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1. INTRODUCTION

Let % (K G) be the unit group of the group algebra KG of the field K over the

group GG. The homomorphism ¢: KG — K given by 6( > agg) = > a4 is called
geG geG
the augmentation mapping of KG. The normalized unit group of KG denoted

by V(KGQG) consists of all the invertible elements of RG of augmentation 1. For
further details on group algebras see [9].

It is well known that if G is a finite p-group and K is a field of characteristic p,
then V(K@) is a finite p-group of order |K|/¢/=1. Sandling in [10] provides a basis
for V(F,G) where G is an abelian p-group and F,, is the Galois field of p-elements.
Let Dg be the dihedral group of order 8. The structures of % (F2Dsg) and % (Fox Dg)
are established in [11] and [5], respectively.

The map *x: KG — KG defined by ( > agg)* = > ayg ' is an antiauto-

geG geG
morphism of K G of order 2. An element v of V(K G) satisfying v=' = v* is called

unitary. We denote by V. (KG) the subgroup of V(K G) formed by the unitary ele-
ments of KG. In [2] a basis for V. (KG) is constructed for any field of characteristic
p > 2 and any finite abelian p-group.
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The structure of V,.(F2G) is established in [1] for all groups of order 8 and 16 and
the structure of V,(F2Qs) is established in [6] where Qg is the quaternion group of
order 8. Additionally, the order of V. (F,:G) is determined for special cases of G
in [4]. In [3], Bovdi and Kovécs give conditions for Vi (K G) to be normal in V(KG).

Let M, (R) be the ring of n x n matrices over a ring R. Using an isomorphism
between RG and a subring of M,,(R) and other techniques, we establish the structure
of % (Fax Ay) where Ay is the group of even permutations on 4 elements. Our main
result is

[((CQ X 042) X 04) Dal 04] X Cg when k = 1,
U (For Ag) 2 { [[((C2F x C42F) % C4%) % C4F) % Cor 1] x Cor_y when 3| (2F — 1),
[[((Cgk X C42k) X C4k) X C4k] X Co2i_1] X Cor_1 otherwise.

In [12] it is shown that V4 = 14 J(F A4) is a nilpotent group of class 2 where J is
the Jacobson Radical of F'A4 and F' is any field of characteristic 2.

2. BACKGROUND

Definition. A circulant matrix over a ring R is a square n X n matrix of the

form
aq as as ... Qp,
Qp, aq a9 e Qp—1
circ(a,ag,y...,ap) = | @n—1 QGn Q1 ... Qp—2
az as Qa4 ... a1
where a; € R.

Definition. Define the 2 x 2 circulant block matrix over a ring R to be

a b ¢ d
b a d c
CBQ’Q(G, b, C, d) = c d a b
d ¢ b a

where a,b,c,d € R.

For further details on circulant matrices see Davis [7].
If G ={g1,...,9n}, then denote the matrix M (G) = (g;"'g;) wherei,j =1,...,n.
Similarly, if w = ) ag,9; € RG, then denote the matrix M(RG,w) = (ag,-14,),

=1
which is called the RG-matrix of w.
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Lemma 2.1 (see [8]). Let G be a finite group of order m. There is a ring
isomorphism between RG and the n x n G-matrices over R, which is given by
o: w— M(RG,w).

Definition. Define the alternating group A4 to be the group of even permuta-

tions on 4 elements.
Example. Let a = (12)(34), b = (13)(24), ¢ = (123) and let

3
K = Z(a4i_3 + ugi_2a + agi—1b + 0&47;Clb)ci_1 € For 1447

i=1

where a; € For. Then

Q

=

I

)
T oW
~ T Q

where

A = CBaa(ag, az, a3, ay), B = CBa (a5, ag, a7, a8),

C = CBga2(ag, 10, 011, 12), D = CBa (a9, 12, 10, 1),
E = CBg (o, a4, a2, a3), F = CBys(as, as, ag, ar),

G = OBy (as, ar, as, ag), H = CBy2(ag, a11, 12, a10),
I = CBap(a1, as, a4, a2)

where o; € Far.

Let R; and Ry be rings. Then Ry ® Rs is the direct sum of R; and Ry. It is
well known that FxC3 = Fr @ Fpr @ Fpr if 3 | (p* — 1) and FprCs = Fpr @ Fpon if
31 (p* —1).

3. THE STRUCTURE OF % (Far Ay4)

Define the group epimorphism 0: % (For Ay) — % (F2:C3) b
3
Z(Om 3+ ui—2a + a4;—1b + auab)c T — Z a; + Z Q4T + Z Oék+8$

i=1

where C3 = (z | 2* = 1) and a; € Fox.
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Define the group homomorphism ©: % (FoxC3) — % (For Ayg) by v+ Bz + 622 —
v + Bec + 6c? where v, 3,0 € For. Then

0 o(y+ fr + 622) = O(y + B+ 6c?) = v + fr + 622
where 7, 3,0 € For. Therefore, % (For A4) is a split extension of % (FyxC3) by ker(6).
Therefore, % (For Ay) = H X % (Fox C3) where H 2 ker(6). Let

3
K= Z(a4i_3 + ugi_2a + agi—1b + 0&41&[))61;1 S %(ng 144)7

i=1

4 4 4
then k € H if and only if > oy =1, > aj4a =0, > ayrs = 0 where o; € For.
i=1 j=1 I=1
Therefore, |H| = (23F)3 = 29,
Lemma 3.1. H has exponent 4.

Proof. Let

3
h=1+ Z [Ozi + a;43¢+ Oéi_;_gCQ + (Oégi_ga + ag;_1b+ agiab)ci_l] € H,

i=1

where o; € For. Then

AY 0 0
o =10 E* 0
0o o0 I*

where A = CBoa((1 + a1 + a2 + az),a1,a0,3), £ = CBaa((1 + a1 + az +
asg),ag,a1,a2), I = CBao((1+ aq + az + a3), az, as, a1) where a; € Fox.

4
It can be shown easily that if M = CBa (71, 72,73, 74), then M* = (Z 7'#)]4
i=1
where 7; € For. Therefore

A=+ +ad+a3+al+al+ad)ly =1, =E*=T1"
Additionally, it can be shown easily that h? # 1. Therefore H has exponent 4. [
Lemma 3.2. Let R be the subset of H consisting of elements of the form
1+ (1 +a)(ai (1 +b) + age+ azbe) + [aq(1 + ab) + as(a + b)]c?

where o; € For. Then R is a group and R = Co* x C,%*.
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Proof. Let
ri =1+ (1+a)(a1(1+b) + azc+ asbe) + [as(1 + ab) + as(a +b)]c* € R
and
re = 14+ (1 +a)(B1(1 + b) + Bac + Bsbc) + [Ba(1 + ab) + Bs(a + b)]c® € R
where a;, 3; € Far. Then
rire = 14 (1+a)((ar + B1)(1 +b) + (a2 + B + 81)c + (ag + B3 + d1)be)
+ [(ag + B+ 82)(1 + ab) + (a5 + B5 + 2)(a + b)]c?

where 01 = (a4 + a5) (64 + 05) and dz = (a2 + a3)(B2 + B3). Therefore, R is closed
under multiplication. Clearly R = Cy' x C4,™ for some I,m € N.

Consider Cy! x C4™. The number of elements of order 2 or 1 is 2/+™ and the
number of elements of order 4 is 2!72m — 2l+m = gltm(om _ 1) Tet

r =14 (1+a)(a(1+Db)+ azc+ asbe) + [as(1 + ab) + as(a + b)]c* € R,

where a; € For. Then 72 = 1 if and only if as = o and ay = as. Therefore the
number of elements of order 4 in R is 25% —23% = 23%(22k _1). Thus, R = Cy" x €.
U

Lemma 3.3. Let S be the subset of H consisting of elements of the form
L4+ a1(14b) + az(1+a)(1 +b)e+ (as + aza)(1 + b)c?
where a; € For. Then S is a group and S & C’g% X C’4k.
Proof. Let
s1=1+ar(14+b)+as(l+a)(l+bc+ (az+aga)(l+b)ces

and
so =14 B1(1+b)+ Bo(1+a)(1+b)c+ (B3 + Baa)(1 +b)c* € S
where o, 3; € For. Then

s152 = L+ (a1 + B1)(1 +0) + (a2 + B2+ 61)(1 +a)(1 + b)c
+ ((az + B3 + 2) + (aa + Ba + 82)a)(1 + b)c?

where §1 = (a3 + a4)(Bs + B4) and d2 = (a3 + a4)B1. Therefore, S is closed under
multiplication. Let

s=14+a1(14+b)+azx(l+a)1+b)c+ (az+asa)(l+b)c? €S

where a; € For. Then s? = 1 if and only if a3 = ay. Thus the number of elements
of order 4 in S is 2% — 23k = 23%(2% — 1), Therefore S = Ok x 04", O
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Lemma 3.4. Let T be the subset of H consisting of elements of the form
3
14 (a1 + a2a)(1 +b) + (1 +a)(ag + asb)c+ ( Z Qita + asa + agh + a7ab> ?
i=1

where a; € For. Then T =2 (Cgk X C42k) x Oy,

Proof. It can be shown easily that T is closed under multiplication. Clearly
R <Tand S <T. Let

r=1+(1+a)(a1(1+Db)+ azc+ asbe) + [as(1+ ab) + az(a+b)|c* € R

and
s=1+B1(1+b)+ Ba(l+a)(l+0b)c+ (8 + paa)(l+b)c* €S

where «;, 3; € Far. Then

A B C
o(r®)=|D A E
F G A

where A = CB272(1+041,041,C¥1,041), B = CBQ}Q(QQ"‘(Sl,a2+(51,063+61,063+61), C =
CBaa(au, a5, a5,04), D = CBa oo, 04, 05,05), E = CBao(as + 91,3 + 61, 0 +
d1,a3+01), F = CBaa(as + 1, a3+ 01, a3 + 61, 0 + 61), G = CBa o(au, a5, i, a5)
and 01 = (a4 + a5) (85 + B1)-

Clearly r* € R and S normalizes R. Let

M=RnNS={1+(1+a)l+b)(uc+vc?)}

where u,v € For. By the second Isomorphism Theorem, RS/R = S/RN S. Now
|[RN S| = 22, Therefore |[RS| = 27¥ = T. Clearly S is an elementary abelian
2-group and therefore S completely reduces. Let S = M x W 22 2% x C4*. Clearly
W NR={1} and W normalizes R. Thus, T = R x W = (C2** x C,**) x C,*. O

Lemma 3.5. Let L be the subset of H consisting of elements of the form

1+ ai(1+ab) + (g 4+ aza)(1 + b)c + ag(1 +a)(1 + b)c?
where o; € For. Then L is a group and L = Cy?* x C4*.
Proof. Let
li =14 a1(1+ab) + (az + aza)(1+b)e+ ag(l +a)(1+b)c2 €L
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and
lo =14 B1(14 ab) + (B2 + Bsa)(1 + b)c+ (14 a)(1 + b)c® € L

where «a;, 8; € For. Then

lily =14 (o1 + 1)1+ ab) + (a2 + B2 + 01) + (a3 + B3 + 61)a) (1 + b)c
+ (g + 04 + 02)(1 + a) (1 + b)c?

where 61 = 041(62 + 63) + (0&2 + 0&3)51 and 0y = (042 + 043)(62 + 63) Therefore L is
closed under multiplication. It can be shown easily that the number of elements of
order 4 in L is 2% — 23k = 23k(2k _ 1), Therefore L = 2" x C,*. O

Lemma 3.6. H = ((Cgk X C42k) X C4k) X C4k.

Proof. Let
t=1+ (a1 + aza)(1+b)+ (1 4+ a)(as + asb)c
3
+ < ZaiH + a5a—|—a6b—|—a7ab>c2 ceT
i=1
and

I =1+ 61(1+ab)+ (B2 + Bza)(1 +b)c+ fa(1+a)(1 +b)c* € L

where «a;, 8; € Fox. Then
A B C

otY=|D E F
G H I

where

A= CBas(1+4 ai,as,a1,as),
B = CBaa(ag + 81, a3 + 01,04 + 61, a4 + 81),

C = CBaypa(as + ag + ag + 02,5 + b2, 06 + 82, a7 + 02),
D = CBaa(as + as + g + 02, 7 + b2, 05 + 82, a6 + 02),
E = CBap(1+ o, 02,02, 011),

F = CBaa(az + 61,4 + 01,04 + 81,3 + 61),

G = CBaa(az + 61,4 + 81, a4 + 01,3 + 61),

H = CBaa(as + ag + a7 + 02, ap + 02, a7 + 02, a5 + d2),
I =CBays(1+ ar,a1,as, az),

01 = (a3 + )1 + (a1 + a2)(B2 + F3) and 92 = (g + a7)B1 + (a3 + o) (B2 + F3).
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Clearly t' € T and L normalizes T. By the second Isomorphism Theorem, TL = H
and L= M x Q = %% x C4*. Clearly TNQ = {1} and @ normalizes T'. Therefore
H=Tx Q = ((Cgk X C42k) X C4k) X C4k. O

Theorem 3.1.

[((CQ X C42) X 04) X C4] X 03 when k = ].,
U (For Ag) 2= < [[((C2F x C42F) % C4F) 3 C4F] % Cor_1?] x Cox_y when 3| (2F — 1),
[[((C2* x C4?*) % C4*) 3 C4¥] % Cyan 1] X Cor_y  otherwise.
Proof. Recall that % (Fyx As) & H X % (FaxC3). Now consider FyrCl.
1. Let k = 1. Using The LAGUNA package (V. Bovdi, A. Konovalov, C. Schnei-
der: LAGUNA, Lie AlGebras and UNits of group Algebras (2003), http: //www.gap-
system.org/Packages/laguna.html) for the GAP system (GAP Groups, Algorithms,

and Programming, Version 4.4.10. (2003), http://www.gap-system.org), it can be
shown easily that % (F2C3) = Cs. Therefore

U (FaAy) 2 [((Cy x C4%) x Cy) x Cy] x Cs.
2. ForC3 = For @ For @ For when 3| (2% — 1). Therefore

U (For As) = [((C2F x C4®F) % C4*) x C1F) 1 Cor_?
= [[((CQk X C42k) A C4k) A C4k] X Czkflz] X Cor_q

since Cyr_; corresponds to % (Fyx).
3. FgrC3 = For @ Fy2r when 34 (2% — 1). Therefore

U (Fou Ag) = [((CoF x C4®F) % C4F) % C4F] % (Cor_q x Core_1)
= [[((CoF x C4%) 3 C4*) % C4*] % Cozn_1] X Coi_y

since Cyr_, corresponds to % (Fox). O
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