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Abstract. Identities for the curvature tensor of the Levi-Civita connection on an almost
para-cosymplectic manifold are proved. Elements of harmonic theory for almost product
structures are given and a Bochner-type formula for the leaves of the canonical foliation is
established.
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1. INTRODUCTION

The almost para-cosymplectic manifolds contain the class of weakly para-cosym-
plectic manifolds which are almost para-cosymplectic manifolds satisfying an addi-
tional curvature property. The latter were studied (for dimension 3) by P. Dacko and
Z. Olszak [2], who showed that if a 3-dimensional weakly para-cosymplectic mani-
fold is locally homogeneous as a Riemannian manifold, then it is para-cosymplectic
(which means that the 1- and 2-forms of the structure are parallel with respect to the
Levi-Civita connection of the metric) or is locally flat. They also gave a classification
for such manifolds.

In the present paper we deal with the almost para-contact hyperbolic metric struc-
tures and establish properties of the Levi-Civita connection associated to the pseudo-
Riemannian structure (Proposition 2.1 and Theorem 2.2).

Let M be a (2n + 1)-dimensional smooth manifold, ¢ a (1, 1)-tensor field called
the structure endomorphism, £ a vector field called the characteristic vector field,
7 a 1-form called the contact form and g a pseudo-Riemannian metric on M. In
this case, we say that (p,&,7,g) defines an almost para-contact hyperbolic metric
structure on M [3] if
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1) *=1-1®¢

(2) n(§) =1;

(3) g(eX,9Y) = —g(X,Y) +n(X)n(Y) for any X,Y € I'(TM).

The definition implies p¢ = 0, n(pX) = 0, n(X) = ¢(X,&), ¢g(&,&) = 1 and
9(pX,Y) = —g(¢Y, X) for any X,Y € I'(T'M). The fundamental 2-form w(X,Y) :=
9(pX,)Y), XY € I'(TM), defined by ¢ and g, is skew-symmetric. The 2n-
dimensional distribution 2 := kern is called the canonical distribution associated
with the almost para-contact hyperbolic metric structure (p,&,n,g) and the foli-
ation .# generated by 2, the canonical foliation on M. Note that the canonical
distribution is involutive and @-invariant (as 2 = Im¢) and ¢ is orthogonal to Z.
The restrictions ¢, = ¢|r, of ¢ and g, := g|r, of g to the leaves {F,}qcs of the
foliation .# satisfy

e:X =X, ga(paX,@aY)=—ga(X,Y)

for any X,Y € I'(T'M) and « € I, so they define an almost para-Hermitian structure
(¢a,ga) on each leaf F, of Z.

If the 1-form 7 and the 2-form w are closed, we say that M together with the al-
most para-contact hyperbolic metric structure (p, &, 7, g) is almost para-cosymplectic
manifold [2]. In this case, for any o € I, 1o = n|g, is closed. The fundamental
2-form w, (X, Y) := gu(paX,Y), X, Y € I'(2), defined by ¢, and g,, is closed, too,
so each leaf (Fy, ¢¥n, go) becomes an almost para-Kdihler manifold for any o € T [2].
Therefore, all almost product structures ¢, are integrable.

These properties yield the fact stated in the next proposition:

Proposition 1.1. Let (M, ¢,£,n,9) be an almost para-cosymplectic manifold.
Assume that the Levi-Civita connection V,, associated to g, is flat for any o € I.
Then the leaves (F, ¢o, V) are special para-complex manifolds.

Proof. According to [8], (Fa,®a, Va) is a special para-complex manifold if
¢o is integrable, ¢ = I, v, # I, V, is a torsion free, flat affine connection and
satisfies (Voxna)Y = (Vayna)X for any X, Y € T'(TM). Taking into account that
N is closed and dne(X,Y) = (Vaxna)Y — (Vaynae)X for any XY € I'(TM), we
get the conclusion. O
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2. CURVATURE PROPERTIES

Let (M, p,€,1,9) be an almost para-cosymplectic manifold. Relations and cur-
vature properties for the Levi-Civita connection V associated with the pseudo-
Riemannian metric g, similar to those in the almost contact metric case studied
by Z. Olszak [6], can be found for almost para-cosymplectic manifolds.

From the condition dw = 0 we obtain

(2.1) (Vxw)(YV, Z2)+ (Www)(Z,X)+ (Vzw)(X,Y) =0
for any X,Y,Z € T(TM).

Proposition 2.1. Let (M, p,&,n, g) be an almost para-cosymplectic manifold and
V the Levi-Civita connection associated with g. Then, for any X,Y,Z € T(TM),

(2.2) (Vxw)(¢Y,9Z) = (Vxw)(Y, Z) = n(Z)(Vxn)(¢Y) = n(Y)(Vxn)(»Z);
(2.3)  (Vxw)(¢Y,2Z) — (Vxw)(Y,pZ) = —n(Z)(Vxn)Y —n(Y)(Vxn)Z;

(2.4) (Vxw)(Z,Y) = (Vexw)(0Z,Y) = %U(Z)(ng)(Ya pX).

Proof. The first two relations follow from direct computation. Writing the
relation (2.1) for circular permutations —(X, pZ, oY)+ (Y, o X, 0Z) + (Z, oY, X ) —
(X, Z,Y) and taking into account that (L¢g)(X,Y) = (Vxn)Y +(Vyn)X, we obtain
the last relation. O

In particular, if we put X = ¢ in (2.4), we get Vew = 0. Moreover, Ve = 0.
If we replace Z by ¢Z in the relation (2.3), we obtain

(2.5) 9(9Y, Vx&) = (Vxn)(pY)
and
(2.6) 9(Y,p(Vx§)) = n(VxpY)

for any X,Y,Z e I'(TM).
We also have

(2.7) (VwXSO)SOY = _w((vgoXSO)Y) - U(Y)Vszf - (%x??)Y -

for any X,Y e T(TM).
From

(Vxw)(Z,Y) = (Vexw)(9Z,Y) = n(2)(Vexn)Y,
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we get
(2.8) (Vx@)Y — (Vpxp)pY =n(Y)Vex§
for any X,Y e T(TM).
Replacing (2.7) in (2.8), we obtain
(2.9) (Vx@)Y 4+ o((Vex9)Y) + (Vexn)Y - £ =0
for any X,Y e T'(T'M).
Applying ¢ to (2.9), we have
(2.10) P(Vx@)Y) + (Vox @)Y + (Vpxn)pY - £ =0

for any X,Y e T'(T'M).

For X =Y = ¢ in the previous relation we deduce that ¢(Ve€) = 0. But V& =
n(Ve&)€ and also g(Ve, X) = (Ven)X for any X € I'(T'M). In particular, for X = ¢
we have n(Ve€) = 0 and so Ve£ = 0.

From (2.8) we have (Vx )¢ = V,x& and so

(2.11) p(Vx€) = =Vix¢
for any X € [(T'M). Then we obtain
(2.12) (Voxm)Y = (Vxn)(Y)
for any X,Y e T'(T'M).

We have
(2.13) n(Vx§) =0

for any X € T'(TM) and so
(2.14) (Vexm)eY = (Vxn)Y
for any X,Y e T'(T'M).

Theorem 2.2. Let (M, ¢,£,n,9) be an almost para-cosymplectic manifold and
V the Levi-Civita connection associated with g. Then the following identity holds:
(2.15) Rxvezew — Roxyzew + Roxovezew — Rxoy zew

— Roxvyezw + Roxovyzw + Rxyzw — Bxoyezw

+n(W)[Ryxypze — Roxoyze — Rxyze + Rxoypze)

+ 9(Vipx,ov141x,71PZ + ¢(Vpx,y1+1x.0v19Z), W) = 0
for any X,Y, Z,W € I'(TM).
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Proof. The proof follows the same lines as in [6], taking into account the

relations obtained above for the almost para-cosymplectic case. O
Proposition 2.3. Under the hypotheses of Theorem 2.2, we have:
Roxyeze + Bxovpze — Roxovze — Rxyze =0
for any X,Y,Z € T(TM).

Proof. Antisymmetrizing (2.15) with respect to Z and W and taking (W « Z
and W — &), we get the required relation. O

The leaves F,, of constant and quasi-constant (p,-sectional curvature
Consider the (0, 4)-tensor fields defined in [7]:

RS (XY, 2,W) 1= 1100 (X, )0 (Y, W) = ga(X, W)gu (¥, 2)

— 9a(X,002)ga (Y, 0aW) + go(X, 0a W) ga (Y, pa Z)
—29a(X, 0aY)9a(Z, pa W)

and, respectively, in [1]:

R?(X,Y, Zv W) = ga(Sa(X,Y, Z),W) +ga(5a(g0aX,g0aY, Z),W),

for
SQ(X,Y,Z) = Pa(X, Y,Z)— Pa(Y, X, 27),
where
PaX,Y,2) = 5 {00 )0 2)X +10(X (00 Z)aY

+ 10 (X)Na(0aY)PaZ + ga (Y, Z)na(X)Ea
+ ga(X, SDaZ)na(Y)SDafa
+ %ga(X7 QO(XY) [na(QOOzZ)fa + na(Z)QOOzfa]}

and

RS(X,Y, Z,W) = Na(X)Na(¢aY) = Na(0aX)na(Y)]
X Na(@aZ)na(W) = 1a(Z)na(paW)].

Definition 2.4 ([1]).

A para-Kéhler manifold (M, ¢, g) endowed with a unit
vector field £ is said to be
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(1) of constant p-sectional curvature if the sectional curvature of span{u,pu} is
constant for any x € M and any wu non-isotropic tangent vector in T, M;
(2) of quasi-constant p-sectional curvature if the sectional curvature of span{u, pu}
i

is constant for any z € M, any 0 € [O, 5] and any u non-isotropic tangent vector

in T, M making the angle 6 with span{&,, ©&;}.

According to Theorem 2.1 from [1], the following result holds:

Theorem 2.5. Let (M, ¢,&,n,¢g) be an almost para-cosymplectic manifold. Then
the leaf (Fy, 9o, go)

(1) is of constant p,-sectional curvature if and only if there exists a function c,,:
Fo — R such that the curvature tensor field R satisfies R* = co R{;

(2) is of quasi-constant ¢-sectional curvature if and only if there exists three
functions ¢, cl,c%: F, — R such that the curvature tensor field R® satisfies

R® = A RS + cL R + 2 RS

For the complex case, S. Funabashi, H. S. Kim, Y.-M. Kim, J.S. Pak [4] gave nec-
essary and sufficient conditions for a Kdhler manifold to be of constant holomorphic
sectional curvature, involving certain spectral properties of the Laplace operator.

In the next section we will determine a relation between the curvature of the leaves
of the canonical foliation and the Hodge-Laplace operator (equation (3.3)).

3. HARMONIC FORMS ON THE LEAVES OF THE CANONICAL FOLIATION

Let (M, ¢,£,n,g) be an almost para-cosymplectic manifold of dimension 2n + 1.
Consider the exterior differential and codifferential operators defined for any tangent
bundle-valued p-form T € T'(APT*M ® TM) by

p
dT(Xo, ..., Xp) =Y (=)' (Vx,T)(Xo,. .., Xi, ..., Xp)
=0
and
2n
0T(X1, .., Xpo1) == (VE,T)(E;, X1,..., Xp1),
=0

for an orthonormal frame field {E;}ocicon and the Hodge-Laplace operator on
D(APT*M @ T M)

(3.1) A:=dod+dod.
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W. Jianming studied in [5] some properties of harmonic complex structures. Simi-
lar results hold for the leaves of the canonical foliation of an almost para-cosymplectic
manifold. In our case, the leaves being almost para-Kédhler manifolds, we shall deal
with harmonic almost product structures and give the following obvious definition:

Definition 3.1. An almost product structure F is called harmonic if AE = 0.

From the definition we infer that E is harmonic if and only if dE = 0 and
dE = 0 which is equivalent to (VxE)Y = (WE)X for any X,Y € I'(TM)
and trace(VE) =0 for V the Levi-Civita connection associated with the pseudo-

Riemannian structure g.

Proposition 3.2. Any harmonic almost product structure E is integrable (that
is, it is a product structure).

Proof. Let X,Y € I'(TM). Then

(dE)(X,Y) := (VE)(X,Y) — (VE)(Y, X)
= [X,EY] + Vey X — [V, EX] - VexY — E[X,Y].

As AE = 0 implies dFE = 0, we get

0= (dE)(EX,Y) + (dE)(X, EY)
= [EX,EY]+[X,Y] - E[EX,Y] - E[X, EY],

which shows the integrability of E. O

In particular, for any 7 € T'(A'T*M ® TM) we have [9]

(3.2) AT = —-V?*T - S,

2n 2n
where V2T := Y_ Vg, Vg, T — Vy, 5T and S(X) := Y (Rg,xT)E;, X € T(T'M),
i=0 i=0
for {E;}o<igon an orthonormal frame field and Rxy = VxVy — Vy Vx — Vix,v1]s
X,Y e I'(T'M), the Riemann curvature tensor field. We shall also use the notation
RXYZ = nyZ and RXYZW = g(nyz,Z), X, Y, Z,W € F(TM) Then for T

equal to F and for any vector field X,

2n 2n 2n
S(X):=> (RgxE)E; =Y Rpxge, — Y E(Rexz,)
i=0 i=0 i=0

2n
= > [Re.xep, — E(Re x5,))-
=0
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2n

Denote by e(E) := Y 1g(EE;, EE;) = $|E|? the energy density of E (which does
i=0

not depend on the orthonormal frame field {E;}o<i<on). We can state the following

theorem:

Theorem 3.3. Let (M, ¢,£,7n,9) be an almost para-cosymplectic manifold and
assume that any p,, is a harmonic product structure. Then on each leaf F,,, o € I,
of the canonical foliation %, a Bochner-type formula

(3.3) Ae(py) = |[Val® — Z (RE;!E;%E;!%E; + RE;!E;E;!E;)

0<4,j<2n

holds for an orthonormal frame field { EX }o<ican on Fy, with Vg, E; = 0,0 < i < 2n.

Proof. A computation similar to that in [5] leads to

2n
(V?¢a,0a) = ) (Ve Ve o, pa) = Ae(pa) — [Vipal’
i=0
and
2n
(S, pa) = Z<SE;X7<PQE;X>
j=0

Z Q(RE;!E;%E? spape) = 9(pa(Reapops ), PaEY).

0<i4,5<2n

Therefore, as ¢, is harmonic if Ay, = 0, from (3.2) we obtain

0= (A¥a, Pa)
= - <v290aa Pa) = (S, Pa)
— Ae(pa) + |Vioal?

— Y [9(Reepspapes pans) = 9(Pa(REspo B ), Pa )]
0<i,j<2n

= —Ae(pa) +|Voal> = Y (Rpepsp.nrpans + Rpopspens).
0<ij<2n
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