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Abstract. By using the coincidence degree theory, we study a type of p-Laplacian neutral
Rayleigh functional differential equation with deviating argument to establish new results
on the existence of T-periodic solutions.
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1. INTRODUCTION

In this paper we consider the p-Laplacian neutral Rayleigh functional differential
equation with deviating argument of the form

(1.1) (p((@(t) = ca(t = 0)))) + f(2' () + alt)g(x(t — (1)) = e(t),

where p,: R — R, p,(u) = [ulP72u, p > 1; f,g € C(R,R); a, 7, e are continuous
T-periodic functions defined on R with «(t) > 0; o,c € R are constants such that
o] # 1.

Neutral functional differential equations (in short NFDEs) have been used for
the study of distributed networks containing lossless transmission lines and other
aspects [3], [4]. In recent papers, many researchers have obtained a lot of results for
the existence of periodic solutions to NFDEs. In [8], Enrico Serra studied a kind of
NFDE in the form

(1.2) 2'(t) +ax' (t — 1) = f(t,2(t)).

* Supported by National Natural Science Foundation of P. R. China (No. 106710102).
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He proved the existence of at least one periodic solution for equation (1.2) (Theo-
rem 3.1). In [6], Lu and Ge studied the existence of periodic solutions for NFDE

d2

(1.3) 2z (@) —ka(t—7)) = f(2'(1)) +a(l) +Zﬁz ot —7i(t))) +e(t).

They used Mawhin’s continuation theorem to obtain the existence of periodic solu-
tions for equation (1.3). Liu [5] considered the first order neutral equation

(u(t) + Bu(t = 7)) = g1(t, u(t)) — g2(t, u(t — 1)) + p(t)
and Si [9] examined the kth-order neutral equation

iﬁc(()*‘boxﬁ—ho Zax(k D(t Zam(k Dt —hy) = f(t).

However, there have been few results for the existence of periodic solutions to
p-Laplacian neutral equations. The reason for it lies in the following two facts. The
first is that the differential operator ¢,(u) = |u|P~2u, p # 2, is no longer linear, so
the theory of coincidence degree cannot be used directly; the second is that an a
priori bound of solutions is not easy to achieve. In this paper we will overcome these
difficulties and obtain the existence of periodic solutions to equation (1.1).

2. MAIN LEMMAS

Let
A: Cp — Cp, (Ax)(t) = z(t) — cx(t — 0),

where
Cr={¢: € C(R,R), p(t+T)=(t)}

with the norm |p|g = n%ax] |o(t)]. In order to use Mawhin’s continuation theorem
0,T

to obtain the existence of T-periodic solutions of equation (1.1), we rewrite equa-
tion (1.1) in the form of the two-dimensional differential system

{ (Az1)'(t) = pq(22(t)),

(2.1)
2y (t) = = f([A7 pq(@2)](1)) — a(t)g(a1(t — 7(2))) + e(t),

where ¢ > 1 is a constant with 1/p + 1/q = 1. Clearly, if z(t) = (x1(t),z2(t)) " is
a T-periodic solution to system (2.1), then z1(¢) must be a T-periodic solution to
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equation (1.1). Thus, in order to prove that equation (1.1) has a T-periodic solution,
it suffices to show that system (2.1) has a T-periodic solution. Now we set

X =Y ={z=(x1,22)" € C(R,R?), z(t+T) = x(t)}
with the norm ||z|| = max{|z1]o, |x2|o}. Clearly X and Y are two Banach spaces.

Further, let

(2.2) L:D@MLXHX,Iw:(M?y)
T
( Pq(x2(1)) )
—f([A g (22)](1)) — a()g (@i (t — 7(1)) +e(t) )

where D(L) = {z: z € C*(R,R?), z(t+T) = z(t)}.

(23) N: X — X, (Na2)(t) =

Lemma 2.1 ([7]). If |c| < 1 then A has continuous inverse on Cr, and
||

H Vz e Cr;

1) A7 ] < _p ”
T

(2)/ [(A~™ / (t)|dt ¥V f € Cr;
0 |1 - |C||
T

) [ 1t ppea 5 [ Pwavreon
0 (1- |C|

By Hale’s terminology [2], a solution of the system (2.1) is # = (z1,72)' €

C(R,R?) such that (Azy,z2) € CY(R,R?) and the equalities in (2.1) are satis-
fied on R. In general, = is not from C*(R,R?). Nevertheless, it is easy to see
that (Ax1)’ = Az}. So a T-periodic solution z of the system (2.1) must be from
C1(R,R?). According to Lemma 2.1, we can easily obtain that Ker L = R?, Im L =
{x r € X, fo s)ds = O} So L is a Fredholm operator with index zero. Let the
projections P and Q be

1 /7 1 /T
P: X —KerL, Px= —/ x(s) ds, Q: X —X, Qy= —/ y(s)ds.
T J T Jo

Then Im P = Ker L and Ker @ = Im L. Let Lp = L|p(1)nKer p- We can easily prove
that Lp is invertible, L5': Tm L — D(L) N Ker P, and

—1 21 T
o= (Yl o= [ asseas

(Fz2)(t)
s
= 0<s<t<T
T; X X ) t
where G(t, s) = T z(t) = (Zlgti )
- z
. 0<t<s<T ?
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Lemma 2.2 ([1]). Suppose that X andY are two Banach spaces, and L: D(L) C
X — Y is a Fredholm operator with index zero. Furthermore, Q) C X is an open
bounded set and N: Q — Y is L-compact on Q. Let the following conditions hold:

(1) Lz # ANz Y2z € 9QND(L) YA € (0,1),

(2) Ne ¢ImL Ve e dQnKerL,

(3) deg{JQN,QNKerL,0} #0,

where J: Im @ — Ker L is an isomorphism. Then equation Lx = Nx has a solution
in QN D(L).

3. MAIN RESULTS

For the sake of convenience, we list the following conditions which will be needed

in our study of equation (1.1).
(Hy) There is a constant K > 0 such that |f(z)] < K Va € R.
(Hz) There is a constant D > 0 such that

K
g(x)<—@—— for x > D,
O Qi
K
g(x) > — for x < —D,
QAm

where a,, = min «(t) and K is defined by (Hy).
te[0,7]

(Hs) There is a constant r such that

lg(@)]

— <7 € [0,00).

lim su
oot Jl?

(H%) There is a constant r such that

: lg(@)l
lim su <r e |0,00).
e Yoo Jafp=t S 19, 00)

Theorem 3.1. Suppose that || < 1, fOT e(s)ds = 0, and (Hy)—(Hs) are all
satisfied. Then equation (1.1) has at least one T-periodic solution if

2(1 4+ |e|)ran TP

<1
1= lelf”

?

where ap = max af(t).
t€[0,7]
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Proof. Consider the operator equation
Lz =ANz, Xe(0,1),

where L and N are defined by (2.2) and (2.3), respectively. Let Q; = {z: z €
D(L), Ly = ANz, A€ (0,1)}. If z = (m) € Q; then x must satisfy
)

(3.1) { (Az1)'(t) = Apq(w2(1)),
' (1) = =Af([A7 g (22)](1) = Aa(t)g(a1 (t = (1)) + Ae(?).

From the first equation of (3.1) we get x2(t) = p,(A\"1(Az1)’(t)), and combining it
with the second equation of (3.1) yields

(32) (A @) + ¥ (3210) + Valglnalt - (0) = We(r).

Let typ be the point, where Ax; achieves its maximum on [0,7], i.e., (Az1)(to) =

n[lg);](Axl)(t). Then (Az1) (to) = 0 and z2(to) = p,(A\"1(Az1)(tp)) = 0 for all
te(o,

A € (0,1). Furthermore, we assume that to < 7. Then we have

In fact, if 245(tg) > 0 then there exists a constant § > 0 such that x4(t) > 0 for
t € [to,to + d], and then za(t) > z2(to) = 0 for ¢ € [to,to + 0]. So (Az1)'(t) =
Apg(22(t)) > 0 for ¢ € [to, to + d] and then (Az1)(t) > (Az1)(to), which contradicts
the assumption on tg. This proves (3.3). From the second equation of (3.1) we have

=AM ([A™ g (22)](t0)) — Aex(to)g (w1 (to — 7(to))) + Ae(to) < 0.

Hence,
lefo K
to—7(t))) = — =2 — —
g(x1(to — 7(to))) PO
Assumption (Hz) implies
(3.4) 1 (to — 7(to)) < D.

Integrating both sides of (3.2) over [0, 7], we get

(3.5) /OT f(%x’l (t)) dt + /OT a(t)g(ai(t — () dt = 0.

257



From the integral mean value theorem and (3.5) we know that there exists a constant
t1 € [0,T] such that

alt)g(rs (b — 7(00))) + £ (574 (1)) = 0.

Then we have

K
gzt = 7(t1))) < —.
Assumption (Hs) implies
(3.6) r1(ty —7(t1)) = —D.

From (3.4) and (3.6) it is easy to prove that there exists a constant { € [0, 7] such
that

(3.7) lz1(€)] < D.

In fact, by (3.4) we know x1(to — 7(to)) € [-D, D], or z1(to — 7(to)) < —D.

(1) If z1(to — 7(to)) € [-D, D] then tg — 7(to) = kn+ &, k € Z, £ € [0,T]. This
proves (3.7).

(2) If z1(to — 7(to)) < —D then by (3.6) and the fact that x;(t) is continuous
on R, there is a point to between tg — 7(to) and &1 — 7(¢1) such that |z (t2)] < D.
Let to = kn+ &, k € Z, and £ € [0, T]. This also proves (3.7). Hence, we get

(3.8) |z1]lo = max
t

t
ma a1 (6) + /E 2 (s) ds

<lz@l+ [ |(s)lds < D+ Ixi(S)ldS'
0

Let
By ={te[0,T]: a1(t — 7(t)) < —o},

Ey={te[0,T]: |z:(t —7(t))| < o},
Es={t€[0,T]: z:1(t—7(t)) > o},

where ¢ > D > 0 is a given constant. Integrating the two sides of (3.2) on [0, 7], we
get

/0 " altg(an(t — (1)) dt = - / ' 7(5em)
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Therefore, using (H;) and (Hz), we obtain

69 [ a®lsre—r)ld=— [ a@gler(t— )

E3

- [ElUEQ gt =7t )))dt+/OTf(§x'1(t)) d

< / a(B)lg(a (t — 7(t)))] dt + KT.
FE1UE>

Since (2(1 + |c|)r04MTp)/(‘1 - |c|‘p) < 1, there exists a constant € > 0 such that

21+ |¢])(r + )apnT?

< 1.
1= fel]”

(3.10)

For such e, by assumption (Hs), there exists a constant ¢ > 0 such that ¢ > D and
(3.11) lg(u)] < (r +¢e)ufP~t for u < —p.

From (3.9) and (3.11) we get

T
(3.12) / a(Olglar (¢ — 7(£)))]dt = [E a(Olg(ar (¢ — w(£)))] dt

1UFEsUES
< 2/ a(t)glxi(t —7(t)))|dt + KT
E1UE>
<2(r + &)an Tz ) + 29,0 T + KT,
where g, = max |g(x1(t — 7(¢)))]. On the other hand, multiplying the two sides of
2

equation (3.2) by (Ax1)(¢), integrating them over [0, 7] and combining it with (3.12),

we arrive at

1) [ 1any o a
<l [ [r(3a)]ar+ [ aeate—rola+ ek

<1+ |C|)|961|0/O a(t)|g(zi(t — (1)) dt + (1 + [c])|z1]o(T]elo + KT)
L2(1+|e))(r+e)amT|z1lh + (1 + |¢|)(2gpamT + 2KT + Tlelo)|z1]o-
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For simplicity, let k1 = 2(1+ |c|)(r +€)amT, ke = (1 + |c|)(2gpamT + 2KT + T'|e|o).
From (3.8) and (3.13) we have

T
(3.14) / Ay Y (B dt < ksl + ol o
0

T V4 T
<k (D+/ |x’1(t)|dt> +/<:2/ |2, ()| dt + Dk
0 0

By applying the second part of Lemma 2.1 and the Holder inequality, we get

T T
1) [whwlae= [ Al

Jy 1A= @l de _ TV ([ |(Ax) )l )
T=pell [T=Tel] |

~

Case 1. If fo |(Az})(t)|dt = 0 then fo |z} ()| dt = 0, by (3.8), |z1|o < D.
Case 2. If fo |(Az})(t)|dt > 0 then by (3.14) and (3.15) we have

r |(Az})(t)| dt |(Az})(t)| dt
(3.16)/ |(Azh) ()P dt < k <D+fo z)(t)] )+ fo z)(t)] + Dky.

0 ‘1—|C|| ‘1_|C||
Clearly,

T
Az ()| deY
(3.17) (D+fo |‘<1 x1|><||>| )
— e

_ W (/OT (asiolar) (1+ %)

By classical elementary inequalities, we see that there is a constant h(p) > 0 which
is dependent on p only, such that

(3.18) I4+uw)f <1+ 1+pu Yue(0,h(p).

If (D|1 - |c||) /fo (Az})(t)|dt > h then fOT |(Az})(t)|dt < (D|1—[c||)/h. By (3.8)
and (3.15), |z1|lo < D+ D/h. If (D‘l - |c||)/f0T [(Az})(¢)] dt < h then by (3.17) and
(3.18) we have

Jo (A (1)] de Y
(3.19) (D+ ()|1——CH>

el o] St

(f (Az))(t |dt) i T ) p—1
< B+ ool ([ s ar)
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By (3.16) and (3.19),

T
(3.20) / (A2, )P dt

< M‘"‘W(/{)ﬂ(ma)@w)p

+h(p+ DL - |C||1_p</OT|(Ax'1)(t)|dt)p1

Jo 1(Azh)(t)] dt
11— e

To/s / (A2, ()P dt

+ ko + Dky

<k
‘1— c|‘p

- T (p—1)/p
+ki(p+1)D[1 — |c|| TP D/a (/ |(Az)) ()P dt)
0

k‘g T 1/p
- T/ ( / |(Ax’1)(t)|pdt) + Dks.
|1 - |C|‘ 0

In view of the definition of the number kq, by virtue of (3.10), (3.20), (p—1)/p < 1
and 1/p < 1, there is a constant M7 > 0 such that fOT [(Az))(t)|P dt < M. Tt follows
from (3.15) that fo |2} (8)] dt < (T 9(M7)P) /(|1 = |el|) := Ma. By (3.8) we get

|$1|0 D + My .= Ms.

Consequently, in both cases 1 and 2, we have |21 ]p < M3. In view of the first equation
of (3.1) we have fOT |z2(t)]9222(t) dt = 0. By the integral mean value theorem there
exists a constant 1 € [0, T] such that z2(n) = 0. Hence, |z2]p < fo |z5(t)| dt. By the
second equation of (3.1) we get

[ otacs [r(ar@)]acs [ aulate-ropiars [ leolar
< KT+ Tapgu, + Tlelo,

where gar, = lr‘nax |g(w)]. So we obtain
M3

|J)2|0 KT + TaMgM3 + Tlelo =: My.

We have proved that if z = (z1,22)" € D(L), Lz = ANz, A € (0,1), then |z1]g < M3
and |z2lo < My. Let M = max{Ms, M4} and

Q:{x:(xl,xg)TeX |z1]o < M, |z2]o < M}.
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Then M > D and it is clear that the assumption (1) of Lemma 2.2 is satisfied.
Moreover, for any z = (z1,22)" € X we have

1 T
= | palwa(t))dt
QNz = 1 T‘/O

g -1
7 | 1A )l — gt (¢ - r6))

Since Ker L = R? and Im L = Ker @, if QNx = 0 for some z = (z1,72)" € 902N
Ker L, then 25 =0, |z1| = M, and

oy O
T/o alt) dt

By assumptions (H;) and (Hz), one has M = |z1| < D, which is a contradiction.
So QNz # 0 for all x € 90 N Ker L and thus the assumption (2) of Lemma 2.2 is
satisfied. It remains to verify condition (3) of Lemma 2.2. In order to prove it, let

J: ImQ—>KerL, J(J?l,J?Q)T:(J?Q,J?l)T,
and H(x,pn) = px+ (1 — p)JQNz for (z,u) € X x [0,1]. Then we have
(1—p)

ey + /0(—f([A‘lwq(wz)](t))—Oé(t)g(xl(t—T(ﬂ)))dt

Sl EXCROEY

H(z,p) =

T2 +

It is not difficult to verify that, using (Hs), for any z € Q2N Ker L and p € [0, 1], we
have H(x, ) # 0. Therefore,

deg{JOQN,QNKer L,0} = deg{H(-,0),Q2N Ker L,0}
= deg{H(-,1),Q2NKer L,0}
= deg{l,Q2NKerL,0} #0.

Therefore, by using Lemma 2.2, we see that equation Lr = Nz has a solution
x = (x1,72)" in €, i.e., equation (1.1) has a T-periodic solution z;. O
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Corollary 3.2. Suppose that |c| < 1, fOT e(s)ds = 0 and that (Hy), (Hz), and
(HY) are satisfied. Then equation (1.1) has at least one T-periodic solution provided
2(1+ |e))ran TP/ (|1 = |l|”) < 1.

As an application, we consider the following NFDE:

(3:21)  (ps((x(t) = 0.12(t — m))"))’
+ 5sina’(t) + (1 + §sint)g(z(t — § cost)) = 20 cost,

where .
—mu 5 u > 107

g(u) =< 5— %u, u € [—10,10],
10+ g u?, w < —10.

Clearly, equation (3.21) is a particular case of (1.1) in which

p=3, ¢c=0.1, o =1, aft)=1+1/2sint, 7(t) =1/2cost,
e(t) = 20cost, f(u)=>5sinu.

Then we have T' = 2x, apy = 3/2 and r = 1/1000, and thus

2(1+ |e[)rapT? 1.1 x 3 x (2n)°
(1—1e)r  0.93 x 1000

Here assumptions (H;)—(Hg) are satisfied. By using Theorem 3.1, we conclude that
equation (3.21) has at least one 2n-periodic solution.

Acknowledgement. The author is very grateful to the referees for their helpful
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