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Abstract. A subspace Y of a space X is almost Lindelof (strongly almost Lindelsf) in X if
for every open cover Z of X (of Y by open subsets of X), there exists a countable subset ¥
of % such that Y C (J{V: V € #}. In this paper we investigate the relationships between
relatively almost Lindelof subset and relatively strongly almost Lindelof subset by giving
some examples, and also study various properties of relatively almost Lindel6f subsets and
relatively strongly almost Lindelof subsets.

Keywords: Lindelof space, strongly Lindelof subset, almost Lindelof subset, strongly
almost Lindelsf subset

MSC 2010: 54D15, 54D20

1. INTRODUCTION

By a space we mean a topological space. Recall from [1], [2], [4] that a subspace Y
of a space X is Lindelof in X if for every open cover % of X there exists a countable
subfamily covering Y. A space X is almost Lindeldf (see [5], [6]) if for every open
cover % of X there exists a countable subfamily ¥ such that X = |J{V: V € ¥}.
Motivated by the classes of these spaces, the following classes of spaces are given:

Definition 1.1. A subspace Y of a space X is strongly Lindeldf in X if for every
open cover % of Y by open subsets of X there exists a countable subset ¥ of %
such that Y C | J{V: V e ¥}.

Definition 1.2. A subspace Y of a space X is almost Lindeléf in X if for every
open cover % of X there exists a countable subset ¥ of % such that Y C [ J{V: V €
v}
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Definition 1.3. A subspace Y of a space X is strongly almost Lindelof in X if
for every open cover % of Y by open subsets of X there exists a countable subset ¥
of % such that Y C (J{V: V € 7}.

Let X be a space and Y a subspace of X. From the above definitions it is clear
that if YV is Lindelof in X, then Y is almost Lindel6f in X; if Y is strongly Lindelof
in X, then Y is Lindel6f in X; if Y is strongly Lindelsf in X, then Y is strongly
almost Lindelsf in X and if Y is strongly almost Lindelof in X, then Y is almost
Lindel6f in X, but the converse implications do not hold.

The purpose of this note is to investigate the relationships between the spaces
given above by giving some examples and also to study various properties of relatively
almost Lindelsf subsets and relatively strongly almost Lindelof subsets.

Throughout this paper, the cardinality of a set A is denoted by |A|. For a space
X and a subspace Y of X, the extent e(Y, X) of Y in X [2] is defined as the smallest
cardinal number x such that the cardinality of every discrete subspace Y which is
closed in X is not greater than . Let w denote the first infinite cardinal, w; the first
uncountable cardinal and ws the second uncountable cardinal. As usual, a cardinal
is the initial ordinal and an ordinal is the set of smaller ordinals. When viewed as a
space, every cardinal has the usual order topology. Let (a,b) denote the ordered pair
having a as the first coordinate and b as the second coordinate. If (X, <) is a partially
ordered set and a < b in X, then (a,b) denotes the interval {z € X: a < = < b}.
Other terms and symbols that we do not define will be used as in [3].

2. SOME EXAMPLES OF RELATIVELY ALMOST LINDELOF SUBSETS

In this section we give some examples of relatively almost Lindeléf subsets and
relatively strongly almost Lindel6f subsets. First, we give two positive results which
are proved easily:

Theorem 2.1. Let X be a regular space and Y a subspace of X. If Y is almost
Lindeléf in X, then Y is Lindelof in X .

Theorem 2.2. Let X be a regular space and Y a subspace of X. If Y is almost
Lindelof in X, then Y is Lindelof in X .

Now, we give an example showing that Theorems 2.1 and 2.2 are not true for
Hausdorff spaces.

Example 2.3. There exist a Hausdorff almost Lindel6f space X and two sub-
spaces Y7 and Y5 of X such that Y is almost Lindelof in X but Y7 is not Lindelsf in
X and Y5 is strongly almost Lindelf in X but Y is not Lindelof in X.
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Proof. Let D = {dy: a < w1} be a discrete space of cardinality w;. Let
X = ([0,1] x D) U {a} where a ¢ [0,1] x D. Define a basic open set for a topology
on X as follows: [0,1] x D has the usual product topology and is an open subspace
of X; the basic open sets containing a take the form {a} UJ{[0,1) x {da}: a > 5}
where 5 < wi. The topology generated by these basic open sets is Hausdorff but it
is not regular, since a cannot be separated from the closed subset {(1,d,): a < w1}
by disjoint open subsets of X. Each subset [0, 1] x {d,} is compact for each o < wy.
Clearly, X is not Lindelof, since {(1,ds): o < w;} is a discrete closed subset of X
of cardinality wyi. Let Y1 = {(1,ds): o <wi}and Yo = {(1,da): a <wi}U{a}.

First, we show that X is almost Lindelsf. To this end, let % be an open cover of
X. Then there is a U, € % such that a € U,. Thus there exists an oy < w; such
that

U, ={a} U{_J{[0,1) x {da}: a > aq} C Us,.

For each o < ay, since [0, 1] x {d,} is compact, there exists a finite subfamily ¥, of
% such that

0,1] x {da} € | 7a-
If we put ¥ = |J ¥, U{U,}, then ¥ is a countable subfamily of %Z. By the

agap
definition of topology of X it is not difficult to see that X = (J{V: V € ¥}, which
shows that X is almost Lindel6f. Thus, Y7 is almost Lindelof in X, since every subset
of an almost Lindel6f space X is almost Lindelsf in X.
Next, we show that Y7 is not Lindelsf in X. Let U, = [0,1] x {d,} for each o < wy
and
U, ={a}U([0,1) x D).

Let us consider the open cover Z={U,: a < w1} U{U,} of X. Let ¥ be any
countable subfamily of . Let

ag =sup{a: Uy € ¥}

Then ap < wi, since ¥ is countable. If we pick o’ > ap, then (1,d,) ¢ |J ¥, since
Uy is the only element of % containing (1,d’) and U, ¢ ¥, which shows that Y3
is not Lindeltf in X.

Similarly to the proof that Y7 is not Lindelf in X we may show that Y5 is not
Lindel6f in X.

Finally, we show that Y5 is strongly almost Lindelsf in X. Let % be an open cover
of Y5 by open subsets of X. Then there is a U, € % such that a € U,. Thus there
exists an oy < wj such that

U, ={a} U{_J{[0,1) x {da}: a > aq} C Us,.
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For each o < ag we pick V,, € % such that
(1,dy) € V,.
If we put ¥'={V,: a < ap}, then
{(1,da): a<ao} CJ7".

Let ¥=7" U{U,}. Then ¥ is a countable subfamily of %. By the definition of
topology of X it is not difficult to see that

Y, | J{V: very,

which shows that Y5 is strongly almost Lindelof in X.

Remark 2.4. In Example 2.3, since Y5 is not Lindelof in X, Y5 is not strongly
Lindel6f in X. Thus, Example 2.3 shows that there exist a Hausdorff space X and a
subspace Y of X such that Y is strongly almost Lindelof in X but Y is not strongly
Lindelsf in X.

Remark 2.5. By Theorem 2.2, for a subset Y of a regular space X, if Y is
strongly almost Lindeltf in X, then Y is strongly Lindel6f in X, hence Y is Lindel6f in
X. But the statement need not be true for the class of Hausdorff spaces. Example 2.3
shows that there exist a Hausdorff space X and a subspace Y of X such that Y is
strongly almost Lindel6f in X but Y is not Lindelsf in X. The converse need not be
true for the class of Tychonoff spaces as the following example shows.

Example 2.6. There exist a regular space X and a subspace Y of X such that
Y is Lindel6f in X but X is not Lindeltf and Y is not strongly almost Lindel6f in X.

Proof. Let X; = w; with the usual topology and X; = {z4: a < w1 + 1}
with the following topology: If o < wy, then {z,} is open. A set containing x,,, is
open if and only if its complement is countable. With this topology, Xs is regular
and Lindelof. Let X = X3 x Xg and Y = {0} x {zo: a < wi}. Since X; x {0} is
homeomorphic to wi, it is not Lindel6f. Thus X is not Lindelof, since X7 is a closed
subset of X.

To show that Y is Lindelsf in X, let % be an open cover of X. Since {0} x X3 is
homeomorphic to Xs, {0} x X5 is a Lindelof subset, hence there exists a countable
subfamily ¥ of % such that {0} x X3 C |V, thus Y C |J ¥, which shows that YV’
is Lindeldf in X.

Next, we show that Y is not strongly almost Lindelsf in X. Put U, = X7 X {24}
for each a < wy. Let us consider the open cover

U ={Uy: a<wi}
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of Y by open sets of X. Let ¥ be any countable subfamily of %. If we put
ap =sup{a: U, € ¥},
then oy < wi, since ¥ is countable. Hence,
U7 =U{V: ver} X1 x{za: a<ag+1}.

If we pick o > ag, then (0,24) € Uy and Uy ¢ ¥, since U, is the only element of
¥ containing (0, z,/), hence (0,z./) ¢ |J{V: V € ¥}, which completes the proof.

Remark 2.7. In Example 2.6, since Y is Lindel6f in X, Y is almost Lindelof
in X; since Y is not strongly almost Lindel6f in X, hence Y is not strongly Lindelof
in X. Thus, by Example 2.6, we can see that

(1) there exist a Tychonoff space X and a subspace Y of X such that Y is almost
Lindelof in X but Y is not strongly almost Lindelof in X;

(2) there exist a Tychonoff space X and a subspace Y of X such that Y is Lindelsf
in X but Y is not strongly Lindelof in X.

Arhangel’skii [2] showed that if Y is Lindelof in X, then the extent e(Y, X) of YV
in X is countable. Clearly, if Y is strongly Lindelof in X, then the extent e(Y, X)
of Y in X is countable. From Theorems 2.1 and 2.2 it follows that if Y is almost
Lindelof (strongly almost Lindelof) in a regular space X, then the extent e(Y, X) of
Y in X is countable. Now, we give an example showing that the statement is not
true for the class of Hausdorff spaces.

Example 2.8. For every infinite cardinal &, there exist a Hausdorff space X and
a subspace Y of X such that Y is strongly almost Lindelsf in X and e(Y, X) > k.

Proof. For every infinite cardinal x, let D be a discrete space of cardinality k.
Let X = ([0,1] x D)U{a} where a ¢ [0, 1] x D. Define a basic open set for a topology
on X as follows: [0,1] x D has the usual product topology and is an open subspace
of X; the basic open sets containing a take the form {a} U(J{[0,1) x (D \ F'} where
F is a countable subset of D. The topology generated by these basic open sets is
Hausdorff but it is not regular. Each subset [0,1] x {a} is compact for each o < wy.
Clearly, X is not Lindelsf if k£ > w, since {(1,a): a < w;} is a discrete closed subset
of X of cardinality w;. Let

Y ={(1,d): d e D} U {a}.

Then e(Y, X) > k, since Y is a closed discrete subspace of X with [Y| = k. As in
the proof of Example 2.3, we can prove that Y is strongly almost Lindelof in X.
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3. VARIOUS TOPOLOGICAL PROPERTIES OF RELATIVELY ALMOST LINDELOF
SUBSETS AND STRONGLY RELATIVELY ALMOST LINDELOF SUBSETS

From the definition of relatively almost Lindel6f subset it is not difficult to see that
every subset of an almost Lindelof space X is almost Lindelof in X. f AC BC X
and A is almost Lindelof in B, then A is almost Lindelof in X. However, the converse
is not true as the following example shows.

Example 3.1. There exist a Tychonoff space X and two subsets A and B of X
with A C B such that A is almost Lindelsf in X but A is not almost Lindelof in B.

Proof. Let X = {z4: a < w2} U{a} with the following topology: If a < wa,
then {z,} is open. A set containing a is open if and only if its complement is
countable. With this topology, X is regular and Lindelof. Let A = {z4: a < w1}
and B = {z4: a <ws}. Then A is almost Lindel6f in X, since X is Lindelsf.

Next, we note that A is not almost Lindelsf in B, since B is a discrete space and
A is a subspace of B with |A| = wy, which completes the proof.

Remark 3.2. It is not difficult to see that A is not strongly almost Lindelsf in
X in Example 3.1. Thus Example 3.1 shows that a subset of a Lindelof space X
need not be strongly almost Lindel6f in X.

From the construction of Example 3.1 it is not difficult to see that B is an open
subset of X. In the following, we give an example showing that this is also not true
for a closed set.

Example 3.3. There exist a Hausdorff space X and two subsets A and B of X
with A C B such that A is almost Lindelsf in X and B is closed in X but A is not
almost Lindelof in B.

Proof. Let X be the same space X as in Example 2.3. Let A =Y; and B = Y5.
Then A is almost Lindelsf in X, since X is almost Lindel6f. But A is not almost
Lindelof in B, since B is a discrete space and A is a discrete subspace of B with
|A| = Wwi.

Now, we give a positive result which can be easily proved.

Proposition 3.4. If A C B C X, where B is a clopen subset of X, then A is
almost Lindeléf in B iff A is almost Lindelof in X .

For relatively strongly almost Lindelof subsets, it is not difficult to prove the
following proposition.
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Proposition 3.5. If A C B C X, then A is strongly almost Lindelsf in B iff A is
strongly almost Lindelof in X .

Theorem 3.6. Let f: X — Y be a continuous function. If A is almost Lindelof
in X, then f(A) is almost Lindeléf in Y.

Proof. Let {U,: o € A} be an open cover of Y. Then {f~}(U,): o € A} is
an open cover of X. Since A is almost Lindel6f in X, there exists a countable subset
{a;: i € w} of A such that A C |J f~1(U,,) and thus

i
S

£(4) (U f‘l(Ua,-,)) c s @ <T@ < Ut

€W €W €W 1EW

Hence, f(A) is almost Lindelof in Y, which completes the proof.
Similarly to the previous result, one can prove the following;:

Theorem 3.7. Let f: X — Y be a continuous function. If A is strongly almost
Lindelof in X, then f(A) is strongly almost Lindelof in Y.

Proposition 3.8. If A is almost Lindelof in X and Y is a compact space, then
A x Y is almost Lindel6fin X X Y.

Proof. Let % be an open cover of X x Y. Without loss of generality, we can
assume that % consists of basic open sets of X xY. Since {z} xY is a compact subset
of X xY for each x € X, there exists a finite subfamily {U, ; x V. ;: i =1,2,...n,}
of % such that

{2} xY € J{Usi x Ve 1 <i < gl

Let Wy = ({Ug,;: 1 <i<ny}. Then
{a} x Y S J{Wa x Vot 1<i < g}

Let #/'={W,: x € X}. Then # is an open cover of X. Hence, there is a countable
subfamily {W,,: j € w} of # such that

since A is almost Lindelsf in X. Let #'={U,;; x Vi, i: 1 <i < ng,,j € w}. Then
¥ is a countable subfamily of %. To show that A x Y C (J{U,; i x Vg, 1 <i <
Ng;,J € wh, let (s,t) € Ax Y be fixed. Let Us x V; be any open neighborhood of
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(s,t) in X x Y where U and V; are open neighborhoods of s and ¢ in X and Y,

respectively. Since A C J Wy, there exists a j € w such that s € WW,,, hence
JEW
Us N Wy, # 0. Thus,

(Us x V)N (U{ij X Vet 1<i < nxj}> #10.

Therefore,
(Us X ‘/t) N (U{ij,i X V:cj,i: 1<i< nxj}) # 0.

We have

(5.:t) € | U, x Vi 1< i Sy} = J{Usyi X Vayit 1<0 < nay )

This implies (s,t) € (J{Us,,i X Va,it 1 < i < ng,;,j € w}. Hence, AxY C
U{W 1 <@ < ng,;,j € w}, which shows that A x Y is strongly almost
Lindelof in X x Y.

Similarly, we can prove the following:

Proposition 3.9. If A is strongly almost Lindeléf in X and Y is a compact space,
then A X Y is strongly almost Lindelof in X x Y.
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