GL,(B). By Lemma 2.2,
X, € GLy(By) for 1l =1,2,. kandsoYléGL( 1), where ¥; = X; or V; = X}

k
By Lemma 2.2 again, Y 0;Y; € GL,(Bg). Note that P and @ are invertible matrices,
=1
k
so we immediately get T'(X) = P(Z UlYl)Q € GL,(By).
=1

k
On the other hand, assume that X = Y 0yX; € M, (By) and T(X) € GL,(By).
=1

k
Note that T(X) = P(E UlYl)Q, where P and @) are invertible matrices, Y] = X
=1

k

or Y, = X}, so we have Y = 3 0;Y; € GL,(By). And then Y; € GL,(B;) for | =
=1

1,2,..., k. It follows from ¥; = X; or ¥; = X/ that X; € GL,,(By) for [ =1,2,... k.

Consequently, we have X € GL,(Bx) by Lemma 2.2. O
Thus, we have also obtained complete characterizations of the linear operators

that strongly preserve invertible matrices over By. An example will be given in the
following.
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Example 3.4. Let

01 02 03 g3 01 02
P = o9 03 01 , = o1 09 O3 €M3(Bg)
g3 01 02 o2 03 01

By Lemma 2.2, P,Q € GL3(Bs3).
Now, define a linear operator 7' on M3(B3) by

T(X) = P(01X1 =+ O‘QX; =+ O'3X3)Q

3
for all X = " 0;X;. Then it is easy to check that T is a linear operator that strongly
=1
preserves GL3(Bg).

In the following, we will also from another perspective give some other character-
izations of linear operators that strongly preserve invertible matrices over Bg. That
is, we will study the characterizations of linear operators that strongly preserve in-
vertible matrices over the finite direct product of binary Boolean algebras B;.

k
Proposition 3.5. Let S = [] S;, where S; = By. Then for any A, B € M,(S),
i=1
A is invertible if and only if A; is invertible for any i € {1,2,...,k}.

Proof. It is routine to check this proposition. ([

k

Proposition 3.6. Let S = [[ S;, where S; = By. Let T be a linear operator
i=1

on M, (S). Then T strongly preserves GL,(S) if and only if its ith constituent

operator, T;, strongly preserves GL,,(B1) for any i € {1,2,...,k}.

Proof. Let T be a linear operator on M,(S) and T; be its ith constituent
operator on M, (By).
(=) For any A; € M, (B;), assume that A; € GL,(B1). Take A = (4;, A, ...,
k
Ap) € ] Mn(S;). We have A € GL,(S) by Proposition 3.5. Since T is a lin-
i=1

ear operator that strongly preserves invertibility on M, (S), we have T(A) =
(Th(A)), ..., Ti(A), ..., T(A;)) € GL,(S). And then we get T;(A4;) € GL,(By).
On the other hand, for any A; € M, (B,), assume that T;(4;) € GL,(B;) for

k
i=1,2,...,k. Take A= (A, A,..., A) € [] Mn(S;). We have

T(A) = (Ta(Ar), ..., Ti(Ar), .., Ti(Ar)) € GLn(S)
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by Proposition 3.5. And then A € GL,,(S) since T is a linear operator that strongly
preserves invertibility on M, (S). By Proposition 3.5 again, we have A; € GL,(B1).

k
(<) For any A = (A1, As,..., Ax) € ][ Mn(S:), by Proposition 3.5, A; €
=1

=

GL,(By) for ¢ = 1,2,...,k. Since each ith constituent operator, T;, strongly pre-

serves the invertibility on M, (B;), we immediately have T;(A4;) € GL,(B1). By
Proposition 3.5 again, T'(A) = (T1(A1), ..., T2(A2),. ( k) € GLy(S).

On the other hand, for any A = (Aj,As,..., Ax) € H M, (S;), assume that

=1
T(A) = (T (A1), ..., Ta(Ag), ..., Tk(Ax)) € GL,(S). By Proposmon 3.5, we have

T;(4;) € GL,(By) for ¢ = 1,2,...,k. Since T; strongly preserves invertibility
on M, (B1), we immediately get A; € GL,(B;y) for i = 1,2,..., k. And then we
have A = (A1, As, ..., Ag) € GL,(S) by Proposition 3.5. O

k
Theorem 3.7. Let S = ][] Si;, where S; = By, and T be a linear operator
i=1
on M, (S). Then the following statements are equivalent:
(i) T strongly preserves GLy(S);
(ii) there exist invertible matrices P = (P, Ps,..., P;),Q = (Q1,Q2,...,Qk) €
M, (S), where P;, Q; are permutation matrices, such that T(X) = P(s1X +
$2X4Q for any X € M, (S), where s1,s2 € S satisty (s1);,(s2); € {0,1} and

(s1)i # (s2); for any i € {1,2,...,k}.

Proof. (i) = (ii) Let S = H S;, where S; = By, and T be a linear oper-

ator on M, (S). Suppose that T strongly preserves GL,(S). By Proposition 3.6,
T; strongly preserves GL,,(B;) for any i € {1,2,...,k}. It follows from Lemma 3.1
that there exist permutation matrices P; and @Q); such that either

(3) Ti(X:) = P X;Q;
or
(4) Ty(X:) = PX[Qi

for any X; € M,(S;). Take P = (P1, Ps,..., P),Q = (Q1,Q2,...,Qk) € My,(S5).
Let
I := {i: T; is the form of (3)},

= {i: T; is the form of (4)}.
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It is clear that 1 NI, =0, [; Ul = {1,2,...,k}. Let s1,52 € S satisfy (s1); = 1 if
1 € I, 0 otherwise; (s2); = 1 if i € I3, 0 otherwise. It follows that

T(A) = P(SlA + SQAt)Q

for any A € M, (S).
(ii) = (i) Assume that there exist invertible matrices P = (Py, Pa,..., P;),Q =
(Q1,Q2,...,Qk) € M,(S) with P;, @, are permutation matrices such that

T(X)=P(s1X +5XH0Q

for any X € M,(S). For any i € {1,2,...,k} and A; € M,(S;), there exists
A € M, (S) such that A; = (A);. And then

Ti(Ai) = Ti((A);) = T(A); = (P(s14 + 524")Q);.
If (s1); = 1, (s); = 0, then
Ti(Ai) = (P(s14 + 52(A)")Q)i = PiA:iQ
for any A; € M,,(S;). Otherwise,
Ti(Ai) = PAQ;

for any A; € M,(S;). Noticing that P, and @Q; are permutation matrices, by
Lemma 3.1, T; strongly preserves invertibility, and then T strongly preserves in-
vertibility by Proposition 3.6. O

Hence, we have obtained characterizations of linear operators that strongly pre-
serve invertible matrices over the finite direct product of binary Boolean algebras B;.
This also means that we get some other characterizations of linear operators that
strongly preserve invertible matrices over By from another point of view.

References

[1] R.B. Bapat: Structure of a nonnegative regular matrix and its generalized inverses.
Linear Algebra Appl. 268 (1998), 31-39.

[2] L.B. Beasley, A. E. Guterman, S.-G. Lee, S.-Z. Song: Linear transformations preserving
the Grassmannian over My (Z4). Linear Algebra Appl. 398 (2004), 39—-46.

[3] L.B. Beasley, A. E. Guterman: The characterization of operators preserving primitivity
for matrix k-tuples. Linear Algebra Appl. 430 (2009), 1762-1777.

[4] L.B. Beasley, S. G. Lee: Linear operations strongly preserving r-potent matrices over
semirings. Linear Algebra Appl. 162-164 (1992), 589-599.

185



[5]
[6]
[7]
8]
[9]

[10]
[11]

[12]
[13]
[14]

[15]
[16]

17]
18]
[19]
[20]
[21]
[22]
23]
[24]
[25]

[26]

L. B. Beasley, N.J. Pullman: Boolean rank preserving operators and Boolean rank-1
spaces. Linear Algebra Appl. 59 (1984), 55-77.

L. B. Beasley, N.J. Pullman: Operators that preserve semiring matrix functions. Linear
Algebra Appl. 99 (1988), 199-216.

L. B. Beasley, N. J. Pullman: Fuzzy rank-preserving operators. Linear Algebra Appl. 73
(1986), 197-211.

L. B. Beasley, N.J. Pullman: Linear operators strongly preserving idempotent matrices
over semirings. Linear Algebra Appl. 160 (1992), 217-229.

J. Dénes: Transformations and transformation semigroups I. Seminar Report. Magyar
Tud. Akad., Mat. Fiz. Tud. Oszt. Kézl. 19 (1969), 247-269. (In Hungarian.)

J.S. Golan: Semirings and Their Applications. Kluwer, Dordrecht, 1999.

K. H. Kim: Boolean Matrix Theory and Applications. Pure Appl. Math., Vol. 70. Marcel
Dekker, New York, 1982.

K.-T. Kang, S.-Z. Song, Y.-B. Jun: Linear operators that strongly preserve regularity
of fuzzy matrices. Math. Commun. 15 (2010), 243-254.

S. Kirkland, N.J. Pullman: Linear operators preserving invariants of non-binary
Boolean matrices. Linear Multilinear Algebra 33 (1993), 295-300.

H.H. Li, Y. J. Tan, J. M. Tang: Linear operators that strongly preserve invertible ma-
trices over antinegative semirings. J. Univ. Sci. Technol. China 87 (2007), 238—-242.
R.D. Luce: A note on Boolean matrix theory. Proc. Am. Math. Soc. 3 (1952), 382-388.
M. Orel: Nonbijective idempotents preservers over semirings. J. Korean Math. Soc. 47
(2010), 805-818.

R. J. Plemmons: Generalized inverses of Boolean relation matrices. STAM J. Appl. Math.
20 (1971), 426-433.

O. A. Pshenitsyna: Maps preserving invertibility of matrices over semirings. Russ. Math.
Surv. 64 (2009), 162-164.

P.S.S.N.V.P. Rao, K. P. S. B. Rao: On generalized inverses of Boolean matrices. Linear
Algebra Appl. 11 (1975), 135-153.

D. E. Rutherford: Inverses of Boolean matrices. Proc. Glasg. Math. Assoc. 6 (1963),
49-53.

S.-Z. Song, L.B. Beasley, G.S. Cheon, Y.-B. Jun: Rank and perimeter preservers of
Boolean rank-1 matrices. J. Korean Math. Soc. 41 (2004), 397-406.

S.-Z. Song, K.-T. Kang, Y.-B. Jun: Linear preservers of Boolean nilpotent matrices.
J. Korean Math. Soc. 48 (2006), 539-552.

S.-Z. Song, K.-T. Kang, L. B. Beasley, N.-S. Sze: Regular matrices and their strong
preservers over semirings. Linear Algebra Appl. 429 (2008), 209-223.

S.-Z. Song, K.-T. Kang, L.B. Beasley: Idempotent matrix preservers over Boolean
algebras. J. Korean Math. Soc. 44 (2007), 169-178.

S.-Z. Song, K.-T. Kang, M.-H. Kang: Boolean regular matrices and their strongly pre-
servers. Bull. Korean Math. Soc. 46 (2009), 373-385.

S.-Z. Song, S.-G. Lee: Column ranks and their preservers of general Boolean matrices.
J. Korean Math. Soc. 32 (1995), 531-540.

Authors’ addresses: Yizhi Chen, Department of Mathematics Northwest Univer-

sity, Xi’an, Shaanxi, 710127, China, and Department of Mathematics, Huizhou University,
Huizhou, Guangdong, 516007, P. R. China, e-mail: yizhichen19800126.com; Xianzhong
Zhao, College of Mathematics and Information Science, Jiangxi Normal University, Nan-
chang, Jiangxi, 330022, P. R. China, e-mail: xianzhongzhao®263.net.

186



		webmaster@dml.cz
	2020-07-03T19:48:23+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




