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KYBERNETIKA — VOLUME 46 (2010), NUMBER 4, PAGES 730-753

ON COMPUTATION OF C-STATIONARY POINTS
FOR EQUILIBRIUM PROBLEMS

WITH LINEAR COMPLEMENTARITY CONSTRAINTS
VIA HOMOTOPY METHOD

MicHAL CERVINKA

In the paper we consider EPCCs with convex quadratic objective functions and one set
of complementarity constraints. For this class of problems we propose a possible gener-
alization of the homotopy method for finding stationary points of MPCCs. We analyze
the difficulties which arise from this generalization. Numerical results illustrate the perfor-
mance for randomly generated test problems.

Keywords: equilibrium problems with complementarity constraints, homotopy, C-statio-
narity

Classification: 90C31, 90C33, 90C20

1. INTRODUCTION

Complementarity problems are in the focus of mathematicians since the formulation
of Karush-Kuhn-Tucker (KKT) conditions in linear and quadratic programming,.
These problems arise among constraints of optimization problems, known as mathe-
matical problems with complementarity constraints (MPCCs). MPCCs form an im-
portant subclass of mathematical programs with equilibrium constraints (MPECs),
optimization problems where, among the constraints, there is a special one in the
form of a variational inequality, generalized equation or a complementarity problem.
Many engineering problems, e.g. shape optimization problems with unilateral con-
tact conditions, can be formulated as MPCCs. Such problems occur often also in
economics (e.g. Stackelberg problem, facility location and production problem), in
biology or in chemistry.

In this paper we consider equilibrium problems with complementarity constraints
(EPCCs), a class of problems to find an equilibrium point that simultaneously
solves several MPCCs, each of which are parameterized by decision variables of
other MPCCs. EPCCs, a subclass of equilibrium problems with equilibrium con-
straints (EPECs), were introduced in the past decade and they receive an interest
of mathematicians particularly for their use in the analysis of the market power of
participants in deregulated electricity markets.



On Computation of C-stationary Points for EPCCs via Homotopy Method 731

In this paper, we are interested in EPCCs associated with n parametric mathe-
matical programs with convex-quadratic objective function and a linear complemen-
tarity constraint. The value of each objective depends on the vector x := (z!,...,z")
with 2 € RY,i = 1,...,n, and on y € R. The ith MPCC is the mathematical pro-
gram in variables z¢ and y

w3 () @ () + @7 () 0

subject to 0 < Ax +by+a L y >0,

with the symmetric matrix

Qi _ < zxx ny ) c R(nl-{-l)x(nl-{-l),

yr vy

Le € R QL = (Qi,)" € R QL € R, arow vector A € R vectors
¢ € R+ and real constants a,b € R. The symbol L denotes orthogonality. Since
in () all but variables 2% and y are fixed, to ensure convexity of the objective assume
that the square submatrix which results from Q* by deletion of rows and columns
with indices corresponding to components of

is positive definite.

There are only few proposed numerical methods, e.g. nonlinear Jacobi and non-
linear Gauss-Seidel diagonalization methods, sequential nonlinear complementarity
method, cf. [§], which, under certain restrictive conditions, solve EPCCs. As an
alternative to these methods, we aim to modify a piecewise affine homotopy method
(the homotopy method I, [5]) which searches for so-called C-stationary points of
MPCC [6], into a homotopy method for finding stationary points of EPCC, with
main interest lying on so-called C-stationary points of EPCC. We also introduce an
EPCC version of the C-index of nondegenerate C-stationary points. Analogously
to the MPCC case, a vanishing C-index corresponds to a strongly stationary point
which for the EPCC associated with convex MPCCs ([l) coincides with a local solu-
tion (equilibrium point).

There are more attractive stationarity concepts for MPCCs to study, e.g., the
mentioned strong stationarity. Also the development of effective numerical methods
which converge to strongly stationary points [2] makes further study of C-stationarity
for MPCCs less important. On the other hand, still very little is known about the
structure of stationary points of EPCCs. From this perspective, the results known
about C-stationarity for MPCCs become a useful tool for the study of EPCCs and
for development of numerical methods for this class of problems.

We admit that studying only EPCCs with only one-dimensional lower-level deci-
sion variable seem too restrictive. Also, in the view of restrictions we impose upon
the data, cf. the next section, nontrivial description of the algorithm and the fact
that the proposed numerical method may not find any C-stationary point even if



732 M. CERVINKA

there is one, the practical use of our modified homotopy method is questionable.
On the other hand, during the process we gained a detailed, previously unknown
information about the structure of the sets of stationary points and solutions to the
considered class of problems.

The rest of this paper is organized as follows. In section 2 we study genericity
of the key assumptions imposed on the data needed for proper definition of the
homotopy method. Section 3 studies the structure of the set of C-stationary points
of one-parametric EPCCs. We show that although we cannot avoid singularities in a
generic case, with the use of a generic “regularity” assumption these singular points
can be well treated.

In section 4 we design the homotopy method which tracks the boundary of the set
of C-stationary points of one-parametric EPCCs. We also briefly recall the homotopy
method I for MPCCs which we apply to auxiliary MPCC to find an initial feasible
point of an EPCC. Similarly to the MPCC case, this so-called Phase I approach may
fail and as an alternative, one can use a method analyzing the polyhedral patches
of the feasible set of the original problem.

Section 5 is devoted to our numerical results for randomly generated problems.
Interestingly, very often the algorithm finds a stationary point satisfying stronger
conditions of the so-called M-stationarity.

Throughout the paper, the upper index ¢« = 1,...,n is used as a reference to
data and variables of the ith MPCC. We denote the rows of a matrix M € RP*? by
M;,i=1,...,p. For an index set I C {1,...,p}, M; € RI/I*9 denotes the submatrix
of M composed of rows with indices ¢ € I. Similarly, for a vector v € RP we denote
by v; € RUI a subvector composed of components v;,i € I.

Most of the vectors used in this paper have dimension nl+1 which is the dimension
of (x,y) in (@). To simplify the notation of subvectors of v € R™*1  we often use
Vgi =y, J={(¢—-1)I+1,...,d} fori =1,...,n, and vy = vy41. Analogously
for a matrix M € R™+1%4 we often use My :== My, J = {(i — 1)l +1,...,il} for
1=1,...,n,and My := My;41.

2. PARAMETER-FREE PROBLEM

In this paper, we restrict our attention to the simplest form of EPCC constrained
by the lower level problem in the form of a one-dimensional linear complementarity
problem

for a given vector z find y

2
such that 0 < Az +by+a Ly > 0. @)

We assume that b > 0, which is sufficient for the linear complementarity problem
@) to be uniquely solvable, [E]. Hence, we are interested in the EPCC (associated
with n MPCCs ()

... 1/l Ti x AN
mu;guzeg(y) Q(y>+(0) (y) i=1,...,n. (3)

subject to 0 < Ax+by+a L y >0,
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As it is usual in works concerning complementarity problems, for a feasible point z
of the EPCC (@) we define the active index sets associated with the complementarity
problem (@)

I*(z,9) = {1} if Az +by+a>0,
W= 0 otherwise,

L(5.5) = {{1} if y >0,

0 otherwise,

Pz, = {1} fAz+by+a=y=0,
Y= 0 otherwise.

If there is no confusion about the reference point, we write only I, L and I°. We
denote a* = |I*(Z,7)| and a® = |I°(z, §)|.

For i = 1,...,n, we say that the MPEC linear independence constraint qualifi-
cation (MPEC-LICQ) holds true at a feasible point (z,§) for the ith MPCC (M), if
the (I +1) x (1 + a°) matrix

< (Azujo)zi OIJrLJIU >

bLUIO 1I+u10

has full column rank. The EPEC linear independence constraint qualification (EPEC-
LICQ) is said to hold at (Z,7), if MPEC-LICQ holds at (Z,§) for each MPCC (),
i=1,...,n.

Denote by A* and p! the multipliers of the ith mathematical program () corre-
sponding to the constraints Az+by+a > 0 and y > 0, respectively. The stationarity
concepts of our interest for the ith MPCC () differ from the KKT conditions of the
related quadratic program

T
minimize — +c
ziy 2 < Y ) @ Y Y (4)
subject to Ax +by+a >0, y>0
only in restrictions imposed on multipliers.

Definition 2.1. Let (Z,7) be feasible for the ith MPCC (). Then we call (Z, %)

i) weakly stationary if there exist Lagrange multipliers \*, i’ such that (Z, g, \?, fi*)
satisfies the conditions

( Zzz)xl ( Zmy)ml _(AIUIO)Ii 0 T cw,i

0= o Qyy —bruro —lp+upe Y i cy
Arogo bruro 0 0 )‘,LUIU aryro

0 Lr+uro 0 0 Hr+uro 0

ii) C-stationary, if there exist Lagrange multipliers A, it such that (7,79, A, i)
satisfies the conditions (H) and, additionally, )\30 ﬂi[o > 0;
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iii) M-stationary, if there exist Lagrange multipliers \?, u such that (m 7, AL, ib)
satisfies the conditions (@) and, additionally, either )\ZIO > 0 and 150 > 0 or
AZ}UUIO =0

iv) strongly stationary, if there exist Lagrange multipliers \*, i* such that
(z,7, \', i) satisfies the conditions (H) and, additionally, )\}o > 0 and i} Yo > 0.

Clearly, we have the following chain of implications:
strongly stationarity = M-stationarity = C-stationarity = weakly stationarity.

If MPEC-LICQ holds true, strong stationarity conditions and hence also all other
above defined stationarity conditions are the first order necessary optimality con-
ditions 6, Theorem 7(1)]. The names “C-” and “M-” come from the fact that the
above statement could be proven when the Clarke and Mordukhovich calculi are
applied, respectively.

The collection of conditions () for each i = 1, ..., n, together into one system of
conditions produces a non-square system of linear equations. Recall that we assume
b > 0 and thus the variable y is uniquely determined by the vector x. We can
therefore treat the variable y in each MPCC separately, denoting it by y®. This
allows us to work with the following system of linear equation with square system

matrix and where, implicitly, variables y* attain the same value for all i =1,..., n:
sz sz ALu[U 0 xT Cy
0= ,QW ny BZUIO ELUIU Yy + Cy (6)
Apure Bruro 0 0 ALuro ar |’
0 Erypo 0 0 Rr+yro 0
where
( ;z)ml lez
sz = c Rnlxnl, Qyz = c Rnxnl,
(Qiz)an ve
Quy = diag((Q1 Jats s (Qy)an) € e R"" Q,, = diag( yy”QZy) c R,
ALUIU = dlag((ALU[o)w o (ALUIO)I") c Rnlx(lf‘l )"7
Aruro
Ao = € RU—a)nxnl, B0 :=diag(bruo, ..., brup) € R(-a)nxn
ALUIO
- (at+a®)nxn
Epvgro == diag(ly+upo, ..., 1+upo) €R ,
gl )‘LUIU
Y= : ER", Apupo = : € R(—a")n

i \n
y ALur
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ﬂ}+u10 aruro
Dr+ugo 1= S R(a++a0)n, arugo = S R(liaJr)n,
ﬂ?+u10 aruroe
cly ¢y
Cy = e R™, and Cy 1= € R".
chn Cy

We illustrate the structure of the system (@) on a simple academic example.

Example 1. Consider the EPCC consisting of the following two MPCCs with
parameters «, 5 € R:

2 11 z! zt

1;1112111{2162115 i(zl, 2" 1 21 22 | +(1,0,a)" | 22

’ 1 1 1 Y y
subject to 0 < 2x' +22%2 +y -2 1Ly >0,

minimize

3
1 .2 T
2
22€R,yER (ac » & y) 1

N =

1 x z!
2 22 | +(0,1,08)" | =2
3

subject to 0 < 22" +22% +y—2 1Ly >

E.g., at a feasible point (z!,z2,7) = (1,0, 0) both parts of the complementarity
constraint are active, hence I° = {1} and the system (@) becomes

2110 -2 0 0 0 z! 1
2302 0 -2 0 0 z2 1
1110 -1 0 -1 0 gt a
1203 0 -1 0 -1 72 I¢]
=12 9210 0o 0 0 o0 U I (7)
2201 0 0 0 0 A2 -2
0010 0 0 0 0 it 0
0001 0 0 0 0 A2 0

Analogously to the definition of EPEC-LICQ, we define the stationarity concepts
for EPCCs as follows.

Definition 2.2. Let (Z,7) be feasible for the EPCC @). Then we call the point
(@,9)
i) weakly stationary if there exist Lagrange multipliers \, fi such that (z, 7, \, i)
satisfies conditions ({Hl);

ii) C-stationary, if there exist Lagrange multipliers A, @i such that (Z,7, \, i) sat-
isfies conditions (@) and, additionally, )\iIO ﬁ§0 >0,i=1,...,n;
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iii) M-stationary, if there exist Lagrange multipliersj\, it such that _(:E,g,j\,ﬂ)
s_a_utisﬁes conditions (@) and, additionally, either A}, > 0 and g} > 0 or
Apofipo =0,i=1,...,n;

iv) strongly stationary, if there exist Lagrange multipliers A, @i such that (z, 7, \, i)
satisfies conditions () and, additionally, )\iIO >0 and ﬂi[o >0,i=1,...,n.

The following theorem shows that under EPEC-LICQ, the set of strongly sta-
tionary points of EPCC coincide with the set of solutions to EPCC.

Theorem 2.3. Let (Z,7) be a local equilibrium point of EPCC @). If EPEC-
LICQ holds at (Z,§) then it is a strongly stationary point with unique multipliers.
Conversely, a strongly stationary point (Z, ) is a solution to EPCC.

Proof. The first statement of the theorem follows from [6, Theorem 7(1)] applied
to each MPCC (M), ¢« = 1,...,n. Since the Lagrangian of each MPCC is strictly
convex, [6, Theorem 7(2)] implies the second statement. O

The following two assumptions imposed on the data of the EPCC (@) are crucial
for the homotopy method to execute each step in a “regular” way.

(A1) EPEC-LICQ holds at each feasible point of the EPCC ().

(A2) Consider two matrices

sz sz _fiiL me me 0
er ny *BZ ) Qyw ny _Eﬁ
A, B, 0 0 E;~ 0

and all matrices

Que Qo —(AR)] 0
Qyw ny _(BIU)}— _(EIU)}—
(Ap)1 (B 0 0 ’
0 FEro 0 0

where the index sets I C {1,...,n} and J C {1,...,n} fulfill |I|+|J| =n+1.
Then we suppose that all these matrices are nonsingular.

When we say that some condition imposed upon data or some property of data
holds in generic sense, we mean that it holds for all data in an open and dense subset
of the data space. This notion of “typical data” is particularly attractive if the data
space is endowed with a topology. One of the possibilities how to prove that some
condition holds in a generic sense is to show that data which do not satisfy such
condition or data with undesired property lie in the union of finitely many smooth
manifolds of positive codimensions.

Alternatively, if the data space is endowed with a measure, a property holds in
a generic sense whenever it holds for almost all data with respect to this measure,
cf. [[.

Although the above assumptions on data of the EPCC might appear too restric-
tive, both hold true in generic sense.
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Theorem 2.4. Assumption (Al) holds for all (A4,b,a) from some open and dense
subset M* of M = {(A,b,a) € R+ x R! x R},

Proof. The validity of EPEC-LICQ in generic sense is an immediate consequence
of 2, Theorem 3(1)], which states that MPEC-LICQ holds true in generic sense. [J

Theorem 2.5. Assumption (A2) holds for all (Q, A, b, a) from some open and dense
subset N# of N = {(Q, A,b,a) € ROHDX(nIH1) 5 RIx(nl+1) o R x R},

Proof. The statement follows from the fact that the set of all matrices M € R™*"
of rank 7 < min{m,n} is a smooth manifold of codimension (m —r)(n—r) in R™*",
cf. [0]. Thus, each square matrix is nonsingular in generic sense. This completes
the proof. O

In view of Theorems Al and 2B we presume that from now on assumptions (A1)
and (A2) are satisfied.

Similarly to [B] we can define a nondegenerate C-stationary point of EPCC as
follows.

Definition 2.6. Let (Z,%) be a C-stationary point of the EPCC with multipliers A
and fi. Then we call (Z,§) nondegenerate if for eachi = 1...,n, and j € I° the sign
conditions imposed on multipliers are satisfied with strict inequality, i.e., Aiu; > 0.

The above condition is usually called the upper-level strict complementarity. Now,
for a nondegenerate C-stationary point, we can introduce the following generalization
of the concept of a C-index from [B].

Definition 2.7. The C-index of a nondegenerate C-stationary point (z,y) is the
sum of negative entries of the vector Ajo (or, equivalently, fijo).

Clearly, a nondegenerate C-stationary point is strongly stationary if and only if
its C-index vanishes.
3. A ONE-PARAMETRIC PROBLEM

Let us modify our EPCC such that it will include a one-dimesional real-valued
parameter t. The parametric problem EPCC(t) will then consist of n one-parametric
MPCCs, where the ith MPCC(t), ¢ = 1,...,n, is defined by

-
RV B i x T T
minimize — ' + (d'(t
e () @ (5 ) +@or () 0
subject to 0 < Az +By+a lLy>0

with di(t) := d* + t(¢' — d*),i = 1,...,n, for some vectors d* € R™*! and ¢t € R.
Later we will describe how the vectors d* = d*(0),i = 1,...,n, are constructed.
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The C-stationary conditions of the EPCC(t) consist of

Quzz Quy *{ILUIO 0 T dy (t)
0 Qym Nny 7B2UIU 7E;+UIO y + fly (t) (9)
Aruro Bruro 0 0 ALuro Qo
0  Epyp 0 0 Hr+uro 0
OSA,%O,LL}O, iil,...,n, (10)

where the vectors d,(t) and d,(t) are composed of components of vectors d'(t),...
...,d"(t) in the following way

(d*(t))ar (d*(t))y
L= and d, ()= |
(d"(t))an (d"(t))y
Note that by choosing ¢ = 1 we arrive at the original EPCC (@) and its corresponding
C-stationarity conditions.
Let us introduce the following sets:
Yeq = {(t,2,y) € R x R™ x R|(x,y) is an equilibrium point of EPCC(t)}
Y5 stat = {(t,2,y) € R x R™ x RY|(2,y) is a strongly stationary point of EPCC(t)}
Yo stat = {(t,x,y) € R x R™ x RY|(z,%) is a C-stationary point of EPCC(t)}
As mentioned above, we have the relation ¥¢; C Xg_stqt C Yo—star and due to
assumption (A1) the first inclusion becomes equality.
For one-parametric as well as parameter-free EPCCs, it does not hold that all

C-stationary points are nondegenerate in generic sense, see Figure below. In our
analysis, we are particularly interested in the following class of singular points.

Definition 3.1. For t € R a C-stationary point (z,§) of EPCC(f) with multipliers
A, i is called codimension n singularity (co-n-singularity) if the following conditions
hold

i) Exactly n entries of the vector (Ao, fijo) vanish.

i) If I € {1,...,n} and J C {1,...,n} are index sets such that \; # 0, iy # 0
and |I| 4+ |J| = n, then the matrix

Coy — dz sz me *({I}ro)}r 0

cy — dy Qyw Qyy —(Bro);  —(Ep)j
0 (Ap)r (B 0 0
0 0 Ero 0 0

is nonsingular.
Further, we call the co-n-singular C-stationary point (Z, )

i) O-singularity, if [ #0,J # 0 and INJ = ;
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ii) é-singularity, if |[INJ| =1;
iii) exit point, if either I = () or J = (.

Note that each co-n-singularity falls to exactly one of the above mentioned cate-
gories.

The homotopy method traces the set Yo _gtq¢, searching for C-stationary points
of the original problem. In order to design such algorithm, we have to under-
stand the structure of the set Yo _gtq¢, in particular its local structure around co-
n-singularities. In the following we show that around each type of co-n-singularity,
Yo stat admits a different structure.

3.1. O-singularity

Let us fix a ¢ € [0,1] and consider first the 0-singular C-stationary point (Z,%) of
the EPCC(¢). If I C {1,...,n} and J C {1,...,n} are index sets uniquely defined
by conditions A; # 0, iy # 0 and |I| +|.J| = n, let I¢ and J¢ denote the complement
of I and J in {1,...,n}, respectively.

Then Y¢_stqr can be described locally around (Z, §) by means of the following n
systems of equations

0= H)\j (taxaya)‘lu{j}au‘])

_ C;?ym ny *(BIU)[Tu{j} *(EIO)} y + Ndy(t)
(Ap)1 (Bpo) 0 0 A1u{5) arugs)
0 Epo 0 0 I 0

for each j € I¢ and

0= H"(t,z,y, A1, frougjy)

_ Qyz Qyy _(BI“)}— _(EIO)}—U{j} Y + dy(t)
(1‘_1[0)1 (B[U)l 0 0 )\I d] ’
0 Epo 0 0 ML} 0

for each j € J°.

Clearly, for j € I¢ we have H (t,Z,9, Arugjy, fis) = 0 and for j € J° we have
H¥ i (t, 7,9, Ar, f.yugjy) = 0. Moreover, each system matrix is nonsingular due to the
assumption (A2).

Hence, locally around # for each j € I¢ there exists a locally unique linear function
(229 (t), 99 (t), AN (t), i (t)) such that

(@ (), 9™ (1), XN (D), 1 () = (2,7, Aoy )

and
H (2% (£), 5 (1), AV (8), 1™ (£)) = 0. (11)
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Analogously, for each j € J¢ there exist a locally unique linear function (a4 (¢),

yha(t), N (L), phi(t)). )
Around the O-singularity (¢, Z,§), for some € > 0 only a part of the set

A = {2 1),y ()]t~ T € (—e 6)}

belongs to the set Yc_gq:. This is that part of 3%, denoted by E , where the

sign of multiplier /\;\j (t) is the same as the sign of mu1t1pher uj (). Analogously,
the feasible part of the set

St = (2 (1), y" (1)t — T € (=€, )},

which belongs to ¢ _siq: is denoted by Eij.

Theorem 3.2. At a 0-singular C-stationary point (z,7) of the EPCC(t) with multi-
pliers \, ji, for each j € I the linear function (x%9 (), y™ (t), A ( ), 1 (t)) intersects
transversally at (£, 7, 7, A, fi) with each linear function (™ (), y>* (t), A\ (t), u™* (),
ke 1\ {5} and (@ (£), y (6), Vo (t), p* (1)), k €

Also for each j € J the linear function (2t (t),y“f( , A9 (), pu#i (t)) intersects

transversally at (£, Z, 7, A, fi) with each linear function (x** (t), y™* (t), \* (¢), p™* (1)),
ke Land (a#*(2), y"* (£), N+ (1), p** (1)), k € J\ {7}

Proof. It is sufficient to show that )\;‘J ) = 4 Aj Y (%) # 0. Since )\A’“(f) =0,
k e I\ {j} and )\7’“ (t) = 0, k € J, this would mean that the linear function
(9 (), 979 (t), AN (t), ™ (t)) does not point into the same direction as any of the
other linear functions.

Take derivatives with respect to ¢ in ([J). This yields

sz Qxy *(AT )}ru{]} 0 %f\v (E) Cypy — dz
Qe Qu  ~Bo)loyy —@ER)] || O || e —d,
(Ap)r (Bro 0 0 )\IL{j}(ﬂ 0

0 Ero 0 0 iy (F) 0

This system of linear equations can equivalently be rewritten to

Cy — dz sz me (A}FU)IU{g} 0 .)\.1
ey —dy er ny (BIU)IU{J} ~(Ep); %/\J i
0 (Apo)1 (B 0 0 ij 0
0 0 Ep 0 0 A ()
0 0 0 oM 0 )
0
0
_ o |,
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where e/ denotes the jth unit vector of basis in R™.
By Laplace formula applied to the last row, the latter system matrix is nonsin-
gular, since the matrix

Cy — dg Qmm sz _(A}FU)

ey —dy  Quao Qyy ~(Bro);  —(Ep)j
0 (Ap)1 (Bpo)r 0 0
0 0 Epo 0 0

is nonsingular for a co-n-singularity. Hence, )\;\’ (t) cannot vanish. This proves the
first part.
The proof of the second statement is analogous. 0

Theorem 3.3. On a neighborhood of a 0-singular C-stationary point (Z,y) of the
EPCC(f) with multipliers A, i, the set Yo _gqt coincides with a convex hull of the
sets Ej‘rj .j €I¢ and X', j € J°. Moreover, all interior points of such a convex hull
share the same value of C-index.

Proof. Without loss of generality, it suffices to show that for j, k € J, a convex
hull of Eij and Ei‘f belongs to Xc_stat-

Take o € (0,1) and points (t;,z(1),yM)) € Eij,(tg,x@),y@)) € Ei‘f. Then we
need to show that also

(tou xoz, ya) = a(tlax(l)a y(l)) + (1 - Oé)(tg, $(2);y(2)) S ZC—stat-

The point (1, 2@y AW (D) solves @), where multipliers AD 4D uniquely
determined by nonvanishing entries given by A}, 0 (t1), ) (t1), respectively, satisfy
conditions (). Analogously, the point (tz,z®,y® A® () solves @), where
multipliers A, 4 uniquely determined by nonvanishing entries given by
)\;‘S %} (t2), uy (t2), respectively, satisfy conditions (IT).

Then, clearly, conditions () are satisfied for A* = aA(® + (1 — a)A® and
1 = ap® + (1 —a)p®. It remains to show that also (ta, 2%, y®, A%, u®) solves (@).
To prove the latter statement, it suffices to recall that d.(¢) and d,(¢) is linear in ¢.

Taking any a ¢ [0, 1], conditions (M) are violated for A* = aA() + (1 — a)\?),

This finishes the proof of both parts of the theorem. O

3.2. i-singularity

At the i-singularity, let k& be an index such that A\, = iz = 0. Then locally around
(t,z,7) the whole sets ¥** and X#* belong to Y¢_stqt. This is due to the fact that
uﬁ’“ (t) = 0 and X" (t) = 0 for each t € (—¢, €) and the respective kth sign condition
on biactive multipliers is thus satisfied regardless of the signs of )\2’“ (t) and ph* (1),
respectively.

Theorem clearly holds also for i-singularity. Then a convex hull of the
sets Ei‘f,j € I\ {k}, 2.5 € JoN\ {k}{(t,a™(t),y M (t)|t — & € [0,€)} and
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{(t, =" (t),y* ()|t — € [0,€)} as well as a convex hull of the sets Zij,j € I\
{k}. 2,5 € TNk A 2 (1), 9 (D)) [t =T € (=€, 0]} and {(t, 27 (t), y* (1))t~ €
(—€,0]} belongs to the set Yo _gtq:. We summarize this in the following theorem.

Theorem 3.4. On a neighborhood of an i-singular C-stationary point (Z, ) of the
EPCC(#) with multipliers 5\, I, the set Y444+ coincides with a union of 2¢ convex
hulls of parts of sets X% ,j € I° and X, j € J¢ specified above. Moreover, all
interior points of each such convex hull share the same value of C-index.

Proof. The proof follows from the same arguments used in the proof of Theorem
3.3 and the observations above. 0
3.3. Exit point

Note that there are only two possible exit points (£, Z, 7). At the first one with A = 0,
all sets Ei‘rj ,7=1,...,n, belong to the set Xc_stqt-
Moreover, the same is true for the feasible part of the set

S = {2 (1), " ()|t —F € (—e )}

for some € > 0, where the locally unique linear function (JUI+ (t), i (1),0, plt (1)) is
defined by the regular system of equations

0= Qyz ny _E;r Y + dy (t)
0 E[+ 0 K+ 0

Analogously, at the other exit point with g = 0, the sets Eij,j =1,...,n, and
the feasible part of the set £ belong to the set Y _stqt-

Theorem 3.5. At an exit point (z,7) of the EPCC(f) with multipliers ), fi, the
statement of Theorem holds true. Moreover, either the linear function (x! " (t),
yI" (1), 0, u! " (1)) intersects at (£, Z,7, X, ji) transversally with the linear functions
(2 (), ™ (8), MM (), p (), j = 1,...,n, or the linear function (z(t), y*(t), A= (¢),
0) intersects at (¢,Z,y, A, i) transversally with (2 (¢),y*i (t), A9 (E), u#i (t)),] =

1,...,n.

Proof. Using the arguments from the proof of Theorem B2, we can prove that
at the exit point with A = 0, for each j = 1,...n, the derivative )\;] (t) # 0 while
)kf = 0. Similarly, at the second exit point for each j = 1,...n, the derivative
(9 () # 0 while i = 0. O
Theorem 3.6. On a neighborhood of the exit point (Z,y) of the EPCC(¢) with
multipliers A = 0 and i # 0, the set X _gtqt coincides with a union of the feasible
part of ©7" and a convex hull of the sets Zf,j =1,...,n.

On a neighborhood of the exit point (z,y) of the EPCC(¢) with multipliers A # 0
and i = 0, the set ¢ _q; coincides with a union of the feasible part of X% and a
convex hull of the sets $7,j =1,...,n.
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Fig. Co-2-singularities of the EPCC(t).

Proof. The proof follows from the same arguments used in the proof of Theorem
and observations above. O

Clearly, the C-index of nondegenerate C-stationary points can change only at
co-n-singularities which are not 0-singular. We show the change of C-index on the
EPCC from Example 1 with one particular setting of parameters a, (.

Example 1. (continued) Consider the EPCC from Example 1 with o = 3/2 and
= 1/2 and suppose that d,(t) = (—6,—10)" and d,(t) = (—3,-5)".

Then one can find exactly six co-2-singularities of the EPCC(t): two exit points,
(1/3,2/3,0) at t =2/3 and (1, 0, 0) at ¢t = 0 with multipliers (A, 1) equal (0,0,1, 1/3)
and (—2,—4,0,0), respectively; two 0-singularities, (25/9,—16/9,0) at t = 8/9 and
(1,0,0) at ¢t = 4/7 with multipliers (2,0,0,—8/9) and (0,-6/7,4/7,0), respectively;
and two l-singularities, (1, 0, 0) at t = 8/11 and (17/9,—-8/9,0) at ¢t = 4/9 with
multipliers (6/11, 0, 8/11, 0) and (0, —2,0, —4/9), respectively.

All co-2-singularities are depicted on Figure in multiplier spaces; exit points as
boxes, 0-singularities as bullets and 1-singularities as triangles. The shaded area
is the set of all biactive multipliers corresponding to C-stationary points of the
EPCC(t).

The interior points of the bounded piece correspond to multipliers of C-stationary
points with C-index 1. The 1-singularity (1, 0, 0) at ¢ = 8/11 connects this piece
with the one with interior points with vanishing C-index. The other 1-singularity
connects it with the piece with interior points with C-index 2. The latter two pieces
are connected to the parts of the set Y _ g4t 0f points with vanishing C-index by
exit points.

Notice that slight shifts of the dashed lines in Figure due to small perturbations
of the data eliminate neither the co-2-singularities nor singular C-stationary points
on the border of the shaded area.
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4. HOMOTOPY METHOD

The basic idea of the homotopy method we are about to describe in detail is to
formulate an artificial EPCC by modifying (jointly) objective functions of all MPCCs
in @) such that a chosen feasible point (Z,7) becomes strongly stationary. The
parameter ¢ then creates a connection between the original and the artificial problem.

Let (Z,7) be a feasible point of the EPCC @) and L, I™ and I° be the associated
index sets. Based on the structure of the index sets we construct the vector d(0) =
(d,(0), d,(0)). )

If L = {1}, then we set i := 0 and choose a vector A with arbitrary strictly
positive components. If I = {1}, then we set A := 0 and i with arbitrary strictly
positive components. If I° = {1}, we set either fi := 0 and choose a multiplier vector
X\ with arbitrary strictly positive components or vice versa. In either case, we use
the following formula to compute the vector d(0).

o me me z A’%LUIU 3 0 -
=& G ) (5)+ (o (el e 02

Then (Z,¥) is a solution of EPCC(0). To obtain vector d(t), we set

o (1) ) ( dz:(0) ) (( € ) ( d(0) ))
d(t) = = +t — . 13
0=(50 )= (5 o ) "\ 40 13)
The homotopy method traces the set Yo _gq: starting at ¢ = 0. Note that if
for the initial feasible point the complementarity constraint is biactive, the method
starts at one of the two exit points.

4.1. Overview of the homotopy method I for MPCCs

Before we proceed to the homotopy method in detail, let us summarize the homo-
topy method I from [5] which searches for C-stationary points of convex-quadratic
mathematical programs with linear complementarity constraints.

The program (Bl can be converted to the following convex-quadratic MPCC in

variable z = ( ot )
Yy

U B s
minimize §zTQz +élz

subjecttoOﬁ[lz—i—dLBz—l—BZO,

_ i i i o )
0= G G ) oo (B )2 G ),
yat vy cy C?y,z*Z

A= (A, b), B=(0,1), a=(A]l..) 27" +a, b=0.

where

9

For the purpose of this overview, consider the general problem () with matrices
1[1’ B c Rmx(+m)
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Let MPEC-LICQ be satisfied at each feasible point of ([l). Given a feasible point
z of the MPCC (), put A;+ =0, iz, = 0 and

d=-Qz+A] pArur + Bl olir+uro

with some strictly positive values of components of vectors Az o, fiy+_go-
Then Z is a local minimizer of the program

1 - _ _ _
minimize §ZTC?Z +(d +f(6 f_d))Tz (15)
subject to0 < Az+a L Bz+b>0

for t = 0. Locally around the point (¢, z, A, 1), C-stationary points of MPCC(¢ + 7)
and their corresponding multipliers are given by

2(T) z z
M) = x| +7] A
1(7) p I
with _ _ _ _
QA Bl \ [ e
ALUIO 0 0 )\ - 0
Br+yo 0 0 [ 0

At the start, t is set to zero and the method traces the homotopy path in the
direction of increasing t. The steplength is then determined as the minimal positive
value of 7 for which one of the following inequalities vanishes

/Lz(T) +a; >0,7¢€ I+,
Bjz(t)+b; >0,5€ L,
)\1(7) 7& 07 i€ IOa
pi(m) #0, j €I

This value can be easily determined using the ratios

Aiz + a;

=——""_" jeIt,
e A%

i 0
¢G=——, 1€l
i /\Z

BjZ+Bj
ri=————=_Jj€L,
J Bz J
rj=—t jer

J

Then, if moving forward in ¢, the method takes the steplength

7=min({g;:N (0,1 —1¢),i € ITUI%r;N (0,1 —¢),5 € LUI’}).
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If this minimum is taken over the empty set, the value t = 1 can be reached
directly and the method terminates with a C-stationary point of the MPCC ([Idl).

If the minimum is attained at some ¢;,i € I°, then \;(t+7) vanishes and biactivity
of constraint 7 is dropped (i. e., we put the index ¢ to the set I1). The sign of p;(t+7)
then decides about the direction in ¢ for the next step: if p;(t+7) < 0, the direction
changes. If the minimum is attained at some ¢;,7 € I", then we add the biactivity of
the constraint i (i. e., we put index i to the set I°) and the sign of multiplier p;(t+7)
determines the direction of the next step. For ratios r; we proceed analogously.

If the method currently proceeds in ¢ backwards, the next step is the maximal
negative value of the ratios

7 =max({g; N (—00,0),i € ITUI’ r; N (~00,0),j € LUI}).

If this maximum is taken over the empty set, an infinite step could be taken
to t \, —oo and the method thus terminates without a solution. Else, analogous
changes in activities are performed.

The method described above depends on the knowledge of initial feasible point
z of MPCC. The following Phase I.a approach uses the homotopy method itself to
provide a feasible point.

Consider the following auxiliary problem in variables z € R+™ and s € R

VP P
minimize 58

B B (16)
subject to 0 < (4, u—a)(j)—i—aL(E, v—b)(i)—i—bz()

for some chosen vectors u,v € R™ with 0 < w 1 v > 0. Note that the point
(z,8) = (0,1) is always feasible. Hence we can try to apply the homotopy method I
to (). If a solution point (Z,0) is found, Z is a feasible point for MPCC.

If [ +1 < m, the first [ +m + 1 components of (u",v") are set to zero and the
remaining components are set to one. However, the Hessian of the objective is only
positive semidefinite and thus the method may not succeed in some cases. Then,
Phase I.b approach is guaranteed to provide either a feasible point or verification of
inconsistency.

In Phase L.b, sometimes called the disjunctive approach [3], we check, using the
Phase I of the simplex method, all 2 polyhedral pieces of the feasible region. Each

such piece is determined by an index set I C {1,...,m} and conditions
fhz—l—c’u:O, A[cz-‘rd]c >0, (17)
Bjcz—i—inc =0, B[Z—f—BI > 0. (18)

If all polyhedral pieces are inconsistent, then the considered MPCC is also incon-
sistent.

Now, we modify this homotopy method I to the EPCC composed of MPCCs (B,
using the knowledge about the structure of the set Y¢_stq¢ around co-n-singular
points.
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4.2. Phase I for EPCC

Analogously to Phase I procedure for MPCCs, we can compute an initial feasible
point of the EPCC either via application of the homotopy method I for MPCCs to
an auxiliary program or via checking each polyhedral piece of the feasible region of
EPCC.

The problem (@) now takes the form of an MPCC in variables z,y and s

N P
minimize =s
2
x x (19)
subject to 0 < (A, b,u—a)| vy |+aL(0,1,v)| vy | >0
s s

for some chosen scalars u,v € R with 0 < w L v > 0. Again, the point (z,y,s) =
(0,0,1) is always feasible. Hence, we can try to apply the homotopy method I to
[@). If a solution (z,7,0) is found, (Z,y) is a feasible point of the EPCC @).
Similarly, if Phase I.a fails to provide a feasible point, we can apply Phase I.b.
In our case it is enough to check, using the Phase I of the simplex method, just 2
polyhedral pieces of the feasible region. The first one is determined by conditions

Az +by+a=0, y>0,
while the second one by conditions

Ar+by+a>0, y=0.

4.3. Overview of the algorithm

From the analysis of the structure of the set Yo _gtq+ around co-n-singularities, it
is clear that the set ¢ _stq¢ consists of finitely many convex polyhedral pieces:
(one-dimensional) halflines corresponding to index sets I+ and L and n-dimensional
polyhedral sets corresponding to index set I°. It is thus sufficient to design an algo-
rithm which traces all one-dimensional faces of each such convex polyhedral piece;
such procedure would give us full information about the set Y¢_stq¢, see Example 1.

The description of the algorithm to trace the biactive part of the set Yo _gtqt
is significantly more complicated then in the homotopy method I for MPCCs. We
make use of the following lists of points or vectors:

“untreated exit points”: the list of visited exit points for which the corresp-

onding set Ef_ or Ef was not yet traced
“multiplier signs”: the list of vectors of signs of biactive multipliers,

uniquely determining each convex polyhedral piece

of biactive part of the set Yo _star
“co-n-singularities”: the list of visited co-n-singularities

“4-singularities”: the list of visited i-singularities
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” .

“biactive C-stationary points”: the list of found C-stationary points in the biactive

part of the set Yo _star

“new directions”: the list of directions in which the next step can be
made from the current iterate

“new multiplier signs”: the list of vectors of signs of biactive multipliers, u-
niquely determining polyhedral pieces connected by
i-singularity to previously traced polyhedral piece
of the set Xo_stat-

At the start of the method, all lists above are empty.

First, we describe the steps of the method based on the initial structure of the
index sets.

Starting the method at (z,y) and ¢t = 0 with L = {1} or I = {1}, the method
traces the set ZJLF or Zf in the direction of increasing ¢t up to the respective exit
point. In the former case, we compute the ratio

Y
r=-—-=
)
with 5
sz sz *{1L T Co — dm (0)
Qua  Qyy ~Bj, gy | =1 cy—dy(0)
AL Bg 0 A 0

For r < 0 or r > 1 we then make a step into £ = 1 and terminate with the
solution, else take a step into t = r and add activity of the constraint y > 0. In the
latter case we compute the ratio

L Az +by+a
=" Aty
Qua  Qyy _E; Y = ¢y — dy(0)
0 Ep+ 0 7 0

For ¢ < 0 or r > 1 we then make a step into ¢ = 1 and terminate with the solution,
else take a step into ¢t = ¢ and add activity of the constraint Az + by + a > 0.

Starting the method at (Z,9) and ¢t = 0 with I° = {1}, we add the point (z,%)
to the list “untreated exit points”, otherwise proceed in the same way as if we got
to one of the exit points by a step described above. The reason for this is that the
method traces the set ZJLF or Zf at the end of the procedure unless it was already
traced in the step described above.

Each step of the algorithm in the biactive case proceeds by tracing line seg-
ments between two neighboring co-n-singularities or half lines emanating from each
co-n-singularity. Each such line can be generated by fixing n — 1 vanishing mul-
tipliers. In the former case these fixed vanishing multipliers are common to both
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co-n-singularities. If the index sets of free multipliers are I and J, c¢f. assumption
(A2), and we are moving in ¢ forward, the method takes the steplength

by A
7_—:Hnn({*; (0,1715),]'EI,*;Q(O,l*t),jEJ}),

where the vectors A; and [1; are given by the solution of

Que Qu  ~(Br)r —(Er)y | [ 8 || = d0) | g
(Ap)1 (B 0 0 Al 0
0 FEo 0 0 % 0

If the minimum is taken over the empty set, ¢t = 1 can be reached directly.
If we are moving in t backwards, the steplength is determined by

M M
7= max({—; N (—00,0),j € I’_E N (=00,0),5 € J}).

Now we describe how the algorithm proceeds in the biactive case. First, we add
the vector of signs of the nonzero multiplier vector to the list “multiplier signs”. We
label the exit point to be the “starting point” and initiate the following recursive
procedure called “SearchStep”:

1) If the current iterate is already in the list “co-n-singularities”, terminate “Search-
Step”, else add the iterate to the list.

2) If t = 1, and the iterate for the current vector of multiplier signs is not on the
list “biactive C-stationary points”, add it to the list with information about
the multiplier signs and terminate “SearchStep”.

3) If the current iterate is an i-singularity, and not in the list “i-singularities”,
add it to the list.

4) If the current iterate is an exit point not in the list “untreated exit points”
and is not labeled as “starting point”, add it to the list.

5) Put all possible n directions, determined by the index sets I and J, from the
current iterate to the list “new directions”. As long as the list is nonempty,
execute step 6).

6) For the first direction in the list, determine the direction of the step in ¢ by
the sign of the derivative in variable ¢ of that free multiplier which is vanishing
at the current iterate and the corresponding component of the vector of sings
of multipliers. If they coincide, the method proceeds with the step forward in
t, else we proceed backward in ¢t. Find the steplength. If the next step has a
finite length, initiate the procedure “SearchStep” for the new iterate. Delete
the first entry from the list “new directions”.



750 M. CERVINKA

When the first call of “SearchStep” terminates, we have successfully finished the
analysis of the first convex polyhedral patch of the set Y _stq¢. Then, until the list
“¢-singularities” is empty, we repeat the following steps:

1) Determine the list “new multiplier signs”.

2) Until the list “new multiplier signs” is empty, repeat the following. If its first
entry is not in the list “multiplier signs”, add it to the list “multiplier signs”,
label the first entry in the list “i-singularities” to be the “starting point”,
empty the list “co-n-singularities” and initiate “SearchStep”. Delete the first
entry in the list “new multiplier signs”.

3) Delete the first entry in the list “i-singularities”.

Now, if the list “untreated exit points” is nonempty, it suffices to check Zi and

Ef not yet investigated .

Following the set of rules above, the algorithm clearly never traces the same
convex polyhedral piece of the set Yo _tqr twice. However, it either terminates after
one step at a nonbiactive C-stationary point or traces only polyhedral pieces of the
set X o_stqr connected by i-singular and exit points with ¢ < 1.

Theorem 4.1. Let the data of the EPCC (B]) satisfy both assumptions (A1) and
(A2). Then the following assertions hold:

i) The algorithm terminates after finitely many steps.

ii) If the list “biactive C-stationary points” is nonempty, the set of all detected
biactive C-stationary points consists of the union of convex hulls of points from
the list “biactive C-stationary points” with the same corresponding vector of
signs of multipliers. Moreover, interior points of each such convex hull consist
of nondegenerate C-stationary points with the same C-index.

Proof. The statement of part i) follows from the rules described above. There
are only finitely many co-n-singularities and each convex polyhedral piece of the set
Yo stat 1s traced at most once.

The second statement follows from Theorems B3 B4 and B.6 a
Example 1. (continued) Let us choose the initial feasible point (z',z2,7, \!,
A2 @t @?) = (2,2,0,0,0,1,1). Then the computation of d(0) according to ()
yields (=6, —10, —3, —5) . The application of the homotopy method described above
results in the following three C-stationary points (z!, 22, y): within the biactive case
the algorithm finds points (—2,3,0) and (1, 0, 0) with multipliers (A', A2, ut, u?)
equal to (0, 3, 5/2, 3/2) and (3/2, 3/2, 1, 0), respectively, and a nondegenerate
C-stationary point (10/3,—8/3,2/3) with the multiplier vector (17/6, 1/2, 0, 0).

The set of C-stationary points then consists of the union of the point (10/3, —8/3,
2/3) and convex hull of points (—2,3,0) and (1, 0, 0). Note that since each point
is even strongly stationary, the set of C-stationary points coincides with the set of
solutions of the EPCC.

On Figure, the crosses and all points on the dark grey line correspond to multi-
pliers of C-stationary points of the EPCC within the biactive case.
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Table. Numerical results for homotopy method.

n La| C|M| S |biac| #C-s | #M-s | #S-s | #n-biac| 0Ocpu | Obiac C-s
2| 18 |62[60|50| 53 93 83 59 44 0.065 0.925
2110 8 |56 |56 |43 | 51 94 79 51 31 0.075 1.235
21501 78 63|62]46| 52 105 89 61 29 0.158 1.462

3| 1| 76]|66|64|53| 52 197 141 83 45 0.116 2.923
3110 8 [67]63 ][40 59 292 177 75 28 0.151 4.475
3150189 (716745 65 320 191 82 30 0.528 4.462

41 1|83 |65|61 44| 57 551 298 83 38 0.309 9.000
41101 80 |87 |84 |56 | 76 1191 596 163 39 0.732 15.158
4150 81 (83|80 (47| 74 1369 580 96 38 4.722 17.987
5| 181 |76|72|53| 70 1718 817 117 48 0.949 23.857
51101 8 |8 [83 (39| 79 3657 1277 | 106 35 5.331 45.848
5150 82193[92 |54 82 5601 1849 | 187 44 20.018 67.7683
6| 180 |80|73|49| 68 7937 1920 | 138 43 6.136 116.088
6|10 7819289 |55 81 15962 | 4818 | 182 49 30.147 196.457
65019297196 |55 91 | 26650 | 6478 | 370 43 130.664 | 292.385
71 1| 81(89 (84 |52| 82 | 57354 | 9112 | 533 43 109.848 | 698.915
7110 8 |98 97|48 | 91 | 111419 | 17564 | 493 41 353.154 | 1223.934
71501 89 (98198 |56 | 94 | 178385 | 23136 | 727 46 1196.385 | 1897.223

5. NUMERICAL RESULTS

We have tested the performance of the homotopy method for EPCCs associated with
n=2,...,7, MPCCs with convex-quadratic objective functions and with one linear
complementarity constraint. For each such problem we considered | = 1,10 and 50
variables on on the upper-level. For each combination of (n,l) we run the method
on hundred randomly generated test problems. The algorithm was implemented in
Matlab 6.5 and tests were performed on a 2.8GHz PC with 1GB RAM. The results
are summarized in Table.
The columns in Table denote the following:

La:

C:

M:

S:
biac:
#C-s:
#M-s:
#S-s:

#n-biact:

(cpu:

@biac C-s:

number of problems, for which Phase I.a succeeded

number of problems, for which at least one C-stationary point was found
number of problems, for which at least one M-stationary point was found
number of problems, for which at least one solution was found

number of problems, for which the method entered the biactive case
total number of detected C-stationary points

total number of detected M-stationary points

total number of detected solutions

total number of detected nonbiactive stationary points

average CPU-time for solved problems in seconds

average number of computed C-stationary points in the biactive case.
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We conclude the paper with several remarks.

For each tested problem we applied first the Phase La. If it failed to produce
a feasible point of EPCC, the first polyhedral piece in Phase I.b yielded a starting
point for our homotopy method. The first piece corresponds in our case to that
part of feasible set for which the constraint y > 0 is active. We could have, of
course, started immediately with Phase I.b, since for m = 1 this procedure involves
checking only 2 pieces and is thus not that costly as in the case of a high number of
complementarity constraints.

With higher values of n, the method is more likely to find a C-stationary point.
Moreover, only for a very small number of test problems for which a C-stationary
point was found the method failed to find also an M-stationary point. The strongly
stationary points, in our case already the solutions to EPCCs, were found for each
tested combination of (n, ;) roughly for 50 percent of randomly generated test prob-
lems.

The obtained results indicate an interesting fact that EPCCs may possess huge
number of solutions. This brings up several important issues. The most serious one
is the impact of this large cardinality of the solution set on concrete decision making
processes and interpretation of these solutions with respect to the input data.
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