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Abstract. Let Q be a bounded open set in R™, n > 2. In a well-known paper Indiana
Univ. Math. J., 20, 1077-1092 (1971) Moser found the smallest value of K such that

sup{/ge)(p((v;?”)”/("*l)): fe Wol’”(Q)’va”Ln < 1} < .

We extend this result to the situation in which the underlying space L is replaced by
the generalized Zygmund space L™log" ! Llog®logL (o < n — 1), the corresponding
space of exponential growth then being given by a Young function which behaves like
exp(exp(t”/("_l_“))) for large t. We also discuss the case of an embedding into triple and
other multiple exponential cases.
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MSC 2010: 46E35, 46E30

1. INTRODUCTION

Throughout the paper €2 denotes an open bounded set in R™, n > 2, we write
n’=n/(n—1) (ie. 1/n+1/n’ = 1), and w,,_; stands for the measure of the surface
of the unit sphere in R"”.

The classical Sobolev embedding theorem states that WO1 P(Q) is continuously
embedded into LP"(Q) if 1 < p < n and p* = pn/(n — p). If p > n then every
function from W, (1) is bounded (i.e. belongs to L>(£2)) and in the limiting case
p = n, it is known that every function from VVO1 "(Q) belongs to LI(Q) for every
1 € ¢ < oo but not neccesarily to L>(£2). A famous result of Trudinger (see
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[10], [15], [17] and [18]) implies that the first-order Sobolev space W, " (€2) may be
continuously embedded into the Orlicz space L®(Q) with the Young function & of
an exponential type ®(t) = exp(t” ) — 1, t > 0.

In [12] Moser proved that for K > n’(”*l)/”w;i/ln we have

(1) sup{/ﬂexp((@)"/) da: fe Wh™Q), [Vl < 1} < 0

but that for K < n~("=1/n 1" the integral Joexp((If(z)| /K) n/) dx can be made

arbitrarily large by an appropriate choice of f € Wol’”(Q), IVfllzn < 1. Our aim is

to study a similar phenomenon for other embeddings into exponential and multiple
exponential spaces.

Here by Vf we denote the generalized derivative of f while W, ""(Q) and L& ()
stand for the closure of C} () in W1 (Q) and L®(Q), respectively. For the definition
of the norm in L®(£2) see Preliminaries. By WL (Q) we denote the set of all functions
f such that [V f| € LE(Q).

Let o <n —1 and set

n o n'

2 =—>0 d B=1- =—>0.
) K n—l—a> an n—1 'y>

Then the following analogue of the embedding result given above is well known.
The space WL"log® L(2) of the Sobolev type, modeled on the Zygmund space
L™log™ L(), is continuously embedded into the Orlicz space with the Young func-
tion that behaves like exp(t?) for large t. These results are due to Fusco, Lions,
Sbordone [9] for @ < 0 and Edmunds, Gurka, Opic [3] in general. Moreover, it is
shown in [3] (see also [2] and [4]) that in the limiting case & = n —1 we have the em-
bedding into a double exponential space, i.e., the space WL"log" ! L1log® log L(%),
a < n —1, is continuously embedded into the Orlicz space with the Young function
that behaves like exp(exp(t?)) for large ¢. Further, in the limiting case « = n —1 we
have the embedding into the triple exponential space and so on. For other results
concerning these spaces we refer the reader to [4], [5], [6], [7], [8] and [13].

In paper [11], the author studies the analogue of (1) for the case of an embedding
into single and double exponential spaces. In the case of the single exponential space,
i.e for a Young function ® satisfying

o(t)

lim ——)
100 1 log® (t)

)

a<n-—1,n > 2, it is shown that the critical constant for the uniform boundedness
of [, exp((|f(z)] /K)V) dzis K = B*("’l)/"n’l/%u;i{". In the case of the double

752



exponential space, i.e. when ® satisfies

: o(1)
li,m n n—1 (e
25 ¢ og™ (1) log” (log(#))

:]_’

o < n—1, and the integral considered is [, exp(exp((|f(x)| /K)V)) dx, the critical
constant is K = B*("’l)/"w,i/ln.

Our aim is to study the problem for higher multiple exponential spaces. For k € N,
k > 2, we write

logpy, (t) = log(logp,_11(t)), ~ where logp;(t) = log(t)
and
expyg (t) = exp(expy_qj(t)), where expyyj(t) = exp(?).

Let a <n—1and k € N, k > 2. We consider a Young function ¢ satisfying

o(t)

(3) lim —
tn ( Hl logﬁ.fl (t)> log (t)
j:

t—oo

=1

and the embedding into the Orlicz space with the Young function that behaves like
expyy (¢7) for large ¢.

Theorem 1.1. Let k € N, k > 2, and o« < n — 1. Let ® be a Young function
satistying (3) and let

(4) K > B~ (n=D/ny,-lm,

Suppose that f € WL§ () and [, ®(|Vf|)dz < 1. Then

fen () e <

where ¢ depends on n, k, o, £,(2), K and ® only.
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Theorem 1.2. Let k € N, k > 2, and o < n — 1. Let ® be a Young function
satistying (3). Let R > 0, m € N and
(n—1)/n —1
K < B~(n=D/ny,-lm,

n

Then there is a radial function f: B(0,R) — R such that f € WL (B(0, R)) and
fB(OJ%) O(|Vf|) <1, but

/B(O,R) Pl ((Ifé{_x)l)v) dz > m.

Recall that both the theorems were proved by Hencl in [11] only for k£ = 2, and
for £k > 3 our results are new. It is also quite surprising that the value of the
critical constant is always Ky = B_(”_l)/”w;i/ln for any k£ > 2. Recall that Ko =
B_(”_l)/”n_l/vw;i/ln for k =1 (see [11]).

The above theorems do not give any information in the borderline case

(5) Ko = B~(=D/ng, 1,

In the last section we show that the condition (3) is not enough to guarantee anything
in general. We prove that if we replace (3) by a suitable growth condition, then the
statement of Theorem 1.2 is valid even for K given by (5). On the other hand, if
we require an additional condition on the growth of ® like (68) then we obtain the
statement of Theorem 1.1 even in the case (5). These results are new even in the
double exponential case k = 2.

2. PRELIMINARIES

We denote by L,, the n-dimensional Lebesgue measure.

By B(0, R) we denote an open Euclidean ball in R with its center at the origin
and the radius R > 0.

For given functions g,h we say that g(t) > h(t) for ¢t big enough if we have
tli>Holo g(t)/h(t) = oo. Analogously g(t) > h(t) for ¢ small enough if tlir& g(t)/h(t) =
0.

A function ®: RT — R is a Young function if ® is increasing, convex and satisfies
®(0) = 0.

Denote by L*(A, du) the Orlicz space corresponding to a Young function ® on a
set A with a measure p. This space is equipped with the norm

(6) £l e = inf {)\ >0: /A@(@) du(z) < «1»(1)}.
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Note that this is slightly different from the usual definition where the condition

L4 @(|f(x)]/X) du(z) < (1) is replaced by [, ®(|f(2)[/A) du(z) < 1. We use (6)
to have the inequality (7) with a sharp constant.

Given a differentiable Young function ® we can define the generalized inverse to
p(u) = @'(u) by
¥(s) = inf{u: p(u) > s} for s >0

and further define its associated Young function ¥ by

(t) = /0 P(s)ds for t > 0.

The dual space to L® can be identified with the Orlicz space LY. If in addition we
have ®(1) + ¥(1) = 1 then the following generalization of the Hoélder inequality is
valid (see [14] page 58 for a proof):

™ [ 1£@)s)1an0) < 17z, 91w 00

We use this inequality for a measurable subset A C R and the measure du(y) =
wp—1y™ ! dy. For an introduction to Orlicz spaces see e.g. [14].

The non-increasing rearrangement f* of a measurable function f on €2 is defined
by

@) =inf{s > 0: £,({z € Q: |f(z)] > s}) <t}, t>0.

We also define the non-increasing radially symmetric rearrangement f# by
FH(z) = (”” Dndign ) for z € B(0, R), Ln(B(0,R)) = Ln(Q).

For an introduction to these rearrangements see e.g. [16]. We need the fact that for
every Young function ® and for every measurable function f:  — R we have

L,(Q)
T T = #(x T = *
Aﬂummi L&mﬁu<nm tA (17 (4))) dy

We also use the Polya-Szegd principle (see e.g. Talenti [16] for the proof).
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Theorem 2.1. Let Q) be an open bounded set and let R > 0 satisfy L, (B(0, R)) =
L,(Q). Let ® be a Young function. Suppose that a function f: @ — R is Lipschitz
continuous, [, ®(|Vf|) < oo and f € WLF(Q). Then f* is locally absolutely con-

tinuous and
/ BV (x)]) da > / (|V 1#(2)]) da.
Q B(0,R)

We denote by C' a generic positive constant which may depend on n, k, «, £, (),
K and ®. This constant may vary from expression to expression. Some lemmata
state that for every € > 0 something is true. Then the constants C' in the proof of
such a lemma may depend also on a fixed € > 0.

In the following lemma we show that the function log[k] has similar asymptotical
behaviour similar to log.

Lemma 2.2. Letty,p,q,0,E,L > 0andk € N and let functions f,h: R +— (0, 00)
and g: R — R satisfy

g(t) + Ef(t) > expp,(0) and  ER(t)fP(t) > expy(0) on (t1,00),
log(h(t))

tm f(5) = o0, L2 e (-E+5,1) and log(f(t))

e [0) € [—g + 4, L} on (t1,00).

Then there is tg > t1 such that if t > to then

B C logp;; (9(t) + Ef(1)) c o i
© ogn (F0) ~ log,y (7)< log (F0) forjetl b
and

¢ logy;; (EhY () (1)) C -
ot logy (£(1)) - logy;; (£(1)) R logy (£()) or ez ok

Proof. The proof is based on induction with respect to j. Let us prove (8).
For j = 1 we have

log(g(t) + Ef(t) _,  log(9(t)/S(t) + E)
log(f(t)) log(f(t))

Since ¢(t)/f(t)+ E is bounded and bounded away from zero on (¢, 00), the estimate
follows.
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Suppose that j € {2,...,k} and that we have proved (8) for (j — 1). Increasing
to > t1 eventually we obtain

log;)(9(t) + Ef(t))  log(log;_1)(g(t) + Ef(1)))
log (f(8) logg;; (f(t))
108;((1 + O/ logy, (f(t))) log;_y (f(2)))
log; (f(t))
log (1 4 C/logp (f(1)))

1Og[] ( >)
C

logy (f())

\

X

<1+

The estimate from below is obtained in the same way.
Let us prove (9). For j = 2 the estimate follows from the assumptions of the
lemma and

logy (ERI(t) fP(t))  log(log(E) 4 qlog(h(t)) + plog(f(t)))

logp (f(1) logpg) (f(t))
14 log (log(E)/log(f (t)) + qlog(h(t))/log(f(t)) + p)
1Og[2]( ) '

Let j € {3,...,k} and suppose we have proved (9) for (j — 1). We obtain

logy) (Bh9(t)f7(t)) _ log(logy, 1y (ER(1)f7(t)))
log(;; (f(t)) logg; (f(1))
< 10%((1 +C/ log[k] f(t)) 1Og[j—l] f(t))
h log;) (£(1))
C
< 1—|—10g< + 1 [k]( ))/1og[] ( ( ))
c
s logy (f(t))
The estimate from below is obtained in the same way. O
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3. EMBEDDING INTO MULTIPLE EXPONENTIAL SPACES

3.1. Lower estimate.

Proof of Theorem 1.2. As K < B_("_l)/"w;i/ln there is € > 0 such that
A > K(1+¢), where

_(wgil—ze 1 )1/n

(10) (I+2p Bt

Fix T > expy,(1). For s > T set fy(x) = gs(|z[) where

(—2R™ 'y + Z)Alogﬁ] (T +2)s*/7=B  fory e [$R, R],
gs(y) = Alogﬁ] (T + R/y)s'/1—B for y € [Rexp_l/n( ), 3R],
Alogﬁ] (T + exp[lk/]"(s))sl/V*B for y € [0, Rexp[k]l/n( )]
As|(log(T-+R/y)Y| = (T+R/y) " Rfy? = (R+Ty) " R/y, fory € [Rexpp/" (5), 1)
we have
k—1

R R Il Rayos
(11)  |gi(y)| = ABlogf (T%—y)(llbgﬂ(T4— ))}{+Tyy 7=

Put M = M(s) = 1/5103(3). Plainly there is s; > T such that for s > s; we have

(12) _mmﬁm)<M<§

Therefore

R M 2 R
(13) /¢<|g;<y>|>y”—1dy=/ +/ +/ 4Dt
0 Rexp " (s) M &

Using (3) we can see that there is £ > 0 large enough such that

(14) O(t) < (1+e)t <H 1og ) logy, (t) for t € [E, 00).

Further, as ® is a Young function, hence increasing, convex and satisfying ®(0) = 0,
we also have

(15) B(t) < 2E) o e [0, E].
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Estimates (14) and (15) give

(16)

O(t) < Ct+ Ct"|log(t)|"™ for t € [0, 00).

Clearly |g(y)] = Cs'/7~P for y € (R/2,R). Similarly, |g/(y)| < Cs"/777 for
y € (R/T,R/2) by (11). As 1/y — B < 0 for every a < n. — 1 by (2), for s large

enough we can apply (15) to obtain

R
I s C/ g5y dy < CsV P — 0.

% §—00
Thus there is s5 > s1 such that for all s > s we have
(17) I3 < e.

Plainly, (11) for y € (M, R/T) implies
(18) log(lg(w)I" < € (log™ () + log" (1))
Y
< C(log"(s) + log™ (%)) < C'log?(s).

Further, for y € (M, R/T) we have R/y < T + R/y < 2R/y and thus the following

inequalities are satisfied:

(19) log! (T+ E) log;! (f) for j € {1,...,k— 1},
log[k] <T+ R) < Clogﬁf%?).

Therefore from (11), (16), (18) and (19) we have

B<C [ (gl + lobo) " o D)~ dy

<Csl/73/%log ( )<H10 ( )) (jjy

1y [T ~n (R —n R n d
o o [ )

=Jo+ J1,



where (recall that B > 0 by (2))

R

= Do () (st ()

e ()] <02 (1)

and
T sum(B\ (T R\ dy
eh::Csu”’B”Wmf"w)/; log(, ") (g)<IIk%GT<§))}7
j=1

Sl

< Cs(x—Bn 10g2"(s)/
M

logy l)n(]:) (H logy ( )) %'

Now, if (B — 1)n # —1, then

;s () (s ()2 = g ot ()]

<O+ Clogly V! (1\}3)

= H

and if (B — 1)n = —1, then

/5” o (B )<H10g (2 ))jy [_1og[k+1](§)}i
< C+ Clogpq (%)

Consequently, as M = 1/5'°8(*) and (1/y — B)n = —B < 0 by (2) in both cases we
obtain

Jo+J1 — 0.

Hence there is s3 > s such that for all s > s3 we have
(20) I <e.
As M < s/7=B « 1, by (11) there is s4 > s3 such that for all s > s4 we have

€ [Rexpyy " (s), M] = |g.(y)| > E.
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Hence we obtain from (14)

M

ey n<a+e) [ 640y (Hlog (6401 ) Yo o)D"

Rexp{V"(s

—1/n

Further, for y € [R expyy, (s), M] we trivially have

1 R 1
22 =<5
(22) R+Tyy "y
R R .
(23) logm (T—l— ) 1ogm <y) forje{l,....k—1}.

We can find s5 > s4 such that for all s > s5 estimate (8) from Lemma 2.2 implies

(24) logB~V" (T+ E) <(1+e)lo <B—1>”(§) for y € [Rexpy, /" (s), M]
Sk] y) S 8k Y Yy Pk ) .

Since 1/v — B < 0 we can find sg > s5 such that for all s > sg we have from (11)

€ [Rexpp/" (), M] = |9 (v)| <§

and thus for y € [R e:)(pfk]l/n(s)7 M] we have
n—1 R .
(25) togfy (g w)) < logfy (1) forje {1 k1)

By estimate (9) in Lemma 2.2 and (11) there is s7 > sg such that for every s > s7
and for every y € [R exp[;]l/n(s), M] we obtain

(26) logfy (194(y)]) < (1 + <) logfy, (?).

Therefore we go on estimating I; and from (11), (21), (22), (23), (24), (25), (26) and
from (B—1)n+ a =B —1# —1 we obtain

M
dy
I < (1/v—B)n 1 SAan/ 1 (B-1)n+«
e () R/ P ( ) HO ( ) y
1 _ RN\ 1M
<(1 SAan (1/v—B)n |:_1 (B 1)n+(y+1(_):|
(1+e) (B-Dnta+l OBl y  Rexp /(o)
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An easy computation gives (B —1)n+«a+ 1= B = —(1/y— B)n. Further, there
is ss > s7 such that logy, (/M) > 0 for all s > sg. Hence for all s > sg we obtain,
thanks to (10), that

— 2e¢.

(1) 1< (144" B logf (expif"(s)) < (144" B = —

From (13), (17), (20) and (27) it follows that for s > sg we have

R
/ O(IVfs]) = Wn—l/ O(lgi(y))y" P dy = w1l + L+ 13) <1
B(0,R) 0

By estimate (9) from Lemma 2.2 there is sg > sg such that if s > sg we observe

Asl/'Y

€ 0, Rexpyy " ()] = a(y) = Alogfiy(T + expp)["(s))s' "7 > T-—.

This and A > K (1 + ¢) give

/B(O’R) EXPx] (( |fsl((x)| )7) = /]3(0,Rexpm1/"(s)) €XPlx] (( |fs[(($)| )7) dz

> Cexpy (s) expyy ((ﬁ)k) e

3.2. Upper estimate.
Suppose that the function ®: Rt — R* satisfies (3). It is not difficult to show
that there is a function ®;: RT — R such that

(28) ®; is a Young function,

@' is continuous and increasing on (0, 00),
1
Dy(t) = —t" for ¢ € [0, 1],
CI’1( )
o (T o)) o)
(t)
t%oo k—1
( [I1 Og[] ) 1Og[k]( )

:]_’

t~>oo ]_

=1

S|

and there is G > expy, (1) such that ®1() < —®(t) for t € [G, 00).
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Denote by ¥ the Young function associated with the function ®;. Easy computa-
tion gives W(t) = " /n’ for t € [0,1]. Thus ®;(1) + ¥(1) = 1 and therefore (&;, V)
is a normalized complementary Young pair and we can use inequality (7).

We first estimate the growth of W.

Lemma 3.1. There is E > 0 such that for every t € R we have

(29) W(t) < W(t) == Bt/ (1 + [log(t)[7).

Moreover, for every € > 0 there is A > 0 such that if t € [A, 00) then

~ n — 2 Al — —1
(30) W) < (1) ;:(( nl) +6)t"/(”1)<H10gg]1(t)> logy, "V (8).
j=1

Proof. Set o= ®; and ¢y = ¢!, hence ¥(t) = fot 1. Given € > 0 we can find
§ € (0, 3) such that
(n —1)2 1 (n —1)2
1 —o)F /D < 5

(31) (1+96)? +e.

Assumptions (28) give that there is Ay > expy, (1) such that if ¢ > A; we have
k—1
(52) o) > (0= (1= 0y T ogf ) oy 0
j=1
Set P =n—1/(1—¢§)k+D/(»=1) and
k—1
- - _ a1
(33) d(t) = ptt/ (=D <H log[;] (t)> logg "V (1),

=1

Plainly there is Ay > A; such that for t > Ay we have
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Further, by (9) from Lemma 2.2 and (33), there is As > Ay such that for every
t > As we have

(35) 1og (?/;( )) = (1-96) log[ ] L(t) provided j € {2,...,k — 1}

and

(36) logfiy (1)) = (1 - 6) logfyy (t).
Hence if t > As, then (32), (33), (34), (35) and (36) imply

B > (1— 8)5" (1) (Hlog )logk]w())

> (- (—)" (H logl'™ ) log? (1

1 n—1
2 (1—6)k+1pn_1(m) t=1t.

This estimate and (32) give for ¢t > Aj

(37) b(t) =@ = 97 (1) = v(b).

Denote
k—1

H log j] ) log ?/(n 1)(75).

\I,l(t) _ (1 N 5)2 tn/(n 1) (

Hence s
Wi (t) = (1+6)2 Pt/ (=D (H log[j]l(t)> log "V (1) (1),
j=1
where

«n-1 1 a1
N Z n g n k :
=1 1:[1 log;(¢) ‘1:[1 logp;(2)
Therefore from (33) and (37) we obtain that there is A4 > Ag such that for every
t > A, we have

V(1) > (L+8)(t) > (1 +8)u ().
Thus there is A > Ay such that for t > A we have ¥(t) < ¥;(t) and (31) gives

k—1
U(t) < \I~/1(t) < q/(t) = (@ + g)t"/(nfl) <H 1Ogg )> 1Og[k]04/(" 1)( £).
j=1

As W is increasing and U(t) = ¢ /n/ for t € [0,1], estimate (30) obviously implies
(29). O
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In the proof of Theorem 1.1 we use the generalized Holder inequality (7) and thus
we need to estimate the term [|1/y™ | Lw (¢, Ry wn_1yn—1 dy)-

Lemma 3.2. For every €1 > 0 there is ty € (0,1) such that if 0 < t < t( then

1
38 ‘ ‘
( ) ynfl

LY((t,R),wn_1y"~'dy)
where D™D — w% te =

Proof. Forte (O,exp[*k]l(l)) we set A = Dlogl/v(l/t) Given €1 > 0 we can
find € > 0 such that

—1)2
(39) pr/nh = Encl o s (Lt o) (5 +o) :
1-325 (n=1)(1 - 325555 —¢)

For this € we apply Lemma 3.1. From now on € and A are fixed. Put
" ——a!
M=M(@) = exp(— log[‘*k(]E“)W (;))

Since 1/t > 1/M"™~! > X there is t; € (O,exp[_k]l(l)) such that for 0 < t < t; we
have

1
AN

where A comes from condition (30). Therefore from Lemma 3.1 we have

(41) /tR\p(Ayi_l)ynl dy

M - 1 R N 1
< \11( ) n-1q +/ \11( ) nldy = I + L.
/t Aynt Y Y M Nyt Y P

(40) t<M<R and > A

Clearly
1 EN dy
E/ )\n/(n ) (H‘bg(A = 1)‘ ) y
C R y
where

C R 2\ d
= W/M (1+ o)1) <2

e (1 o (1)) (1)

1/(4(E+1
clogmu( ) logg/* TV () 0
log%(nfl)v(%) t—04
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and

Hence there is t2 € (0,¢1) such that if 0 < ¢ < t5 then
(42) I <e.

Since log(1/M"™~1) > log(\) > 1 for small ¢, we can find t3 € (0,t3) such that for all
0 <t <tz and for y € [t, M] we have

e () < (o () - LS (1),

Moreover, by (9) from Lemma 2.2 we can find ¢4 € (0,3) such that for every 0 <
t < t4 and every y € [t, M] we obtain

_ 1 471 .
and
—a/(n-1)(__1 —a/(n-1) (1

Therefore (30), (43), (44) and (45) imply that for 0 < t < t4 we have

Ilg/tM((n;UQ+€>(Ayi_1)n/<n—1>

(ﬁm 1(#))10 —a/(n—l)( 1 ) -1y
= 81j] Ayn—1 Skl Ayn—1 y 4

<(1+6)k((n—1)2+6) 1

S on-—1 an/(n—=1)
M k—1

-1(1 —1(1 - —y/1\ dy
log 1(_)< log ;(_)) log -2/ (_)_
/t Y ]1;[2 U1 \y k] )y

— 1-— -1 M

(1 +€)k(% +€) [_log[k] a/(n )(i)‘|
(n— 1)D”/("—1) ]Og&/]V(”*l)(%) 1 — % t
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As log[lkIa/("_l)(l/M) > 0, using (2) and (39) we obtain

(46)
n—1)* l—a/(n=1) 1
I < (1+e)k (2= 4 o) log; () _(n-1 _6) logfy (1)
(n—1)Dn/ (=1 logr/ 7D (1) 152y wnanloghy(3)
n—1
< —c.
Wnp—-1M
From (41), (42) and (46) we obtain that for 0 < ¢ < to = t4 we have
R
1 n—1 1
v "ldy <L+ < = T(1).
/t ()\y”ﬂ)y y<hi+ 12 o o (1)
(|

Proof of Theorem 1.1. Since C§°(£2) functions are dense in WL () (see [6]),
we can suppose without loss of generality that f is Lipschitz continuous. Find R > 0
such that £,(Q) = £,(B(0,R)). From the basic properties of radially symmetric
rearrangements we obtain

)|\ #(x)\ Y
Jewa((F) Ve = [ e () e

and the Polya-Szegé principle (Theorem 2.1) gives

/ (Y f#(2)]) dz < / B(V/(2)]) de < 1.
B(0,R) Q

Hence we can suppose without loss of generality that f(x) = g(|z|), ¢ is non-
increasing, classically differentiable almost everywhere and, moreover, Q = B(0, R).
Since f € WLZ(Q) we have g(R) = 0.

Thanks to (4) and (38) we can find 1 > 0 and n > 0 small enough such that

(47) K> (1+n)D

Wn—1 .
Put du(y) = wn,_1y" ' dy. Given t € (0, R) set
A={ye @t R): 9> G}
(recall that the constant G comes from (28)). From (28) we obtain

Wn—1

/A By (g’ (1) Nwn1y" " dy < ®(1g'(y))y" dy

n A

Wnp—1

N

R
J ete@ntay= 1 [ a(vs@de < = e

0

Thus [lg" ()|l L1 (a,ap) < 1-
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Hence (7) and Lemma 3.2 give for 0 < t < to that

R
g(t)é/ Ig’(y)ldy:/ Idy+/ lg' (y ———du(y)
t ye(t,R)\A Wn—1Y

1 1 D 1
<GR+ ‘ <GR+ loglk/”(—).
Wn— Ulzw(t,r), du) wpo1 K\t

/
AL P

Thus there is t1, 0 < t; < tg < 1, such that for 0 < ¢ < t; we have
1/7(1
o(t) < (1+n) = logl{?(7):
Since g is non-increasing and (47) implies (1 +7)D/w,—1 K < 1 we have
|/ @)\ f g\ ,n1
(L2 Yo [ (22))
/B(Oﬂ) k] K 0 [K] K
R
9\ noa
<o [ omu((282)) s
" Pk K Y Y

+ C’/Ot1 expyy ((%)V logy (é))y”_l dy
R

ty
<C y"tdy + C/ y y"ldy = C.
0

t1

4. ON SHARP EMBEDDING INTO MULTIPLE EXPONENTIAL SPACES

4.1. Counterexample.
We first prove that for any function ®: RT™ — R™T which satisfies assump-

tions (48) the statement of Theorem 1.1 is not valid in the borderline case K =
B-(n=1)/ng,~1/m

Theorem 4.1. Let k e N, k > 2, « <n —1 and a < min{1, B}. Suppose ¥ is a
Young function and there are Ly > 0 and Ly > expy, (1) such that ¢ satisfies

Lyt for t € [0, Lo,

(48) o(t) < (H log!'; > logfyy (t)(1 —log,'(t))  for t € [L2,00).

Let
K — B*(nfl)/nw—l/".

n—1
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Then for every m € N there is f € WLE(B(0, R)) such that fB(O R) O(|Vf])de <1

" [ ooma((Z2) Y ars
B(0,R) Pl K '

Proof. Fix T > expy(1). For s > T we define fs(z) = g;(|z|) where

(—%y + 2)K10gﬁ] (T + 2)51/7_3(1 + @)1/7 for y € [5, R],
gs(y) = § K logf}y (T + £)st/0=0 (1 4- lesled /7 for y € [Rexpy,""(s), &1,
1/n

K logf}) (T + expf)"(s))s1/75 (1 + &) for y € [0, Rexpy, /™ (s)].

As |(log(T + R/y))'| = (T + R/y) "' R/y* = (R+Ty)'R/y, on [Rexpy)'"(s), 1 R]
we have

(49) |g5(y)|

- o+ 2) ([ (4 g (0

Using (9) from Lemma 2.2 we obtain s; > T such that for s > s; we have

S

o ox 1/n s By y
<1 g ( Py ( ))) (s + log(s)) > (1 B g)B (s +1log(s)) = s+ %log(s)

and easy computation gives

/B(O,R) Pl ((w)v)
>/B(Q7Rexp[_k]1/n(3)) exP[k]((@)V) dz

lo exp/™(s By
ECeXp[k]l(s)exp[k]<< gk (exppy” ( ))) (S+1Og(s))>

_ 1
> C’exp[k}1 (s) eXP) (s + 3 1og(s)) [0

— 00

It remains to prove that fB(O,R) O(|Vfs|) <1 for s large enough.
Set M = M(s) = R/s'98(5) | Plainly there is so > s; such that for s > s, we have

—1/n R
ReXp[k]l/ (s) <M < T
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and therefore

1
(50) / B(1g/(y) )y dy = / / / 4Dt
0 Rexp71/7L

Obviously 1/y — B < 0 and |g,(y)| < Cs'/7~B for y € (3R, R). Further, (49)
implies |¢.(y)| < Cs'/7=8 for y € (R/T, R/2). Hence there is s3 > sy such that for
every s > s3 and y € (R/T, R) we have |¢g’(y)| < Cs'/7~F < L,. Therefore it follows
from (48) that

R
(51) B<C [ gy g < o0t < o5
R
Using (49) for y € (M, R/T) we obtain
R
! n < n n _
(52) toglgt () )I" <  (1og"(s) +1og" (<))
< C’(log"(s) + log" (%)) < C'log?™(s).

Further, for y € (M, R/T) we have R/y < T + R/y < 2R/y and thus the following
inequalities are satisfied:

(53) IOgm (T + R) < Clogg]"(g) forje{l,...,k—1},
log %" (T+ g) < Clogﬁcfl(g).

From (48) we obtain ®(t) < Ct™ (1 + [log(t)|™) on [0, c0), hence (49), (52) and (53)
imply

< [ M@ (1 + ol ay

< Cs(t/r=B)n /MRI (B- 1)"( )(Hlog ( ))(1+10g2”(8))%
SCs(lM_B)"loan(s)/ log[/f o ( ><HIO J]( >> =

Now, if (B — 1)n # —1, then

/M loglf " (& )(H togi; (2 ))dyy m[_log;gmnﬂ(gﬂ

<O+ Clogly V" (%)

= H=
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and if (B — 1)n = —1, then

R

[ a2 )(Hlogb( )%= o (2]

< C+ Clogyy (

= H=

)

Elbd

Thus in both cases for s > s3 we obtain

(1/v—B)n .. 2n (B—D)n+1j+1( I
(54) L <Cs log™"(s) (€ + C'log| (M))

< Cs™Blog®(s)(1 + log‘[,(ﬂ B )n+1|+1(81°g(s))) < Cs™ Blog?t(s).

As M < sY/7=B <« 1, by (49) there is s4 > s3 such that for all s > s4 and for
Y€ [Rexp[;]l/n(s),M] we have
9:(y)| > E.

Hence we obtain from (48)

(55) ne [0 o (Hlog (s,

Rexp[ ] (s)
x (1 —logy (|95 ()])) logfyy (g5 (v))y" " dy.

Further, for y € [R exp[_k]1 / "(s), M] we trivially have

1 R 1
56 =<,
(56) R+Tyy "y
R R .
(57) logm (T+ ) logm ( ) forje{1,...,k—1}.

Since 1/y — B < 0, by (49) we can find s5 > s4 such that for all s > s5 we have
_ R R R

58 € [Rexp 1/ns,M = “log ?(=)s'/"B < 4 < —

(58) € [Rexpyy/"(s), M) = log™ () o)l <<

and thus for y € [R eXp[;]l/n (s), M] we obtain

(59) Lol (194 ()]) < logl'y (];) for j € {2,... k—1}.
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Further, let us show that we can find sg > s5 such that for all s > sg we have

—1/n (B—1)n R 1 (B-1)n (R
(60) y € [Rexpy, " (s), M] = log, (T—l— g) < (1 + 4sa) log,) (g)

If (B—1)n < 0, then (60) is obviously satisfied. Otherwise we use the following
estimates that are satisfied for s large enough:

log<T+ g) < log<§) + 1og<1 + %) < 1og(§) + % < 1og(§) (1 + é),

loggy (T + g) < log(log(g) (1+ é)) < logpy, (g) + % < logyy, (%) (1+ %)

and induction yields

(61) logy (T + g) < logyy <§) (1 + %)

Therefore (60) follows from a < 1 and (61).
Finally, we need to prove that there is s; > sg such that for every s > s7 we have

(62) y € [Rexpy)/" (s), M)
1 R
—a ! (0% ! (073
= (1~ g .w))) oy (g2 ) < (1= 5.2 ) toef ()
If & > 0, then the estimate follows from (58) and
(63) lgs(y)] < lim |95 (y)] < expy ().

y—(Rexpp)’" () +
Otherwise set My = R/ exp(s) and § = (1 — a). On [M;, M] we have by (58)

1
log“(s)

—a o R —a
(64) 1 —logp{ (|gs(y)]) < 1 —logy; (M) =1—logyZy(s) <1-—

Further, for s large enough and y € [M;, M] we obtain using log(R/y) > log?(s)
and (58)

log(|g%(v)]) = log(g) — 2logpy (%) + (% - B) log(s) = log(g) (1 - ﬁ),
logp2 (195 (v)]) = 1og(1og(§) (1 - ﬁ)) 2 logjy (g) - ﬁ

> logp (?) (1- ﬁ)
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Induction implies

(65) logp (|92 (y)]) = logyy (g) (1 B m)

Since 1 — 0 > a, (62) is proved for y € [M;, M] and o < 0 by (64) and (65).
The proof on [R exp[;]l/"(s), M| is similar. We have for s large enough

ot o) > () (1= 228+ (- 8) s ) > () (- )

and the induction implies
R 1
(66) togyu (194(w)D) > oy () (1~ 55 )

Hence (62) is proved for y € [R exp[;]l/"(s), M) and o < 0 by (63), (66) and 1—¢ > a.
Therefore we go on estimating I; and from (49), (55), (56), (57), (59), (60) and (62)
we obtain

L gK"B"Su/va)n(H10%(8))"”(1_ 1 )(1+ 1 )

S 2ga 4sa
></M log(fy e (X )(Hlog (= )) dy
Rexp_l/"( ) [k] (5] y
< (1 - L)K”B"S(l/va)n@ . log(s ))”/7
459 s

1 (B— 1)n+a+1(R>}M

X —1 .
(B—l)n+a+1{ o810k y /) Rexpp) /" (5)

From (2) we can see that (B —1)n+a+ 1= B = —(1/v — B)n. Further, since
s7 > s1 > T we have logy, (1/M) > 0 for all s > s7. Therefore

ag(B-Dntat1 BV logB-Dntatl (L 1/ne \\ o B
[ log (y ):|Rexp[_k]1/"(s) < logy, (exp[k] (s)) < s”.

Hence as a < 1 there is sg > s7 such that for all s > sg we have

(67) I (1 - 4_5“)Kan 1(1 n 1Og5( ))n/'y

<o (- (2 < o5 (- 50)
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Using (51), (54), (67) and a < B for s large enough conclude that

R
[ a(vi@hde=wna [ @@y dy=worlh+ L+ o)
B(0,1) 0

1
< (1 - @) + Cs7 B (1 +1og”" T (s)) < 1.

4.2. Sharp embedding.
From the previous section we know that if we want to have the statement of

Theorem 1.1 for the borderline case (5) then we need to require something more
from ® than (48).

Theorem 4.2. Let a < n— 1. Suppose that ® is a Young function and there are
Ay > expyy (1) and a € (0,min{1,1/~}) such that ¢ satisfies

k—1
(68) O(t) > t" (H logg]_l(t)) logf, (8)(1 + 1og[_k? (t)) fort > A;.
j=1

Let
K — B*(nfl)/nw—l/".

n—1

Suppose that f € WL§(Q) and [, ®(|V f|)dz < 1. Then

(69) /Qexp[k] ((lfé{—@l>v) dz <d

where d depends on n, k, a, L,(Q2) and ® only.
Suppose that the function ®: Rt — R™ satisfies (68). In a standard way we can

prove that there is a function ®;: Rt — R™ such that

(70) ®, is a Young function,

@} is continuous and increasing on (0, 00),
1
®q(t) = —t" for t € [0, 1],
n
there is Ay > A; such that for every t > As we have

1 k—1
B (1) = #"(H 1og[v;]—1(t)) logfiy (1)1 + log (1)) < - ().
j=1
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Denote by ¥ the Young function associated with the function ®;. Clearly ¥(¢) =
" /n/ for t € [0,1]. Hence ®;(1) + ¥(1) = 1; therefore (1, ¥) is a normalized
complementary Young pair and we can use inequality (7).

Let us first estimate the growth of .

Lemma 4.3. There is E > 0 such that for every t € R we have
(71) U(t) < U(t) == Et™ "D (1 + [logt|F).

Moreover, there are Az > As and b € (a, min{1,1/~}) such that for every t € [Ag, o)
we have

n—1)2 k—1 )
(72) W(t) < V(t) := ( nl) tn/<"1><_Hlogg]1(t)> log, "V (1)(1 — logp] (1))

Proof. Let us choose b € (a,min{1,1/v}) and b; € (a,b). Thus 0 < a < b; <
b < 1. Put

_ (TL ) k—1
i3(0) = R0 (T g ) o)1 = oy 0,

n
j=1

Denote ¢, = U, o = @, and ¢ = ¢!, hence U(¢ fo
By (70) there is By > Aj such that for every t > B; we have

(73) el (H g (1)) o (1)

. kz:l n—11 —|— log[_k?(t) Lo 1+ 108;[;?@) _a 10%{2}“(75)

_ n J n F n k
=t .Hl logp;;(t) 'H1 log; (1) Hl logy; (1)
J= 1=

1+ log;, (¢)

(H 1og[J ) logi ( )(1 + %logfkf(t)) = @(t).

Analogously there is By > Bj such that for every t > Bs

(74) W1(t) = (n - D/ <H10g[a >1og[k]a/(" e )ll—log[ﬁ” (t)

7j=1

) Z n—11-logy'(t) o 1—logy (1) L= logje* (1)
n k n k
H log; (¢) 'H1 logy;(t) [1 logg;()
=

j=1

> (- 00 (T b)) b (00~ 2ol ) = 0.

Jj=1
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Using (74) and logyy(t)/ log(t) < 1/logy(t) we find B3 > B> such that for ¢ > Bs
we have

(75) 1og"71(z/~1(t)) >log" ™! (tl/("_l)#> = ( log(t) — 2logyy (t))n_l

no1 (n —1)logpy () \n—1
TR NG (1-2 Tog (1) )

n_1 C n—1
2 (n — 1)n—1 log (t) (1 B log[k] (t)) '

By Lemma 2.2 there is B4 > Bs such that for t > B4 we obtain

(76) loglly* ((1)) > logliy (/") > logl}y (¢ )(1—%) forj € {2,... k—1},
analogously
a (7 rot c
(77) logfey (1)) > logyy (1) (1 - W)
and
(78) 10g[k] (w(t)) 10g[k] (t).

Hence using 0 < a < by < 1, (73), (74), (75), (76), (77) and (78) we can see that
there is By > By such that for all ¢ > By we have

B(0()
> () <H10g )1ogk]w?<))( £ logi ((1))

n—1
> [(n — 1)/ (D) (H logml(t)) log /" (1) (1 — 2log; " (t))]

s ([ o)) i)

(%]

> t(l —2log, (t)) " (1 - ﬁ)ww( 7 loggif (¢ )) >t

(]
It follows that o (¢ (t)) > t for t > Bs and thus

(79) t>Bs = ult) > (1) =9().
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Hence for ¢t > Bs we have
U(t) < Uy (t) + C.

Together with b; < b this implies that there is A3 > Bs such that for all t > A3 we
have
(t) < W(t).

Since W is increasing and U(t) = ¢ /n’ for ¢ € [0,1], (72) obviously implies (71).
]

In the proof of Theorem 4.2 we use the generalized Holder inequality (7) and thus
we need to estimate the term ||1/y™ || Lv (¢, R)wn_1yn—1 dy)-

Lemma 4.4. There arety € (0,1) and ¢ € (b,min{1,1/~}) such that if 0 < t < t¢
then

1 1/ (1 /1
- < _ _ _
(80) ‘ ynt ‘ LY((t,R),wn_1y"~1dy) Dlogy (t) (1 logyyy (t))
_1\ (n=1)/n
(81) where D = (wnB 1) .

Proof. Let us fix ¢ € (b,min{1,1/v}). We want to prove that for

A= pioglf7(2) (1- 0g5 ()

we have
n—1

R
1 ~1
n < p—
/1t \II()\yn_l)wn,ly dy < W(1) = =

for t > 0 small enough.

For t € (O,exp[_k]l(l)) set M = M(t) = exp(—1ogfz]in{1’1/7}/(E+2)(n_l)(1/t)).

Clearly, we can find ¢; € (O, exp[;]l(l)) such that for 0 < ¢ < ¢; we have

1
Hence Lemma 4.3 yields that
R

1
83 / 14 Yy Ldy
(83) ¢ (Ay"*l)

M 1 . R 1 .

</t ‘I’<Ayn_1)y dy+/M \If(Ayn_l)y dy =1+ I>.
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By (71) we have

b [ s (1 s () )2
g%/j(l+|log( )IE + [log(y) )?y—J1+J27

where (we observe that (1 — 1og[7€]c(1/t))_1 < Con (0,t) C (O,exp[;]l(l)))

¢ f £\ dy
N = e /M (1 og | )7

< Oy (14102 (o (7)) (1 1ow(57))

(k]

and

dy C 1

E E+1( —

T2 = e 1)/ Hog(y)I" =~ < - G 1)7)(1)<1+10g (M))
t

Hence we obtain

2 e (1 b (1)) (1 () o )

Thus there is t2 € (0,¢1) such that if 0 < ¢ < t9 then

N

1 1 1
(84) I < C— 108" (7)) < O — ERSYIEES
logl ™I (X,) (57) logly (DRI

Since b € (0,1) and thus log' ~’(1/M) > log(\) > 1 for small t > 0, we can choose
ts € (0,t2) such that if 0 < t < t3 and y € [¢, M] then

(85) log ! (}\y}rl) =log! <yn171) (1 + 101go(g1(/1;n>\)1) )71
< nillog‘l(i)( Clif B )
< - L : 1og‘1(§) (1 102110%%) 1og‘}(—>)
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Further, estimate (9) from Lemma 2.2 gives t4 € (0,¢3) such that if 0 < t < ¢4 and
y € [t, M], then we have

(86) log];} (Ayi_l) < (1+ %)mggf(i) for j € {2,... . k—1},
(87)  log,/ " ( Ay}H) <(1+ m) g,/ ") G)

(88)  1- 1og[7€]b(W) <1- %logﬁ’(%)

and

(89) ( —logj;§ (1))%/(”71) <14 Clog[;f(%).

Hence (72), (83), (85), (86), (87), (88) and (89) give that

[ ()™ (T ) s )
( logm (Ayi—l) y"tdy
tI7 (1401 o

< Dn/(ng 1ogf;€§<?”gkl]”> ; — 1/ (Hlogj] é)) Lo,/ 1>(§)
(o ()0 )0 ()2

Further, as b < ¢ < 1 there is t5 € (0,t4) such that for 0 < t < ¢5 we conclude

(s () (1 ) (1 e () (- st ()

osi (7))

(1+C10g ())(1—
< (1 cromis (1)) (1~ 51080 (5)) <1 - g osid ()

Therefore (81) and —«a/(n — 1) = B—1 # —1 imply

) M k-1 ) o
)/t (Hlogml(énlog[k]/( 1>(y) dyy
)
)

I

N

+C10g

n—1 B 1_%10&7@(
n Wp_i 1Og%((n—1)v)(
(
(

I <
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Since 1 —a/(n—1) = B =n/(n — 1)v and log (1/M) > 0, we have

(90) n<t=t ( 610g[k](1)).

Wnp—-1M

From (83), (84), (90) and 0 < b < min{1,1/v} < n/v(n —1) —min{1,1/v}/(n — 1)
we obtain that there is ¢ty € (0,¢5) such that for 0 < ¢t < tg we have

/tR‘I’(Ayi—l) "y < I+ Iy

1 n—1 1.
Clog[v;/]«n—1)7)—min{m}/<n—1>(%) R (1 16 %8 (E))
< n—1 1

X
Wp—1M Wn—1

Proof of Theorem 4.2. As in the proof of Theorem 1.1 we can suppose without
loss of generality that f(z) = g(]z|), where g is nonincreasing, classically differen-
tiable almost everywhere, g(R) = 0 and Q = B(0,R). Put du(y) = w,—1y" 'dy.
Given t € (0, R) set

A={ye(tR): gyl > A2}

(recall that the constant Az comes from (70)). Analogously to the proof of Theo-
rem 1.1 we obtain, thanks to (70), that ||g'(y)|| o1 (4, a,) < 1.
Therefore (7) and Lemma 4.4 with constant (81) give for 0 < ¢t < ¢ that

R
g(t)</ Ig’(y)ldy:/ Idy+/ lg'(y ——— du(y)
¢ ye(aR)\A Wn—1Y
1
!
< AR+ —||9 WllLea, auw F‘ L

2 o ()0 e (1)

Further, (5) and (81) imply D/w,—1 = K and thus for every ¢t € [0, (] we have

A2R+

1y (1 1y—c(1
(91) g(t) < AsR + Klog[kf’(¥> - Klog[k]7 (;)

Since 1/7 — ¢ >0, from (91) we observe that there is t; € (0,%) such that g(t) <
Klog 7(1/t) on (0,t1). Conversely, for ¢ € [t1, R] we have from (91)

g(t) < g(t1) < A2R + Klog[lk/f(%) ( log[k] ( L )) <C.
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Thus we obtain

e (L))

e [ o (52 )

t1 1 R
<wn_1 / expiy <1og[k] (;))y'kl dy + wn—1 / D (Cy"tdy
0 t1

t1 R
<C/ y"Pdy+C [ y"ldy < C.
0

t1

O
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