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Approximation and shape preserving properties
of the nonlinear Bleimann-Butzer-Hahn

operators of max-product kind

BARNABAS BEDE, LUCIAN COROIANU, SORIN G. GAL

Abstract. Starting from the study of the Shepard nonlinear operator of max-
prod type in (Bede, Nobuhara et al., 2006, 2008), in the book (Gal, 2008), Open
Problem 5.5.4, pp. 324-326, the Bleimann-Butzer-Hahn maz-prod type operator
is introduced and the question of the approximation order by this operator is
raised. In this paper firstly we obtain an upper estimate of the approximation
error of the form w1 (f; (1 + $)% vz/n). A consequence of this result is that
for each compact subinterval [0, a], with arbitrary a > 0, the order of uniform
approximation by the Bleimann-Butzer-Hahn operator is less than O(1/4/n).
Then, one proves by a counterexample that in a sense, for arbitrary f this order
of uniform approximation cannot be improved. Also, for some subclasses of
functions, including for example the bounded, nondecreasing concave functions,
the essentially better order wi(f;(z + 1)2/n) is obtained. Shape preserving
properties are also investigated.

Keywords: nonlinear Bleimann-Butzer-Hahn operator of max-product kind, de-
gree of approximation, shape preserving properties

Classification: 41A30, 41A25, 41A29

1. Introduction

In the recent papers [4], [5], [1] and the monograph [8], the study of nonlinear
approximation operators of max-product kind was proposed. New techniques for
the study of these problems were proposed in [2] and [3]. These new methods
allow estimates with explicit constants and produce a counterexample showing
that the order of approximation cannot be improved. Also, a statistical approach
in approximation by max-product operators was given in [7].

Starting from the study of the Shepard nonlinear operator of maz-prod type
in [4], [5], in the Open Problem 5.5.4, pp. 324-326 of the recent monograph [g],
the following nonlinear Bleimann-Butzer-Hahn operator of maz-prod type is in-
troduced

~ Viso (7 (=)
Vico (=%

(1) HM (f)(x)
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and the order of approximation by this operator is raised. In this paper we
answer this question and the order of approximation wi(f; (1 + )% /z/n) on
[0,00) is obtained. A consequence of this result is that for each compact subin-
terval [0, a], with arbitrary a > 0, the order of uniform approximation by the
Bleimann-Butzer-Hahn operator is less than O(1/y/n). Then, one proves by a
counterexample that in a sense, for arbitrary f this order of uniform approxi-
mation cannot be improved. Also, for some subclasses of functions, including
for example the bounded, nondecreasing concave functions, the essentially better
order wi(f;(x 4+ 1)?/n) on [0,00) is obtained. This allows us to put in evidence
large classes of functions (e.g. bounded, nondecreasing concave polygonal lines on
[0, 00)) for which the order of approximation given by the max-product Bleimann-
Butzer-Hahn operator, can be essentially better than the order given by the linear
Bleimann-Butzer-Hahn operator, introduced and studied in [6], [9].

Section 2 presents some general results on nonlinear operators, in Section 3 we
prove several auxiliary lemmas, while Section 4 contains the main approximation
results. Section 5 is devoted to the study of shape preserving properties.

2. Preliminaries

For the proof of the main result we need some general considerations on the
so-called nonlinear operators of max-prod kind. Over the set of positive reals,
R, we consider the operations V (maximum) and -, product. Then (R4, V, ) has
a semiring structure and we call it Maz-Product algebra.

Let I C R be a bounded or unbounded interval, and

CBy(I)={f:I— R4; f continuous and bounded on I}.

The general form of L,, : CB.(I) — CB4(I) (called here a discrete max-product
type approximation operator) studied in the paper will be

=0

Lo(f)(@) = \/ Kn(w,2:) - f(22),
1=0

where n € N, f € CBy(I), Kn(-,2;) € CBy(I) and x; € I, for all i. These
operators are nonlinear, positive operators and moreover they satisfy a pseudo-
linearity condition of the form

Ln(Oé : f\/ﬂ : g)(I) = o Ln(f)(l‘) \/6 ' Ln(g)(l'), VO&,ﬂ € RJrafag I — ]RJr'

In this section we present some general results on these kinds of operators which
will be useful later in the study of the Bleimann-Butzer-Hahn max-product kind
operator considered in Introduction.
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Lemma 2.1 ([1]). Let I C R be a bounded or unbounded interval,
CB4(I) ={f:I— Ry; f continuous and bounded on I},

and L, : CBy(I) — CB4(I), n € N be a sequence of operators satisfying the
following properties:

(i) if f,g € CB4(I) atisfy f < g then L,(f) < Ly(g) for alln € N;

(i) Lo(f +9) < Ln(f) + Ln(g) for all f,g € CB4(I).
Then for all f,g € CB1(I), n € N and z € I we have

[ Ln(f)(@) = Ln(9)(@)| < La([f — g[) ().

PROOF: Since it is very simple, we reproduce here the proof from [1]. Let f,g €
CB4(I). We have f = f —g+g < |f — g| + g, which by the conditions (i)—(ii)
successively implies L, (f)(z) < Ln(|f — g])(x) + Ln(g)(x), that is L,(f)(x) —
Ln(g9)(x) < Ln(|f — g]) ().

Writing now g =g — f+ f < |f — g| + f and applying the above reasonings,
it follows Ly, (g)(x) — Ly, (f)(x) < L,(|f — g|)(x), which combined with the above
inequality gives |L,(f)(x) — Ln(9)(z)| < L,(|f — g])(z). O

Remarks. 1) It is easy to see that the Bleimann-Butzer-Hahn max-product ope-
rator satisfies the conditions in Lemma 2.1(i), (ii). In fact, instead of (i) it satisfies
the stronger condition

Lo(fV g)(x) = Ln(f)(2) V Ln(9)(x), f,g9 € CB(I).

Indeed, taking in the above equality f < g, f,g € CBy(I), it easily follows
Lu(£)(2) < La(o)(@).

2) In addition, it is immediate that the Bleimann-Butzer-Hahn max-product
operator is positive homogenous, that is L, (Af) = AL, (f) for all A > 0.

Corollary 2.2 ([1)). Let L, : CBy+(I) — CB4+(I), n € N be a sequence of
operators satisfying the conditions (i)—(ii) in Lemma 2.1 and in addition being
positive homogenous. Then for all f € CB4(I), n € N and x € I we have

an(%)(x) + Ln(eo)(x) | wi(f;0)r + f(x) - [Ln(eo)(z) — 1],

7(2) ~ L) < |

where § > 0, eo(t) = 1 for allt € I, pi(t) = |t — x| for all t € I, z € I,
wi(f;0)r = max{|f(z) — f(y)|;z,y € I,|x —y| < §} and if I is unbounded then
we suppose that there exists Ly, (¢.)(z) € Ry |J{+oo}, for any z € I, n € N.

PROOF: The proof is identical with that for positive linear operators and because
of its simplicity we reproduce it below. Indeed, from the identity

Ln(f)(x) = f(x) = [Ln(f)(2) = f(z) - Ln(eo)(@)] + f(2)[Ln(eo)(z) — 1],
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it follows (by the positive homogeneity and by Lemma 2.1)

|f (@) = Lu()(@)] < |Ln(f (2))(2) = Lo (f (1)) (@)] + |f ()] - [ Ln(e0) () — 1
< Lu(l£(t) = f@)D(2) + [ (@)] - [Ln(eo) () — 1.

Now, since for all ¢,x € I we have

0= F@)] < atfile = ol < [5le =l 1] wnFi0),

replacing above we immediately obtain the estimate in the statement. ([

An immediate consequence of Corollary 2.2 is the following.

Corollary 2.3 ([1]). Suppose that in addition to the conditions in Corollary 2.2,
the sequence (L), satisfies Ly, (eg) = eg, for all n € N. Then for all f € CB1(I),
n € N and x € I we have

1
)~ Lafo)] < [14 FLali) )] n(5:0r
The nonlinear max-product Bleimann-Butzer-Hahn operator satisfies the fol-
lowing useful result.

Lemma 2.4. For any arbitrary bounded function f : [0,00) — [0,00), the max-
product operator H,SM)(f)(ac) is positive, bounded, continuous on [0,00) and sa-
tisfies HS™ (£)(0) = £(0).

PRrOOF: The positivity of HflM)(f)(ac) is immediate. Also, if f(xz) < K for all
x € [0,00) then it is immediate that Hr(lM)(f)(z) < K, for all z € [0, 00).

Since s, x(x) > 0 for all z € (0,00), n € N, k € {0,...,n}, it follows that the
denominator \/}_; snk(x) > 0 for all z € (0,00) and n € N.

The continuity on [0, 00) of the numerator is immediate since the numerator
is the maximum of a finite number of continuous functions. Therefore, as a first
conclusion we get the continuity of H,(lM)( £)(z) on (0,00).

To prove now the continuity of HS (f)(xz) at & = 0, we observe that
sn,k(0) = 0 for all k € {1,2,...,n} and s,%(0) = 1 for k¥ = 0, which implies
that \/j_g Sn.k(z) = 1 in the case of z = 0. The fact that HflM)(f)(z) coincides
with f(z) at x = 0 immediately follows from the above considerations, which
proves the lemma. O
Remark. From the above considerations, it is clear that H™ (f)(x) satisfies all
the conditions in Lemma 2.1, Corollary 2.2 and Corollary 2.3 for I = [0, 00).
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3. Auxiliary results

We consider the following nonlinear Bleimann-Butzer-Hahn operator of maz-
product type

7 Vi—o (Z)xkf (ﬁ)
a Vi—o (7)2* '

Remark. Since H7(LM)(f)(O) — f(0) = 0 for all n, notice that in the notations,
proofs and statements of the all approximation results, that is in Lemmas 3.1-3.3,
Theorem 4.1, Lemma 4.2, Corollaries 4.4, 4.5, in fact we always may suppose that
x> 0.

. . 1
For each k € {0,1,2,...,n}, j € {0,1,2,...,n—1} and = € [n—§+1’i—j]7 or

(2) HM(f)(x)

j =nandx € [na OO), let us denote S7L,k($) = (Tkl)xk’

_k
n+l—k z’

8n,j ()

Sk (T)

My, p,j(z) =

It is clear that if £ > j + 1 then

snk(2) (=g — @)

5,5 ()

Mp,p,j(z) =

and if k£ < j then

Sn,k(x)(x - ﬁ)
$n,5 ()
Lemma 3.1. For all k € {0,1,2,...,n}, j € {0,1,2,...,n — 1} and

T € [n—]j-i-l’ Z:E] or j =n and x € [n,00) we have

Mp,p,j(z) =

Mpn,j(z) < 1.

PROOF: We have two cases: 1) k> j and 2) k < j.
Case 1). Take k > j, j € {0,...,n —1}. Since clearly the function h(z) = 1 is

nonincreasing on [nii T %], it follows that

mk,n,j(l') . k+1 1 >
Miting(@) n—k x =

k+1 n—3 k+1 n—j 51
n—k j+1 j+1 n—k
which implies m; » () > Mjt1,n,;() > Mjton (@) > > My n ().

Case 2). Take k < j, j € {0,1,...,n}. Then we get

meng(x)  n—k+1 >n—kz+1. J _n—k+1.j>1

Mt () KTk n—j+1 n—j+1 k-

401
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which implies
Mjn,j (@) 2 Mj1n,() = Mj—2.0;(x) 2+ = mon,;(@).

Since m; » j(x) = 1, the conclusion of the lemma is immediate. O

Lemma 3.2. (i) Let j € {0,1,2,...,n — 1} and = € [ ?Jrl,%]. If k e

{j+1,...,n—1} is such that k — \/k +1>j, then My () > Miyi,n,;(x).

(ii) Let j € {1,2,...,n — 1} and x € [— jﬂ,%]. If ke{l,...,j} is such

that k + vk < j, then My, ,, j(x) > My_1 ().

PROOF: (i) We observe that

Mk,n,j(l‘) k + 1 1 . n+li—k -

Mk+1,n7j(z) Tn—k x e

ok
Since the function g(ac) =1. %’“; is nonincreasing, it follows that g(x) >
ek
g(ffﬁ) for all z € [;=57, %] and we have
. k Jt1
Ming(®) _ k+1 n—j mgif —nj
Mysipy(x) ~“n—k j+1 kL n+]

n—j

k+1 o= k-G +1)
JH1 k125G 1)

Let h(n) = %% Then h/(n) = k_— ((7]1 112111))2 < 0 so h is nonincreasing

and we have

Mppj(x) lim k+1 Sk -G +1) _(k+D(k-j-1)
M1 j(x) “n=oe j+1 f4+1-2E=kGi41) G+ 1)(k—j)

n—j

Then, since the condition k—+/k + 1 > j implies (k+1)(k—j—1) > (+1)(k—3),

we obtain
Mi,n (@) > 1.
Mii1,n,5()
(if) We have
Mipj(x) _n—k+1 e T TR
My_1.5,4(x) k 7 — ni21k .
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ok
Since the function ¢;(z) = x - —*H7E is nondecreasing, it follows that gy () >
nt2—k

. _J ___k . .
J__ . n=iFL T RELE o o] [—L J+_1] We hav
- ! or all x € - - |. € have
— k—1 — —

it R nojtln=y

gl(nfgﬁrl) -

Mypj(x) n-k+1 _ j "o T ATk

My—1,n,5(z) =k n—j+l s -k

n—k+1 .
n—jt+1J k

j- = (k—-1)

n—k+1 :

Let hq(n) = % Then A} (n) = 7% < 0 and we obtain

n—k+1 er .
Minj(z) lim noj+i) —k Jjj —k)

J
My—1nj(x) “noook j— 2k —1)  k(j—k+1)

Then, since the condition k 4 vk < j implies j(j — k) > k(j + 1 — k), we obtain

Mp,n,j(2)
Mi—1,5,5(z)

which proves the lemma. (Il

> 1,

Also, a key result in the proof of the main result is the following.

k

Lemma 3.3. Denoting s, (z) = (Z)x , we have

j j+1
n—j+1'n—j|’

\/smk(x):sn,j(x), for all x € [ j=0,1,...,n—1
k=0

and
\/ Snk(x) = spn(x), If x € [n,c0).
k=0
PROOF: It is immediate from the proof of Lemma 3.1. ([

4. Approximation properties

If H,(ZM)( f)(z) represents the Bleimann-Butzer-Hahn operator of maz-product

kind defined in Introduction, then the main result is the following.

Theorem 4.1. Let f : [0,00) — Ry be continuous. Then for any n + 1 >
max{1 + 2z, 16x(1 + z)} we have the estimate

(1+2)%yz

(3) [HM () () = f(2)] < 5w (f, NS

>, z € [0,00),
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where
wi(f,6) = sup{|f(z) = f(y)l;z,y €[0,00), |z —y[ < &}

PROOF: It is easy to check that the max-product Bleimann-Butzer-Hahn operator
fulfills the conditions in Corollary 2.3 for I = [0, 00) and we have

(4) HM(f) (@) — fla)] < (1 ; éH@MMm(x)) w1(f,6).

where ¢, (t) = |t — x| and w1 (f, d,) is the modulus of continuity on [0, 00). It is
enough to estimate

_k
n+l—k

\/Z:O Sn,k ()

Bule) = HE (o)) = 2

x ‘

, ¢ €1]0,00).

Let T € [#, %]

we easily obtain

, where j =0,1,...,n—1 is fixed, arbitrary. By Lemma 3.3

J 741
n—j+1'n—75]"

En(x) = \/Mk,n,j(x)a T e
k=0

In all what follows we may suppose that j € {1,2,...,n—1}, because for j = 0 we
get B, (x) < eﬁﬁ, for all z € [0, 1]. Indeed, in this case we obtain My, o(z) =

(Z)xﬂﬁ — z|, which for k = 0 gives My, 0(z) =z = Vo - Vo < x- ﬁ
Also, for any & > 1 we have

n k n k
M - )< k.
kn.o(®) (k)x (n+1k I)—(k)x n+l-—k
<

_ n E _ n k-1
(= ()

1\" 1
<(1+-) ‘z< R
_<+n> ZL'_G\/E\/H

1+z)" =z

So it remains to obtain an upper estimate for each My, ,, j(z) when j =1,...,n—1
: j ji+1 _
is fixed, z € [, =] and k= 0,1,... . n.

In order to prove (3) we distinguish the following cases:

Case 1). Let ke {j+1,...,n} with j € {0,1,...,n—1}.
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Subcase a). Suppose that kK — vk + 1 < j. Taking into account that n’iﬁ_l <
1+ x we have

k k j
) — ) < _
Min g ) =m0 =0 S o " w1
(n+ DVE+T (n+1)VE+1
Sk D=+ (g L VEE D+ 1)

vk+1
(nfj+17\/k—+1).

<(1+uz)

We observe that k — vk +1 < j gives kK + 1 < 45. Indeed, if we suppose
k+1>45 weget 45 — 1 —2y/j <k —+k+1 < j which implies 3j — 1 < 2/5

and this is false if j > 1. Also, since ;=45 < z we have j < ("111;1 and for
n+1>j+ 2/ we get
2Vj
My () < (142 - .
k, 7]() ( )(n_3+1_2\/5)

3 (n+1)
s2(+s) \/En—f—l—Q (n+Dz(1+z)

vn+1 2
If n+1 > 162(1 + x) then we observe that RN s W < 7 Also,

the same condition ensures n + 1 > j + 2y/j. Finally we obtain My, ;(z) <
4(1 4 x)2\/T—~= for any n+ 1 > 4z(1 + z).

n+1
Subcase b). Suppose now that k — vk —+1 > j. Since the function f(z) =
x —+/x + 1 is nondecreasing on the interval [0,00) it follows that there exists

k €{0,1,...,n}, of maximum value, such that k—+/k + 1 < j. Then for k; = k+1
we get k1 —+/k1 + 1 > 4. Also, we have k; > j + 1. Indeed, this is a consequence
of the fact that f is nondecreasing and because is easy to see that f(j) < j. In
addition k; < 4j and similar to subcase a) we obtain

E+1 3 1
ME+1,n,j(£) = mE+1,n,j(x) (n — 5 x) <4(1+x)> \/Em .
By Lemma 3.2(i), it follows that Mz, (¥) > Mg,, , ;(x) = - = My, ().

We thus obtain My, ;j(z) < 4(1 + )7 \/z——~— for any k € {k+ 1,k +2,...n},

n+1
7 7 1
A [n—-_{j—i-l’ :L—tj]'

Case 2). Let k € {0,1,...,5} with j € {0,1,...,n —1}.

405
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Subcase a). Suppose that k + Vk > j. Then we obtain

(n+2(—k) (n+2)Vk
T (h—k+1)(n—j) " (n—j+1+\/ﬁ) (n—j)
(n+2)\/j
T (n—j+14+VG) (n—j)
Since # < x we have j < % Taking these inequalities into account

we get

(n+2),/ L2
Mg j(z) < s

W (n+2)v/n+1
o) f(nﬂwm)(n_@
(n+2) -
(\/n—i-l—l—\/ac(l—i—x)) (n—z)

= (1+a):Ve

‘We observe that

(n+2) < n+2 <:a\/ym
(\/n+1+\/x(1+x)) (n—z) Vntln—z) = 2(n—x)

Also, if n > 1 + 2z then we have ¥"tL < _2_ Finally we obtain

n—z = Vatl
3 1

Mg pi(x) <3(l+x)2/x .

k17J() ( )\/_\/TL—H

Subcase b). Suppose now that k + vk < j. Let k€ {0,1,...,7} be the

minimum value such that k + \/E > j. Then ky = k — 1 satisfies ks + &2 < J
and

k-1
nfferQ

J+1 E—1 3
< - — = <3(l+z)2/x
S v =7 n_ii2 ( )2V

My () = M 5 (2) (2

k—1n,j

)

1
RN
By Lemma 3.2(ii) it follows that Mg, (x) > My, () = -+ = Mon,;(@).

We thus obtain My, ;(z) < 4(1 4+ )2z n1+1 for any k£ € {0,1,...,5} and
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x €] —J ,#] In conclusion, collecting all the estimates in the above cases
n—j+1’ n—j

and subcases, we have

My j(z) <41+ 2)3Vx

vn+1

for n + 1 > max{1 + 2z, 16z(1 + x)}.
By taking §,, = (1+ z)%ﬁﬁ we easily get (3), which completes the proof.
O

Remark. It is clear that on each compact subinterval [0, a], with arbitrary a > 0,
the order of approximation in Theorem 4.1 is O(1/+/n). In what follows, we will
prove that this order cannot be improved. Indeed, for n € N sufficiently large, let

us denote j(n,a) :==j = [35], k(n,a) ==k = j—l—[ﬁ‘/ﬁl] and z(n,a) ==z = =1
It is easy to check that x(n,a) < a and lim,_,. 2(n,a) = a. Then by simple
calculation we get

Mk,n,j(l‘) -vn+1

5uk(@) | i — 1 A=) i K
= . 1=< kI —z|- 1
Sn,j(x) n k! (n—kz)!z (n—i—l—kz z> n

! (n—j)! i \F i)
= (j+[aﬁ]>!(n_j_[\/ﬁ]>!(nj+l) m—k+1)(n—j+1)

a+1

<
B

(n*j*[aﬁl]+1)-..(n*j) ( j >[a+1] (nJrl)g(kij)
(j+1)(j+2)...(j+[£]) n—j+1 (n—k+1)(n—j+1)

It is easy to prove that if 0 < a < b then 7 < ‘ZTJF%. Because for n sufficiently large

we have n — j — [(H‘/Hl] +1 < j+ 1, it immediately follows that

B

(n][a—\fl]Jrl)(n])><nj[£]+1>[a+1]
(j+1)(j+2)...(j+[a_ﬂ]) J+1
which implies

Mk,n,j(l‘) -vn+1
. m (25 Nl
><n—y—[a{11+1> ' ( j )w (n+1)% (k - j)

Jj+1 n—j+1 m—k+1)(n—7+1)"
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We have
i sy
lim i [a+1
N
. (n—f+a+1) ( )
= lim
n—o00 an+a-+1 n+a+
AT A
. an — ay/n+a? +a\ *7? atI
= lim
n—o0 an+a+1 an+a2+a
7eia41r1
and
(n+1)5(k—j) g
im - =(a+1)=.
It follows that there exists ng € N such that
1

My, () > a—l—le*#l
k71]() ( ) \/m

for any n > ng which implies the desired conclusion.

In what follows we will prove that for some subclasses of functions f, the
order of approximation wy(f; (1 + )% /Z//n) in Theorem 4.1 can essentially be
improved to w (f; (1 + z)%/n).

For this purpose, for any j € {0,1,...,n — 1}, k € {0,1,...,n} let us define

memmMMSﬁmJ;bﬁibﬁiyﬁmﬂmdﬁmm;mﬂmyﬁm
B k _ Snk(x) k
fka”v](l‘) - mka"h](l‘)f (n+ 1 - k) - th](l')f n+ 1 IR k

=t k
_kmpwm'ﬁ f(n+1k)'

g+l

Then it is clear that for any j € {0,1,...,n — 1} and x € [—2 —1 n_j] orj=mn
and x € [n,c0) we can write
(]VI) \/ fk n,J
Also, we need the following auxiliary lemmas.
Lemma 4.2. Let f :[0,00) — [0,00) be such that
Jj+1

J
H7(L]\/I)(f)(x) = ma,X{fj,nJ(l'),fj+1,n7j(l')} for all x € [m, E
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Then

2 . .
@)~ )] < 20 (1 EEL) doran e [ 20

where n > 2x and w1 (f;0) = max{|f(z) — f(y)|;z,y € [0,00), |z — y| <0} < o0.
Proor: We distinguish two cases:

Case (i). Let z € [— ;+1, jfé] be fixed such that HS™ (f (f)(x) = fjn,;(z). By
simple calculation we get 0 < x — +31 — < % — n+{ = = )72:1_1]+1) Since
j < (n+1)a: we have — ])(n 5 < = <n+1>z)"(+1 = = (1+x)2 (n o3~ Since

fj,n,j(z) = f(nJrJl;j), it follows that

10 - 50| < (1LY,

T

If n > 2z we have (Hz) < 2% and we obtain

]H&Mw)(z) - 1(@)] < 2 (52,

Case (ii). Let = € | L] be such that H(M)(f)(x) = fix1n,i(x). We

have two subcases:
(i) HM (f)(2) < f(x), when evidently f; . ;(2) < fip1m;(2) < f(z) and we
immediately get
HM (£)(@) = f@)] = 1fi4105(@) = F(@)]
= f(@) = fiv1.ni(x) < f(@) = fini(@)

<f,ﬂiz)> §2W1<f;£5f533>.

n— J—i—l’n g

(iiv) H' () (@) > f(x), when

HM(f)(@) = £(@)] = fi1n(@) = f(@)

4+ 1 4+ 1
= myn s @F(550) - £@) € F) = fla).
Because 0 < % -2 < (1+2)? = 71) it follows
; 2 2
f(flti)_f(x) <w (f;%) < 2w (f;@) ;

for n > 2z, which proves the lemma. O



410

B. Bede, L. Coroianu, S.G. Gal

Lemma 4.3. If a function f : [0,00) — [0,00) is concave, then the function
g:(0,00) = [0,00),g(z) = @ is nonincreasing.

PROOF: Let z,y € (0,00) be with < y. Then

x y—x x y—x x
@) =1 (S 1=20) = 21 + =2 0) = 2100

) Y ) ) )
which implies ( ) > y) ([
Corollary 4.4. If f:[0,00) — [0,00) is bounded, nondecreasing and such that
the function g : [0, 00) — [ ) g(x) = <~ is nonincreasing, then

(1
HM (f)(z) — <2w1 ( + ) > , forall x €[0,00),n > 2z.

PROOF: Since f is nondecreasing it follows (see the proof of Theorem 5.3 in the
next section)

’ i g+l
H,r(LM) (f)(l‘) = \/ kaL,j(ZL‘), for all x € {m, n ]:| .
Let € [0,00) and j € {0,1,...,n — 1} such that € [— ]H,%j]. Let k €

{1,...,n} be with k > j + 1. Then

B jln — j)! k—j kt1
firtna®) = T g =T oy <n_ k) .

Since g(z) is nonincreasing we get —2= < 5
nk k¥l

). From z < fﬁj it follows

j!(nj)!jJrlzkjnkJrlf( k )

that is f(2H) <

k+1 k+1
A

n— k+1

frotrin,(x) <

Tkl(n—K)!n—j k n—k+1
j+ln—k+1
= fknj(x)ET < frn,j(x).

Thus we obtain

fj+1,n,j(1') > fj+2,n,j(x) > 2 fn,n,j(x)

that is
HOD(F)(2) = max{ fi s (2), fiirn(@)}, foral ze|—d — I+1
n 3md )y Jj+1m,5 ) n—jt+1'n—j

and from Lemma 4.2 we obtain |H7(ZM)(f)( ) — f(z)] < 2w (f; (HI)Z). O
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Corollary 4.5. Let f : [0,00) — [0,00) be a bounded, nondecreasing concave
function. Then

(M) (14 x)?
H (f)(2) — f(x)‘ <2wq | fy———, forall z€[0,00),n>2z.
n
PrOOF: The proof is immediate by Lemma 4.3 and Corollary 4.4. (]

Remarks. 1) If we suppose, for example, that in addition to the hypothesis
in Corollary 4.5, f : [0,00) — [0,00) is a Lipschitz function, that is there exists
M > 0such that |f(x)— f(y)| < M|z—y|, for all z,y € [0, 00), then it follows that

the order of uniform approximation on [0, c0) by aM (f)(x) is 2(1+ )% L, which

is essentially better than the order 4(1 + )2 \/E% obtained from Theorem 4.1
for f Lipschitz on [0, 00).
2) Let us recall here also, that for the linear Bleimann-Butzer-Hahn operator

given by )
106 = a5 2 (1) (=1 )

k=0
we have the estimate (see [9])
H, — < Cws(f; Ve 2
Hn()@) = fl@)] < Cwa(f: A+ o) 72) + 2L+ 2)7 | fll/nn €N,z € [0, 00),
where || f|| = sup{|f(z)];z € [0,00)} and wa(f;d) is the second order modulus of
smoothness on [0, 00) given by

wa(f30) = sup{sup{|f(x + h)) — 2f(z) + f(x — h);z £ h € [0,00)}, h € [0, 0]}

Now, if f is, for example, a nondecreasing concave polygonal line on [0, 00),
constant on an interval [a, 00), then by simple reasonings we get that wo(f;d) ~
for 6 < 1, which shows that the order of approximation obtained in this case
by the linear Bleimann-Butzer-Hahn operator is exactly % On the other

hand, since such of function f obviously is a Lipschitz function on [0,00) (as
having bounded all the derivative numbers), we get by Corollary 4.5 that the
order of approximation by the max-product Bleimann-Butzer-Hahn operator is

(1+a)* (14z)Vx

less than *— which is essentially better than =

on any compact subin-
n

terval of [0,00). In a similar manner, by Corollary 4.4 we can produce many
subclasses of functions for which the order of approximation given by the max-
product Bleimann-Butzer-Hahn operator is essentially better than the order of
approximation given by the linear Bleimann-Butzer-Hahn operator, on any com-
pact subinterval of [0,00). Intuitively, the max-product Bleimann-Butzer-Hahn
operator has better approximation properties than its linear counterpart, for non-
differentiable functions in a finite number of points (with the graphs having some
“corners”), as for example for functions defined as a maximum of a finite number
of continuous functions on [0, 00).
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3) Since it is clear that a bounded nonincreasing concave function on [0, 00)
necessarily reduces to a constant function, the approximation of such functions is
not of interest.

5. Shape preserving properties

In this section we will present some shape preserving properties. First we have
the following simple result.

Remark. Note that because of the continuity of H,SM)(f)(ac) on [0,00), it will
suffice to prove the shape properties of H,SM)(f)(ac) on (0,00) only. As a conse-

quence, in the notations and proofs below we always may suppose that = > 0.

As in Section 4, for any j € {0,1,...,n—1}, k € {0,1,...,n} let us define the

. i1
functions fin,; : [n—jT’ %] =R, fonn:[n,00) =R

Jrmi(x) = mk,n,j(:c)f( K ) _ Sn,k(w)f( k )

n+1—k snj(@)" \n+1—k
i — ) .
_ J(n j) 'l‘k_‘]f k .
Kl(n— k)! ntl—k
For any j € {0,1,...,n—1} and z € [n_§+1,J;t;] or j =nand z € [n,00) we

can write
HM (f)(x) = \/ frmi(2).

k=0

Lemma 5.1. If f : [0,00) — Ry is a nondecreasing function then fi , j(z) >
fu—1n,(x) for any j € {0,1,...,n} and k € {1,2,...,n}, withk < j and z €
[ %] or x € [n,x)] for j = n.

PROOF: Because k < j, by the proof of Lemma 3.1, case 2), it follows that
M, (X) > Mi—1,n,;(x). From the monotonicity of f we have f(
f(=£=1) so we obtain

k
) 2

n+2—k
k k-1
. ) > md — ),
s (3= ) 2 miesns @ (g )
which proves the lemma. (Il
Corollary 5.2. If f:[0,00) — Ry is nonincreasing then fi, ;(x) > frtin,;(x)
for any j € {0,1,...,n} and k € {0,1,...,n—1} withk > j and x € [ =L, ]

or x € [n,o] for j = n.

PROOF: Because k > j + 1, by the proof of Lemma 3.1, case 1), it follows that

Min,;(X) > Mit1n,j(z). From the monotonicity of f we get f(ﬁ) >
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f (Sfi) Thus we obtain

k k
Mien,j () f (m) = Miet1n,j () f (n+;1) ;

which proves the corollary. (I

Theorem 5.3. If f:[0,00) — Ry is nondecreasing and bounded on [0, c0) then
H7(LM)(f) is nondecreasing (and bounded ).

PROOF: Because H,SM)(f) is continuous (and bounded) on [0,00), it suffices to
prove that on each subinterval of the form [nfjﬂ, %], with j € {0,1,...,n—1},

or [n,o0) for j =mn, H,(lM)(f) is nondecreasing.

So let j € {0,1,...,n — 1} and z € [n7§'+1’%] or x € [n,00) for j = n.

Because f is nondecreasing, from Lemma 5.1 it follows that

Fing(®) > fi—1n,() > fj—2.n5() > -+ > fon ()

But then it is immediate that

HM () @) = \/ frn(),

k>j

for all z € [n7?+1’%] or x € [n,00) for j = n. Clearly that for k > j the

functions fx n,; are nondecreasing and since H,(lM)( f) is defined as supremum of
nondecreasing functions, it follows that it is nondecreasing. (]

Corollary 5.4. If f:[0,00) — Ry is nonincreasing then HT(IM)( f) is nonincreas-
ing.

PROOF: By hypothesis, f implicitly is bounded on [0,00). Because HflM)(f) is
continuous and bounded on [0, 00), it suffices to prove that on each subinterval of

the form [n_§+1, j:é], with 7 € {0,1,...,n— 1}, or [n,00) for j = n, H,(lM)(f)

is nonincreasing.

Solet j € {0,1,...,n— 1} and z € [nfjj:Jrl,%] or x € [n,00) for j = n.

Because f is nonincreasing, from Corollary 5.2 it follows that

Fimi (@) = fivini (@) > fivani(®) > .o foni(®).

But then it is immediate that

J
HM (F)(@) =\ frni(@),
k>0
for all z € [n_§+1,%] or x € [n,00) for j = n. Clearly that for k¥ < j the
function f , ; is nonincreasing and since H,SM)( f) is defined as the maximum of
nonincreasing functions, it follows that it is nonincreasing. (I
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In what follows, let us consider the following concept generalizing the mono-
tonicity and convexity.

Definition 5.5. Let f : [0,00) — R be continuous on [0,00). One says that f is
quasi-convex on [0, c0) if it satisfies the inequality

FfOz+ (1= XNy) <max{f(x), f(y)}, forall z,y €[0,00) and A € [0,1]
(see e.g. the book [8, p.4, (iv)]).

Remark. By [10], the continuous function f is quasi-convex on the bounded
interval [0, c0), equivalently means that there exists a point ¢ € [0, 00) such that
f is nonincreasing on [0, ¢] and nondecreasing on [c¢, 00).

The class of quasi-convex functions includes the both classes of nondecreasing
functions and of nonincreasing functions (obtained from the class of quasi-convex
functions by taking ¢ = 0 and ¢ = oo, respectively). Also, it obviously includes
the class of convex functions on [0, 00).

Corollary 5.6. If f : [0,00) — R, is continuous and quasi-convex on [0,00)
then for all n € N, H,(lM)(f) is quasi-convex on [0, 00).

PRrOOF: If f is nonincreasing (or nondecreasing) on [0,00) (that is the point
¢ = 0o (or ¢ = 0) in the above Remark) then by the Corollary 5.4 (or Theo-
rem 5.3, respectively) it follows that for all n € N, H,(LM)( f) is nonincreasing (or
nondecreasing) on [0, 00).

Suppose now that there exists ¢ € (0,00), such that f is nonincreasing on
[0, ¢] and nondecreasing on [c,00). Define the functions F,G : [0,00) — Ry by
F(z) = f(z) for all x € [0, ¢], F(z) = f(c) for all z € [¢,00) and G(z) = f(c) for
all z € [0,¢], G(z) = f(z) for all z € [¢, 00).

It is clear that F' is nonincreasing and continuous on [0, 00), G is nondecreasing
and continuous on [0, 00) and that f(x) = max{F(z),G(x)}, for all z € [0, c0).

But it is easy to show (see also Remark 1 after the proof of Lemma 2.1) that

HM (f)(x) = max{HM(F)(x), HM) (G)(x)}, for all x € [0, 00),

where by the Corollary 5.4 and Theorem 5.3, H,(lM)(F )(z) is nonincreasing and
continuous on [0, co) and HM (G)(z) is nondecreasing and continuous on [0, co).
We have two cases: 1) H7(LIVI)(F)($) and HM (G)(z) do not intersect each other;
2) H,(LM)(F)(ac) and H,(LM)(G)(JC) intersect each other.

Case 1). We have maX{HflM)(F)(:c),H,(lM)(G)(x)} = g™ (F)(z) for all x €
[0, 00) or max{H (F)(z), HM (G)(z)} = HM)(G)(2) for all € [0, 00), which
obviously proves that H,(lM)( f)(z) is quasi-convex on [0, c0).

Case 2). In this case it is clear that there exists a point ¢’ € [0, 00) such that
M (f)(z) is nonincreasing on [0, ¢'] and nondecreasing on [¢/, 00), which by the
considerations in the above remark implies that H,gM)( f)(x) is quasiconvex on
[0,00) and proves the corollary. O
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