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Abstract. The existence of a positive solution for the generalized predator-prey model
for two species
Au+u(a+ g(u,v)) =0 in Q,
Av+v(d+ h(u,v)) =0 in Q,
u=v=0 on 08,
are investigated. The techniques used in the paper are the elliptic theory, upper-lower

solutions, maximum principles and spectrum estimates. The arguments also rely on some
detailed properties of the solution of logistic equations.
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1. INTRODUCTION

One of the prominent subjects of study and analysis in mathematical biology
concerns the predator-prey relation of two or more species of animals residing in the
same environment. Especially, pertinent areas of investigation include the conditions
under which the species can coexist, as well as the conditions under which any one of
the species becomes extinct, that is, one of the species is excluded by the other. In
this paper we focus on the general predator-prey model in order to better understand
the competitive interactions between the two species. Specifically, we investigate the
conditions needed for the coexistence of two species.
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2. LITERATURE REVIEW

Within the academia of mathematical biology, extensive academic work has been
devoted to investigation of the following simple biological models:

Au(z) + u(z)(e —bu(w) —ev(z)) =0
1) Au(a) +(e)(d fols) ~cu(s) =0 |
u(z)]on = v(z)loa =0,
Au(z) + u(z)(a — bu(z) + cv(z)) =0 0O
(2) Av(z) 4 v(x)(d — fo(z) 4 eu(z)) =0 ’
u(@)[on = v(z)loa =0,
and
Au(z) + u(x)(a — bu(z) — cv(z)) =0 00
(3) Av(@) + v(@)(d - fo(@) +eu@) =0

where a,b,c,d, e, f > 0.

Equations (1) describe the coexistence states of a competition system, while (2)
those of a cooperation system, and (3) those of a predator-prey system (v being the
predators, u the preys). In [6] and [7], we generalized (1), (2) and extended the
results of existence or uniqueness of steady state solutions established in [1], [2], [8]
and [12].

In this paper we improve the results for (3). This system describes the predator-
prey interaction of two species residing in the same environment in the following
manner:

ut(x,t) = Au(z, t) + u(x,t)(a — bu(z,t) — cv(x,t))
(4) ve(x,t) = Av(z, t) + v(x, t)(d — fo(z,t) + eu(x,t))
u(:L’,t)|aQ = ’U(:L’,t)bg =0,

in Q x RT,

where (2 is a bounded domain in R™. Here u(x,t) and v(z, t) designate the population
densities for the preys and predators, respectively. The positive constant coefficients
in this system represent growth rates (a and d), death rates (b and f) and competition
rates (c and e). Furthermore, we assume that both species are not residing on the
boundary of €.

The mathematical community has already established several results for the exis-
tence, uniqueness and stability of the positive steady state solution to (4) (see [3],
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[4], [5], [12]). The positive steady state solution is simply the positive solution to the
time-independent system

Au(z) + u(x)(a — bu(z) — cv(z)) =0
(5) Av(z) +v(e)(d - folx) + eu(s)) = 0
u(x)|ag = ’U(:L‘ |aQ = 0.

in €,

One of the important results for the time-independent Lotka-Volterra model was
obtained by Zhengyuan and Mottoni. In 1992 they published the following charac-
terization of non-negative solutions to (5) in terms of growth rates (a, d):

Theorem 2.1 (in [12]). There exist two functions vo(a), po(d) such that the set
S of non-negative solutions to (5) is characterized as follows:
(1) Ifa < A\, d < A1, where \; is the first eigenvalue of —A with the homogeneous
boundary condition (see Lemma 3.2), then S = {(0,0)}.
Ifa < A1, d> A, then S = {(0,0),(0,84,¢)}. (See Lemma 3.5 for 04/5.)
Ifa > A1, d < y(a), then S = {(0,0), (04/5,0)}.
If \y < a < po(d), d > Ay, then S = {(0,0), (64/5,0),(0,0q/¢)}
Ifa > Ay, yo(a) < d < A1, then S = {(0,0), (6,5, 0), (u,vT)}, where (ut,v™)
is a positive solution to (5).
(6) Ifd > A1, a > po(d), then S = {(0,0), (04/5,0), (0,0a/5), (ut,vT)}.

(2
(3
(4
(5

—_ — — —

The work of Zhengyuan and Mottoni provides insight into the predator-prey inter-
actions of two species operating under the conditions described in the Lotka-Volterra
model. However, their results are somewhat limited by a few key assumptions. In
the Lotka-Volterra model that they studied, the rate of change of densities largely
depends on constant rates of reproduction, self-limitation, and competition. The
model also assumes a linear relationship of the terms affecting the rate of change for
both population densities.

However, in reality, the rates of change of population densities may vary in a more
complicated and irregular manner than can be described by the simple predator-prey
model. Therefore, in this paper we focus on the existence of the positive steady state
solution of the general predator-prey model for two species,

ut(xvt) = Au(m,t) + u(m,t)(a +g(u(m,t),v(m,t)))

n QxRT,
’Ut(il,', t) = A’U(:L’, t) + ’U(i[,’, t)(d + h(u(xv t)a ’U(i[,’, t)))
u(z, t)|oq = v(x,t)]oq =0,
or, equivalently, the positive solution to
Au(z) + u(z)(a + g(u(z), v(z))) =0 0O
(6) Av(x) +v(x)(d + h(u(z),v(x))) =0 ’

ulan = v|aa =0,
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where 2 is a bounded domain in RY with a smooth boundary 9, a, d are positive
reproduction constants, g,h € C! designate the death and competition rates that
satisfy the growth conditions g, < 0, g, < 0, h, < 0, hy > 0, g(0,0) = h(0,0) = 0,
and there exists ¢y > 0 such that a + g(u,0) < 0 and d + h(0,v) < 0 for u,v > co.

We can interpret the functions g, h, g., gv, hu, and h, as the manner in which the
members of each species u and v interact among themselves and with the members
of the other species.

We note that the system (5) is a specific case of (6). Hence the research presented
in this paper is about the mathematical community’s discussion on the existence of
the steady state solution for the general predator-prey model. In our analysis we
focus on the conditions required for the maintenance of the coexistence state of (6).
Mathematically, our results generalize Theorem 2.1 developed by Zhengyuan and
Mottoni.

3. PRELIMINARIES

In this section we state some preliminary results which will be useful for our later
arguments.

Definition 3.1 (upper and lower solutions). Consider the problem

™ {Au—l—f(x,u):Oin Q,

u|3Q =0

where f € C%(Q x R), 0 < a < 1 and (2 is a bounded domain in R™.
(A) A function @ € C%(Q) satisfying

A+ f(z,u) <0in Q,
Ulag =0

is called an upper solution to (7).
(B) A function u € C*%(Q) satisfying

Au+ f(x,u) = 0 in €,
ulon <0

is called a lower solution to (7).
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lemma 3.1 ([9]). Let f(z,£) € C*(Q xR) and let 4, u € C*(Q) be, respectively,
upper and lower solutions to (7) which satisfy u(z) < (), x € Q, where 0 < o < 1.
Then (7) has a solution u € C*(Q) with u(z) < u(z) < u(z), € Q.

Lemma 3.2 (The first eigenvalue) ([9]). Consider the problem

—Au+g(x)u = uin ),
(8)
uloo =0,

where q(z) is a smooth function from Q to R and Q is a bounded domain in R™.
(A) The first eigenvalue \1(q), denoted simply by A1 when q = 0, is simple with a
positive eigenfunction ;.

(B) If ¢1(x) < g2(z) for all z € Q, then A\ (q1) < M(q2).

Lemma 3.3 (Maximum Principles) ([9]). Let

n
Lu:ZaU ]u—l—Zaz )D;u+a(z)u = f(x) inQ,

ij=1

where () is a bounded domain in R"™.
(M1) 9Q € C**(0 < a < 1);
(M2) aij(®)]a,|ai(@)]a, la(@)|le < M (4,5 = 1,...,n), where | - |, is the a-Holder
norm;
(M3) L is uniformly elliptic in Q, with ellipticity constant v, i.e., for every x €  and
every real vector £ = (&1,...,&,)

> ()68 > vzw

ij=1

Let u € C?(2) N C(Q) be a solution of Lu > 0(Lu < 0) in .
(A) Ifa(z) =0, then maxu = maxu (minu = min u).
Q [219) Q o0
(B) Ifa(x) <0, then maxu < maxu™ (minu > — maxwu™), where u™ = max(u, 0),
Q o Q o
u~ = —min(u,0).
(C) If a(z) = 0 and w attains its maximum (minimum) at an interior point of {2,
then u is identically a constant in Q.

(D) If a(x) < 0 and u attains a nonnegative maximum (nonpositive minimum) at
an interior point of 2, then w is identically a constant in €).

287



Lemma 3.4 ([11]). Let g;(u1,u2) € C*([0,00) x [0,00)) and suppose that there
exists a positive constant M such that for every t € [0, 1], if u = (u1,u2) Is a non-
negative solution of the problem

—Auy = tgy(u1,uz) in £,
(9) —Aug =tga(ur,uz2) in €,
u1|pn = uzlaa = 0,
then
ur < Myup < M.
Assume that
(1) either g1(0,0) > A1, g2(0,0) # A1 or g1(0,0) # A1, g2(0,0) > Ay,
(2)

0 0

ﬂ(ul, 0)<0 (ug =0), ﬂ(ul, 0) is not identically zero (u; € [0,b))
Ouy Ouy

0 0

ﬂ(o, uz) <0 (ug =0), ﬂ(o,w) is not identically zero (ug € [0,D)),
Ous Oug

where b is any fixed positive number,
(3) (uf,0), (0,ub) is any nontrivial non-negative solution with A (—gz(uj,0)) < 0,
A1(=91(0,u3)) <0.
Then there is a solution u; > 0, ug > 0 of (7) for t = 1.

We also need some information on the solutions of the following logistic equations.

Lemma 3.5 ([10]). Consider the problem
Au+uf(u) =0 inQ,
ulog =0, wu >0,
where f is a decreasing C' function such that there exists co > 0 such that f(u) < 0
for u > c¢g, and €) is a bounded domain in R™.

If f(0) > Ay, then the above equation has a unique positive solution, where \; is
the first eigenvalue of —A with homogeneous boundary condition.

We denote the unique positive solution in Lemma 3.5 as 6. The main property
of this positive solution is that 8¢ is increasing as f is increasing.
Especially, for a > A1, b > 0, we denote by 0, the unique positive solution of

Au+ul(a—bu)=0 inQ,
uloo =0, u>0.

Hence, 6, is increasing as a > 0 is increasing.
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4. EXISTENCE REGION FOR STEADY STATE

We consider

Au+u(a+ g(u,v)) =0 in Q,
(10) Av+o(d+ h(u,v)) =0 in Q,
u=v =0 on 99,

where  is a bounded domain in RY with smooth boundary 052, a, d are positive
constants, g, h € C! are such that g, < 0, g, < 0, hy, <0, hy > 0, g(0,0) = h(0,0) =
0, and there exists ¢g > 0 such that a 4+ g(u,0) < 0 and d + h(0,v) < 0 for u,v > ¢o.

First, we see that the two species cannot coexist when the reproduction capacities
are not strong enough.

Theorem 4.1. Suppose a < A1, d < A1, where )\ is the first eigenvalue of —A
with homogeneous boundary condition.
Then v = v = 0 is the only nonnegative solution to (10).

Proof. Let (u,v) be a nonnegative solution to (10). By the Mean Value
Theorem, there are @, v such that

g(oa ’U) = g(O,U) - g(oa 0) = gv(oa ’lN))’U, h(uv 0) = h(ua 0) - h(oa 0) = hu(ﬁa O)U
Hence, (10) implies that

Au+u(a+ g(u,v) — g(0,v) + g,(0,0)v)
= Au+u(a+ g(u,v) — g(0,v) + g(0,v) — g(0,0))
=Au+ula+ g(u,v)) =0 in Q,Av+v(d+ h(u,v) — h(u,0) + hy(a,0)u)

(u,v)
= Av + v(d + h(u,v) — h(u,0) + h(u,0) — h(0,0))
= Av+v(d+ h(u,v)) =0 in Q.
Hence,
Au+u(a+ g(u,v) — g(0,v) + sup(gy)v) > 0 in €,
Av +v(d + h(u,v) — h(u,0) + sup(hy)u) = 0 in Q.

Multiplying both side by sup(h, )1, we have

in Q,
in Q,

sup(hy)p1Au + sup(hy)pru(a + g(u,v) — g(0,v) + sup(gu)v)

>0
—sup(gw)p1Av — sup(gy )p1v(d + h(u,v) — h(u,0) + sup(h,)u) = 0
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where 7 > 0 is the first eigenfunction of —A with homogeneous boundary condition

corresponding to A1. So,

/ —sup(hy)p1Audr < /[(g(u,v) —g(0,v)) sup(hy)u
Q Q

'\ sup(gy) sup(uuv + asup(hu)uler de,
/ sup(g)prAvdz < / [ sup(g)(h(u, v) — h(u, 0))v
Q Q
~ sup(ge) sup (v — dsup(goYolis dz.

Hence, by Green’s Identity, we have

[ suwthnipruds < [ ((g(u.0) - 9(0.0)) sup(hu)u
Q Q

+ sup(gy) sup(hy)uv + asup(hy, )uer dz,
[ =suplg Mprode < [ [ sup(au) b, o) = h(u 0)o
Q Q

— sup(gy) sup(hy, )uv — dsup(g, )v]e1 dz.

Therefore,

/qup(hu)(/\l — a)upi — sup(gy) (A1 — d)vp; dz

< / [(9(u, v) = g(0,v)) sup(hu)u — sup(go ) (h(u, v) = h(u, 0))vjp: da.
Q

Since the left hand side is nonnegative by the assumption and the right hand side is
nonpositive by the monotonicity of g, h, we conclude that u = v = 0. O

Theorem 4.2. Let u > 0, v > 0 be a solution to (10). If a < A1, then u = 0.

Proof. Proceeding as in the proof of Theorem 4.1, we obtain
0< /()\1 — a)upr dz < / [9(u,v) — g(0,v) + sup(g,)v]up; de < 0,
Q Q

and so, u = 0.

In order to prove further results, we will need the following lemma.
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Lemma 4.3. Let u > 0, v > 0 be a solution of the problem

—Au = tu(a + g(u,v)) in Q,
(11) —Av = tv(d + h(u,v)) in Q,
upn = vaq = 0,

where t € [0,1]. Then
(1)

us My, v< M,

where My = —a/sup(gy), Ma = —(sup(hy) M1 + d)/sup(hy).
(2) Fort=1,

U < Oatg(0), V2 batn(o,)
ifv>0in Q.

Proof. (1) Since ¢g(0,0) =0, by the Mean Value Theorem we have

g(u,0) = g(u,0) — g(0,0) < sup(gu)u,

and so,

Hence,

a a a
Al — —u)+t(——— —ulg(u,v) = —Au — tug(u,v) — t U,V
( sup(gu) ) ( sup(gu) )g( ) 9(w,v) Sup(gu)g( )
=tua —t g(u’wagtau—m 9(u,0) <0
sup(gu) sup(gu)

by the monotonicity of g. Since g(u,v) < 0, by the Maximum Principle we conclude

a

u S M1 = — .
sup(gu)

Since h(0,0) = 0, by the Mean Value Theorem we have
h(0,v) = h(0,v) — h(0,0) < sup(hy)v,

and so,
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Hence,

a(- % —o) +1( - % ~v)h(0,v)
— —Av — toh(0,v) — t Sup(Z?l)I)Af;fv];(O’ v, jﬁ;?;%
— tvd + toh(u,v) — toh(0,v) — ¢ SW(Z?@’?@W) L, ;llllz;(()hz:i
< (v - Sﬁf(’,fj)) + tusup(hy)u — tsup(hy) M, SZ(;)(}Z))

< 0.

Since h(0,v) < 0, by the Maximum Principle we conclude

_sup(hy) My +d

<M, =
v 2 sup(hy)

(2) If @ < A1 or d < Aq, then by Theorem 4.2 the results are obvious.
Suppose a > A1 and d > A;. Since

Au~+u(a+ g(u,0)) = Au+u(a + g(u,v)) =0 in Q,

u is a lower solution to

{Au+u(a+g(u,0)) =01in Q,

uloq = 0.

We can take M large enough such that M > u on Q and « = M is an upper solution

to
{ Au+u(a + g(u,0)) =01in Q,

uloq = 0.

Since

Au+u(a + g(u,0)) =01in Q,
ulon =0

has a unique positive solution 6, 4. 0y, by the upper-lower solution method we con-
clude u < 0 4(.,0) in Q.
Since
{ Av+v(d+ h(0,v)) < Av +v(d+ h(u,v)) =0in Q,

v]aq = 0,
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v > 0 is an upper solution to

{Av+v(d+h(0,v)) =0 inQ,

v|aq = 0.

Since v > 0, for n € N large enough 04, 4(,.)/n < v in Q. Since

0 ) 0 ) 0 .
A( d+Z(0, )) . d+Z(0, ) (d . h(()’ d+Z(0, )))
1 Od+n(0,.)
o s 10 20
1
2 —[Abatno,) + barno,(d+1(0,044n0,9))] = 0,
d1h(0,./n is a lower solution to

{Av—i—v(d—i—h(o,v)) =0 in,

v|aa = 0.

Therefore, by the uniqueness of the solution and the upper-lower solution method,
we conclude 0g4(o,.) < v. O

Theorem 4.4. There exist two functions M (a), N(d): [A1,00) — R such that

(A) ifa > A\, d < M(a), then all possible nonnegative solutions to (10) are (0,0)
and (9a+g(~,0)a 0),

(B) if A1 < a < N(d), d > A1, then all possible nonnegative solutions to (10) are
(0,0), (Batg(..0),0) and (0,0a41n0..));

(C) ifa > A1, M(a) < d < A1, then all possible nonnegative solutions to (10) are
(0,0), (Batg(.,0),0) and a positive solution u™ > 0, v > 0,

(D) if d > A1, a > N(d), then all possible nonnegative solutions to (10) are (0,0),
(Batg(-,0)50), (0,041n(0,)) and a positive solution u* >0, v+ > 0.

Proof. Fora> A, let
M(a) = M (=h(0a1g(.0),0)) and N(d) = A(=g(0,041n(0,))-

(A) Suppose d < M(a). Let w > 0, T > 0 be a solution to (10). If 7 > 0 in Q,
then A\ = d is the smallest eigenvalue of the problem

{ —Av +v(—h(u,7)) = v in Q,

’U|8Q =0.
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By the monotonicity of ~ and Lemma 4.3 we have
—h(’l_l,, ﬁ) > —h(9a+g(.70), 0),

and so
d = M(=h(u,70)) > A (=h(0arg(.0),0)) = M(a),

which is a contradiction to d < M (a). Hence, 7 = 0. Therefore, we conclude that if
a > A1 and d < M(a), then all possible nonnegative solutions to (10) are (0,0) and
(Oatg(-,0),0)-

(B) Suppose A\ < a < N(d) and d > A1. Let u > 0, v > 0 be a solution to (10)
with v > 01in Q. If w > 0 in 2, then A = 0 is the smallest eigenvalue of the problem

{ —Aw —w(a+ g(u,v)) = w in Q,

w|aQ =0.

Since
—(g(u,v) +a) > —(9(0,044n(0,.)) + a),

from Lemma 4.3 and the monotonicity of g, using Lemma 3.2 we have
0> Ai(=9(0,0441(0,9) — a) = N(d) — a.

This contradicts a < N(d). Hence u = 0, so all possible nonnegative solutions to
(10) are (0,0), (0,0q+n(0,)) and (O444(.,0),0)-

(C) Suppose a > A1 and M(a) < d < A1. Let uw > 0, v > 0 be a solution to (10)
in which one component is zero. Then u = 0, v = 0 or u = 0,4 4.0y, v = 0. Since
A1 (—=h(0a1g(.0),0) —d) = M(a) — d < 0, by the combination of lemmas 3.4 and 4.3
there is a positive solution to (10) u™ >0, v* > 0.

(D) Suppose a > N(d) and d > A;. Let u > 0, v > 0 be a solution to (10) in

which one component is zero. Then since

a> N(d) = A(=g(0,044r0,)) > M1(=9(0,0)) = A1 (0) = Aq,
from Lemma 3.2 and the monotonicity of g, we have u = 0, v = 0 or v = 0,
v = 044n0,) OF U = Oqpg. 0y, v = 0. Since A\1(—g(0,0444(0,)) —a) = N(d) —a <0,

by the combination of Lemmas 3.4 and 4.3 there is a positive solution to (10), u™ > 0,
vt > 0. O
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