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Abstract. In this paper, following the methods of Connor [2], we extend the idea of
statistical convergence of a double sequence (studied by Muresaleen and Edely [12]) to p-
statistical convergence and convergence in u-density using a two valued measure p. We also
apply the same methods to extend the ideas of divergence and Cauchy criteria for double
sequences. We then introduce a property of the measure p called the (APOg2) condition,
inspired by the (APO) condition of Connor [3]. We mainly investigate the interrelationships
between the two types of convergence, divergence and Cauchy criteria and ultimately show
that they become equivalent if and only if the measure p has the condition (APOs3).
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1. INTRODUCTION

The usual notion of convergence does not always capture in fine details the prop-
erties of the vast class of sequences that are not convergent. One way of including
more sequences under preview is to consider those sequences that are convergent
when restricted to some ‘big’ set of natural numbers. By a ‘big’ set one understands
a set K C N having asymptotic density equal to 1. Investigations in this line was
initiated by Fast [8] and independently by Schoenberg [17] who introduced the idea of
statistical convergence. Since then this concept was studied by Saldt [16], Fridy [9],
Connor ([2], [3]) and many others (see [5], [6], [10], [12], [13]) where more references
can be found about related works). In particular, in [2] and [3] Connor proposed two
very interesting extensions of the concept of statistical convergence using a complete
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{0,1} valued measure p defined on an algebra of subsets of N which form the basis
of many more recent works ([4] where more references can be found).

The notion of statistical convergence was introduced for double sequences by Mure-
saleen and Edely [12] (also by Méricz [11] who introduced it for multiple sequences).
More results on double sequences can be found in [1], [5], [6], [7]. In Section 3 of
the paper we introduce the notions of p-statistical convergence and convergence in
p-density (following the line of Connor [2]) using a two valued measure p defined on
an algebra of subsets of N x N and mainly investigate the inter-relationship between
these two concepts.

In Section 4 of the paper we focus on the Cauchy criteria and introduce the Cauchy
conditions associated with the two types of convergence defined in Section 3. Though
one of them, namely the ‘u-statistical Cauchy condition’ appeared in [3], the other
‘Cauchy condition in p-density’ and in particular the relation between these two
concepts was never explored before. We do precisely this in this section and as the
underlying structure we take a metric space (X, g).

Finally, in Section 5 we explore another relatively unexplored concept, namely, the
divergence of double sequences of real numbers corresponding to the measure . We
also introduce a new property of the measure p called (APOz) which plays the most
important role throughout the paper, and show by an example that this condition is
strictly weaker than the condition (APO) of Connor [3].

2. DEFINITIONS AND NOTATION

Throughout the paper N denotes the set of all natural numbers, x4 represents
the characteristic function of A C N and R represents the set of all real num-
bers. Recall that a set A C N is said to have the asymptotic density d(A) if

d(A) = Tim 1Y xa().
n— o0 j=1

Definition 1 ([8]). A sequence {x,, }nen of real numbers is said to be statistically
convergent to £ € R if for any ¢ > 0 we have d(A(g)) = 0, where A(e) = {n € N:
[z —§| 2 €}

By the convergence of a double sequence we mean the convergence in Pringsheim’s
sense (see [14]):

A double sequence z = {x;; }i jen of real numbers is said to be convergent to £ € R
if for any ¢ > 0, there exists V. € N such that |z;; — | < & whenever ¢,j > N,. In
this case we write lim x;; = €.

1,]—00
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A double sequence x = {x;; }; jen of real numbers is said to be bounded if there
exists a positive real number M such that |z;;| < M for all 4,5 € N. That is,

[|2](00,2) = sUP |2i| < oo
ije
Let K C N x N and let K(i,5) = |[{(m,n) € K: m <i,n < j}. If the sequence

{K(%,7)/(i- j)}ijen has a limit in Pringsheim’s sense then we say that K has double
natural density and is denoted by do(K) = lim K (i,5)/(i - j).
i,j—00

Definition 2 ([12]). A double sequence = = {x;;}; jen of real numbers is said
to be statistically convergent to £ € R if for any € > 0 we have da(A(e)) = 0, where
A(e) ={(4,4) e N x N: |z;; — & > e}

A statistically convergent double sequence of elements of a metric space (X, p) is
defined essentially in the same way (with o(z;;,§) > ¢ instead of |z;; — &| > €).

Throughout the paper p will denote a complete {0, 1} valued finite additive mea-
sure defined on an algebra I' of subsets of N x N that contains all subsets of N x N
that are contained in the union of a finite number of rows and columns of N x N and
u(A) = 0 if A is contained in the union of a finite number of rows and columns of
N x N.

3. U-STATISTICAL CONVERGENCE AND CONVERGENCE IN p-DENSITY

We first introduce the following two definitions.

Definition 3. A double sequence x = {x;;}ijen of real numbers is said to
be u-statistically convergent to L € R if and only if for any ¢ > 0, p({(¢,j) €
N x N: |£L'”—L|2€}):0

Definition 4. A double sequence & = {z;;}; jen of real numbers is said to be
convergent to L € R in u-density if there exists an A € I' with u(A) = 1 such that
{®ij}i,j)ea is convergent to L.

If C,, and C}, denote respectively the sets of all double sequences which are y-
statistically convergent and convergent in p-density then as in [2] (see also [6]) it
is easy to prove that C}; is a dense subset of C), which again is closed in I5° (the
set of all bounded double sequences of real numbers endowed with the sup metric).
Further, following the methods of [2] one can easily verify that there exists a measure
u (the details of p are given in the next section) such that it is always possible to
construct a double sequence © = {z;;}; jen which is p-statistically convergent but
does not converge to any point in p-density.

This brings us to the most important question: for which measure pu we have
Cp=Cj. In [3] it was proved that p-statistical convergence and convergence in
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p-density of ordinary sequences of real numbers are equivalent if and only if the
measure p defined on an algebra of subsets of N satisfies the following condition
(APO):

A measure p satisfies the condition (APO) if for every sequence {A, }nen of mu-

tually disjoint p-null sets there exists a countable family of p-null sets { By, }nen such

that A,AB,, is finite for all n € N and B= |J B, € I" with p(B) =0.
neN

If a measure 4 satisfies the condition (APO) (the definition of (APO) being the
same as in the case of ordinary sequences) then as in Theorem 1 [3] we can easily
prove that C), = C},. However, unlike single sequences, the condition (APO) is not
necessary in the case of double sequences. For example, consider the algebra I'g
consisting of only those subsets of N x N that are contained in the union of a finite
number of rows and columns of N x N and their complements and the corresponding
measure fo (which corresponds to Pringsheim’s convergence). Obviously C,, = Cho
for this measure po. However, note that the sets A; = {i} x N € T'g for all ¢ € N with
po(A;) =0foralli e Nand A;NA; =0 if i # j. If we omit from N x N only finitely
many elements of each A; (or some A;’s), the resulting set cannot be a pp-null set,
which shows that pg does not satisfy the condition (APO).

From the above we can come to the conclusion that the situation is different for
double sequences and we now introduce the following condition:

(APO;) (Additive property of null sets)

The measure ( is said to satisfy the condition (APO,) if for every sequence { 4; }ien
of mutually disjoint p-null sets (i.e. u(A;) = 0 for all ¢ € N) there exists a countable
family of sets {B;}ien such that A;AB; is included in the union of a finite number
of rows and columns of N x N for every i € N and p(B) = 0 where B = |J B; (hence
w(B;) = 0 for every i € N). <

Theorem 1. O, = C}; if u satisfies the condition (APO3).

Proof. Suppose u satisfies the condition (APO3). We shall prove that C, = C};.
To prove this it is sufficient to show that C), C C}. Let z = {zij}ijen € Cp and
let = be p-statistically convergent to I. Then for any ¢ > 0, p(A(e)) = 0 where
A(e) = {(3,5) e NxN: |z;; = 1] > €}. Put Ay = {(4,5) € NxN: |z;; =] > 1}
and Ay = {(4,7) e N xN: 1/k < |z — 1] <1/(k—1)} for k > 2. Thus we get a
collection {A;}ien of subsets of N x N such that A;NA; = 0 for ¢ # j and p(A;) =0
for each ¢ € N. By virtue of the condition (APO3) there exists a sequence {B; };en of
sets such that A;AB; is included in the union of a finite number of rows and columns
of N x N for each i € N, and pu(B) = 0 where B = |J B;.

=N
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Let ¢ > 0 be given Choose k € N such that 1/k < e. Then {(i,7) € N x N:
|zi; — 1] > e} C U A;. As A,AB; (i = 1,2,...,k) are included in the union
of a finite number of rows and columns of N x N, there exists ng € N such that

(Qle)m{(zg)eNxN >noAj > no}:(QIAm)ﬁ{(i,j)eNxN:i2
noijnO}. -
If i,j > no and (i,5) ¢ B then (i,5) ¢ Ule and so (4,7) ¢ U Ap,. This

m=1
implies that |z;; — | < 1/k < e. Hence {xi;}( j)enxn\p is convergent to [ where

p(N x N\ B) = 1. Therefore z € C};, that is C;, C C};. Hence C), = C7,.

Theorem 2. If C), = C}; for a measure ju, then ;i has the condition (APO3).

Proof. Suppose C, = C}, for a measure y, and £ € R. Choose a monotonic
sequence {zp nen of distinct elements of R such that z, # £ for any n € N and
ILm zn, = &. Then the sequence {|z, — £|}nen is a decreasing sequence converging
?0 ;‘ero. Let €, = |z, — &|, n € N. Let {A4,},en be a family of mutually disjoint
sets with p(A;) = 0 for each j € N. Define a double sequence {Zmn}m nen in the
following way: @, = z; if (m,n) € A; and zp,n, = £ if (m,n) ¢ A; for any j € N.

Let n > 0 be given. Choose k € N such that €, < n. Then A(n) = {(m,n) €
NXN: |Zpn—E& =1} € AjUA2U. . .UA. Since p is finitely additive so u(A(n)) = 0.
Hence z is p-statistically convergent to &, i.e. x € C,,. Then by our assumption
r € C. So there exists M C N x N with (M) = 1 such that {Tmn}(mn)en is
convergent to §. Let B =N x N\ M. Then p(B) = 0. Let B; = A; N B. Then
UB]fU(A NB)= (UA)CB Thereforeu(UB):O.

7j=1 j=1
Now we claim that A; N M is included in the union of a finite number of rows

and columns of N x N. If not, then M must contain an infinite sequence of elements
{(m,nk) }ren where both my,ny — 00 and Tpmun, = z; # € for all k € N, which
contradicts that {Zmn}(m,njenm is convergent to . Hence each A; N M must be
contained in the union of a finite number of rows and columns of N x N. Thus
A;AB; = A;\ B, = A; N M is also included in the union of a finite number of
rows and columns of N x N. This proves that the measure p satisfies the condition
(APO,). O

Remark 1. A similar condition like condition (APO2) was used in [6] recently
while studying the convergence of double sequences with respect to ideals. The
importance of the condition (APO3) will be more clear in the next sections when we
discuss the Cauchy criteria and then the divergence of double sequences with respect
to the measure pu.
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4. CAUCHY CRITERIA FOR THE MEASURE M

Following the idea of classical Cauchy condition Fridy [9] formulated the statistical
Cauchy condition for sequences of real numbers which was further extended to u-
statistical Cauchy condition by Connor [3] (extensions of Cauchy conditions with
respect to ideals were also studied by Dems [7]). We modify it to define a Cauchy
type condition associated with pu-statistical convergence of double sequences in a
metric space (X, g).

We first introduce the following definition.

Definition 5. A double sequence & = {z;;}; jen in a metric space (X, o) is said
to be a p- statistically Cauchy sequence if and only if for every € > 0 there exists an
A C N x N with p(A) = 0 such that (4, ), (41, /1) ¢ A implies that o(z;j, xi,j,) < €.

Theorem 3. If a double sequence x = {x;}; jen is a u-statistically convergent
then it is p-statistically Cauchy sequence.

Proof. The proof is straightforward. O

Remark 2. The converse is not generally true as can be readily seen by taking
the double sequence {z;;}i jen in pla, b] (the metric space of all polynomials on [a,b])
where x1;(t) = 1, j € N, zoj(t) = 1+, j €N, z3;(t) = 1+t +t2/2, j €N, ..,
Tpj(t) =14+t +t2/20+ ...+t /(n—1)!, j €N, etc.

Then {zi;}ijen is a usual Cauchy double sequence and so it is p-statistically
Cauchy for any measure p. But {;;}i jen is not p-statistically convergent in pla, b].

Theorem 4. In a metric space (X, p), for any double sequence x = {x;;}i jen the
following statements are equivalent.
(i) @ is p-statistically Cauchy;
(ii) for every e > 0 there exists (mg,ng) € N x N such that u({(i,7) € N x N:
Q(xijaxmono) < 5}) =1

Proof. (i) = (ii)

Suppose that z = {z;;}: jen is a p-statistically Cauchy sequence. Then for every
€ > 0 there exists an A C N x N with u(A) = 0 such that (4, 7), (i1,71) ¢ A implies
that o(xi;, zi,;, ) < €. This implies that if o(x;;, 24, 5,) > € for (4,7), (i1,71) € N x N,
then at least one of (4, 5), (i1, 71) must be in A. Since A¢ # (), choose (mg,ng) € A°.
Then o(%ij, Tmgny) = € implies that (i, ) € A. Hence {(7,7) € NxN: 0(2ij, Tmgny) =
e} C A, which implies that p({(¢,7) € N x N: o(ij, Tmon,) = €}) = 0 and so
w({(%,7) e N XN o(xij, Zmgne) < €}) = 1. Thus (ii) holds.
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(i) = (i)

Let (ii) hold and € > 0 be given. Then there exists (mg,n9) € N x N such
that p({(i,5) € N x N: 0(zij, Tmony) = 2e}) = 0. Let A = {(i,5) € N x N:
0(%ij, Tmon,) = 5€}. Then p(A) = 0. Let (i,5), (i1,51) ¢ A. Then o(zij, Tmgn,) <
2e and 0(%i,j,; Tmone) < 3¢ and consequently o(zj,;,;,) < e. Thus z is a u-
statistically Cauchy sequence. Hence (i) holds.

Just as u-statistical Cauchy criterion comes from the concept of p-statistical con-
vergence, it seems natural to consider a Cauchy like condition associated with the
convergence in p-density and examine its relationship with p-statistical Cauchy con-
dition. It appears from literature that no such study has been done not only for
double sequences but not for sequences (viz. {zy }nen) either. We now intend to do
precisely this. The whole analysis is done for double sequences only in metric spaces.
One can easily extend the results to sequences by necessary modifications.

The following definition is now introduced.

Definition 6. A double sequence z = {z;;}; jen in a metric space (X, ¢) is said
to be a Cauchy double sequence in p-density if and only if there exists a set A C NxN
with p1(A) = 1 such that {x;;}¢ jyca is a usual Cauchy double sequence.

Theorem 5. If x = {x;;}; jen is convergent in u-density then it is also a Cauchy
double sequence in p-density.

Proof. The proof is straightforward. U

Remark 3. The converse is not generally true as can be seen by taking the
example mentioned in Remark 2.

Theorem 6. Every Cauchy double sequence in u-density is also p-statistically
Cauchy.

Proof. Let z = {z;;}ijen be a Cauchy double sequence in p-density. Then
there exists A C N x N with p(A) = 1 such that {z;;} j)ca is a Cauchy double
sequence. Then for every € > 0 there exists k € N such that o(zi;, 2mn) < € for
all 4,j,m,n > k and (i,5),(m,n) € A. Choose (mg,ng) € A with mo,ng > k.
Clearly o(zij, Tmon,) < € for all 4,5 > k and (4,5) € A. Hence {(i,j5) € N x N:
0(Zij, Tmono) = €} € A°U F where F is the union of the first k¥ rows and first k
columns of N x N and so p({(¢,7) € N X N: o(xij, Zmgne) = €}) = 0. Therefore x is
also p-statistically Cauchy. O

The following example shows that the converse of the above theorem is not always
true.
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Example 1. Let (X, p) be a metric space which has at least one Cauchy sequence
{zn}nen (say) of distinct points, i.e. x; # x; for all ¢, € N with ¢ # j. Let

N = J A, be a decomposition of N such that each A; is infinite and A; N A; =0
JEN
for i # j. Let B; = Aj x N. Then Nx N = |J Bj. Let IV be the class of all those
JEN
sets A C N x N that intersect only a finite number of B;’s. Let I' = IV U (I")¢. Then
T" is an algebra of subsets of N x N.

We define a measure p on I' by

w(A)=0 ifAel’,
=1 ifAegl

Let us now define a double sequence y = {y;; }i jen by yij = @r, if (¢,j) € By. Let
1 > 0 be given. Since {z, }nen is a Cauchy sequence, so there exists k € N such that
0(xy,xm) < nfor all m,n > k. Now B =By UByU...U By, and so u(A(31)) = 0.
It is evident that (i,j), (i1,51) ¢ A(37) implies that o(yi;,¥i,;,) < 1. Hence y is
p-statistically Cauchy.

Next we shall show that y is not a Cauchy double sequence in p-density. On the
contrary, assume that y is a Cauchy double sequence in p-density. Then there exists
A CN xN with u(A) = 1 such that {y;;} j)ea is a Cauchy double sequence in the
usual sense. Then pu(N x N\ A) =0 and so N x N\ A € I and there exists an { € N
such that N x N\ A C By UByU...UB;. But then B; C A for ¢ > [. In particular,
Bit+1, Bi4+2 € A. From the construction of B;’s it clearly follows that given any
k € N, there are (mi1,n1) € Bi+1 and (mg,n2) € Bjyo such that mi,ny > k as
well as mg,no > k. Hence there is no k € N such that whenever (i, j), (i1,71) € 4
with 4,7,41,51 > k, then o(xj,x,5,) < €9 where g9 = %Q(mH_l,mH_g) > 0. This
contradicts the fact that {yi;}@ jea is Cauchy. Thus y is not a Cauchy double
sequence in u-density.

In the following we will study the equivalence of the u-statistically Cauchy condi-
tion and Cauchy condition in p-density under the certain assumption (namely con-
dition (APOg2)) which becomes necessary as well as sufficient on certain restrictions
of the space.

Theorem 7. Let (X,p) be an arbitrary metric space. Then a p-statistically
Cauchy double sequence is a Cauchy double sequence in p-density if p satisfies the
condition (APOy).

Proof. Let x = {z;;}ijen be a p-statistically Cauchy double sequence and
let p satisfies the condition (APOs). Then for each n € N, there exists an A/,
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with p(A!) = 0 such that (z,7), (i1,71) ¢ A}, implies that o(z;j,xi,;,) < 1/n. Let
Aq :All,AQ :A/Q\Al,Ag = S\Al UAQ,...,Aj :A;\Al UAQU...UA]‘,1 and
so on. Then p(A4;) =0 for all j € N and obviously A; N A; = (0 if i # j. Then by the
condition (APO3) there exists a family {B;} ey of sets such that A;AB; is included
in the union of a finite number of rows and columns of N x N for each j € N, and

u(B) =0 where B= |J B;j. Let M =N x N\ B. Then u(M) = 1. We shall show
JEN
that {x;;}@ jyem is a Cauchy double sequence.
!
Let n > 0 be given. Choose | € N such that 1/l <n. Now A;\ B = |J (4; \ B) C
i=1

1 1
U (A;\ B;) € U F,, for some 71,r2,...,7 € N (by the condition (APO3)) where
i=1 i=1
F,, is the union of the first r; rows and first r; columns of N x N. Choose ng € N

!
such that ng > r1,72,...,r. Then A4\ B C |J Fy, € Fy,. Clearly pu(Fy,) = 0

and so u(N x N\ F,,,) = 1. Hence pu(M N (NZ;IN \ F,,)) = 1. This shows that
there is an infinite number of elements (i,7) in M with 4,5 > ng. It now easily
follows that if (7,7), (i1,71) € M with i, j,41,71 > no then (4,7), (i1, /1) ¢ A} and so
o(x4ij, % j,) < 1/l <n. This completes the proof of the theorem. O

Theorem 8. If (X, o) is a metric space containing at least one limit point and
every p-statistically Cauchy double sequence is a Cauchy double sequence in p-
density, then p satisfies the condition (APOg).

Proof. Let ¢ be a limit point of X. Then there exists a sequence {z, }nen
of distinct points in X such that lim zn, =& and x,, # & for all n € N. Suppose
{A,}nen is a sequence of mutuall; d?:joint non-empty sets with p(A,) = 0 for all
n € N. Define a double sequence y = {yi; }i jen by yij = 2 if (¢,7) € Ap and y;; =&
if (i,5) ¢ A, for any n € N. Let n > 0 be given. Then there exists m € N such
that o(zn, &) < 3n for all n > m. Then A(n) = {(i,7) € N x N: o(y;;,€) > in} C
A1UA3U...U A, and so u(A(n)) = 0. Now clearly (i,75), (i1,71) ¢ A(n) implies
that o(yi;,¢) < %77 and o(ys,;,,¢) < %77. So 0(Yij,Yirjr) < n. This shows that y is
p-statistically Cauchy. Therefore by our assumption y is also Cauchy in p-density.
Then there exists M C N x N with (M) = 1 such that {y;;} jjenm is a Cauchy
double sequence.

Let B =N x N\ M. Then p(B) = 0. First put B; = A; N B for j € N. Then

w(B;) =0 for all j. Further, |J B; = BN (U Aj> C B. Therefore u( U Bj> =0.
FEN jEN jEN
Now for the sets A; N M, i € N the following three cases may arise:
Case I: Each A; N M is included in the union of a finite number of rows and

columns of N x N.

1149



Case II: Only one of 4; N M’s, namely A N M (say), is not included in the
union of a finite number of rows and columns of N x N.

Case III: More than one of A; N M’s are not included in the union of a finite
number of rows and columns of N x N.

If (I) holds, then A;AB; = A;\ B; = A; \ B = A; N M is included in the union
of a finite number of rows and columns of N x N and this implies that u satisfies the
(APO3) condition.

If (IT) holds, then we redefine By = A, and B; = A; N B for j # k. Then

UB;= [Bm (U Aj)] UAr C BUA,
JeN J#k
and so p( |J Bj) =0. Also, since A;jAB; = Aj N M for j # k and AxABy, =0, so
iEN
as in case]Ie the criterion for (APO3) condition is satisfied.

If (III) holds, then there exist k,I € N with k # [ such that Ay N M and A, N M
are not included in the union of a finite number of rows and columns of N x N.
Let g = %Q(xk,:cl) > 0. As {¥ij}@i,j)em is a Cauchy double sequence, so for the
above gy > 0 there exists ko € N such that o(yi;,yi,;,) < €0 for all 4,7,41,j1 > ko
and (4,7), (41,71) € M. Now since Ay N M, A; N M are not included in the union
of a finite number of rows and columns of N x N, we can choose (i,5) € A, N M
and (i1,51) € AN M with ¢,7,41,j1 > ko. But then y;; = zx and y;,5, =
and so o(Yij, Yij,) = o(xk,x1) > €0 (in fact there is an infinite number of indices
(i,7), (i1,71) in M with this property). This contradicts the fact that {y:;} jyem
is Cauchy. Therefore Case III cannot arise. And in view of Case I and Case II p
satisfies the (APOs3) condition.

5. U-STATISTICAL DIVERGENCE AND DIVERGENCE IN p-DENSITY

Just as the notion of convergence of double sequences can be extended using a two
valued measure p, it seems very natural to investigate whether this can also be done
for divergent double sequences of real numbers. It appears from literature that so far
no such study has been done, not only for double sequences, but not for sequences
either. In this section we do precisely this and introduce the ideas of p-statistical
divergence and divergence in p-density and mainly investigate their interrelationship
where again surprisingly the condition (APO3) plays a very prominent role. We first
introduce the following two definitions.

Definition 7. A double sequence z = {z;;}; jen of real numbers is said to be
p-statistically divergent to oo if u({(7,5) € N x N: z;; < G}) = 0 for any positive
real number G.
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Definition 8. A double sequence © = {x;;}i jen is said to be divergent in pu-
density to +oo if there exists A C N x N with pu(A) = 1 such that {;}; j)ea is
divergent to —+oo.

Throughout we shall denote by Sy the set of all double sequences of real numbers,
and by D, the set of all real double sequences which are p-statistically divergent to
+o0 and by D}, the set of all real double sequences which are divergent in y-density
to +oo.

Theorem 9. D cD,.

Proof. Letxz = {z;};jen € D},. Then there exists A CN x N with p(A) =1
such that {x;;} jyca is divergent to +o0o. Therefore for any real number G > 0
there exists mg € N such that x;; > G for all i > mg,j > mo and (i,j) € A.
Let A(G) = {(3,5) € N xN: z;; < G}. Then clearly A(G) € (N x N\ A4) U
[{1,2,3,...,mo} x N)U(N x {1,2,3,...,mp})] and so u(A(G)) =0. Thusz € D,
and D; CD,.

The following example shows that the converse of the above theorem is not gen-
erally true.

Example 2. Let N = [J A, be a decomposition of N such that each A; is infinite

JEN
and A;NA; =0 fori # j. Let Bj = A; x N. Then N x N = |J B;. Let I be the
JEN
class of all those sets A C N x N that intersect only a finite number of B;’s. Let
I'=T"U ) ThenT is an algebra of subsets of N x N.

We define a measure p on I' by

wA) =0 ifAeT’,
=1 ifA¢T

Construct a double sequence y = {y;; }: jen of real numbers by y;; = nif (i, j) € B,
for all n € N. Let G > 0 be a real number. Then there exists m € N such that
G <m. Now A(G) ={(4,5) e N xN: y;; <G} C BiUByU...UB,y,. Clearly then
1(A(G)) =0and so y € D,,.

Now let y be divergent in p-density to +o0o. Then there exists H € TV (i.e.
w(H) = 0) such that (yi;),j)en is divergent to +00 where M = N x N\ H. Since
H € T”, so there exists | € N such that H C BiUBy U...UB; and B; C M for
all i > [, and so in particular B;y1 € M. But this implies that {y:;} i jyes,,, is a
subsequence of {y;;} ¢, j)enr Which is convergent to [ 4- 1. This contradicts the fact
that {yi;} @, j)en is divergent to +o0o. Therefore y is not divergent in u-density to
+o0, ie. y ¢ Dj,.

1151



In the following we study the equivalence of the u-statistical divergence and diver-
gence in the p-density of double sequences of real numbers and show that just like
convergence also the condition (APOs) plays a very prominent role here.

Theorem 10. D, = Dj, if and only if u satisfies the (APOz) condition.

Proof. First suppose that u satisfies the (APO3) condition. To prove that
D, = Dy, it is sufficient to prove that D, C Dj. Let x = {zi;}ijen € D, Then
for any real number G > 0, p({(¢,7) € N xN: z;; < G}) = 0. Now we put
A = {(4,5) e NxN: 2 <1}, Ao = {(4,5) e NxN: 1 <5 <2}, ..., A4 =
{(4,7) e NxN: k=1 < z;; < k} for all £ > 2. Thus we get a collection of
mutually disjoint sets { A; }ien with p(A4;) = 0 for all i € N. By the (APO2) condition
there exists a family of sets {B;};en such that A;AB; is included in the union of a
finite number of rows and columns of N x N and u(B) = 0 where B = |J B;. Let
M =N x N\ B. Then pu(M) = 1. Suppose G > 0 is any given real numbzeerr\.J Choose
k € N such that G < k. Then {(¢,7) e N xN: z;; <G} C A UA;UA3U...UAy.

Since A;AB; is included in the union of a finite number of rows and columns of

k
N xN foralli=1,2,3,...,%, we can choose an ng € N such that (U Bi)ﬁ{(i,j) €
i=1
k
NxN:i>ngAj>ng}= (U Ai)ﬁ{(z’,j)eNxN: i>ngAj > o).
i=1

k k
Clearly if 4, j > ng and (i,5) € M then (4,5) ¢ U B; and so (i,5) ¢ |J Ai. There-
i=1 i=1

fore x;; > k > G. Thus {z;}(; jyem is divergent to +oo.

Conversely, assume that D, = D. Let {4;};en be a family of mutually disjoint
sets with p(A4;) = 0 for all i € N. Define a double sequence x = {y,} in the
following way:

J if (m,n) € A;,
Tmn =
m+n if (m,n) ¢ A;, forall j e N.

Let G > 0 be any real number. Choose k € N such that G < k. Then A(G) =
{(m,n) e NxN: z;; <G} CAUAU...UA; UF, where F is the union of the
first k rows and the first k columns of N x N. Then clearly p(A(G)) = 0 and so
x € D,. By our assumption « € Dy, so there exists M C N x N such that w(M) =1
and {z4;}(;,j)em is divergent to +00. Let B = N x N\ M. Then u(B) = 0. Put
B;j =A;NB for all j € N. Since |J B, gB,SOM(U Bj> =0.

jEN JEN

Let j € N. We claim that A; N M is included in the union of a finite number
of rows and columns of N x N. If not then M must contain an infinite sequence
of elements {(my,nk)}ren where both my,ni — 0o and z,,, ,, = j for all k € N.
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But this contradicts the fact that {x;;} jyea is divergent to +oo. Hence A;AB; =
Aj\B; = A; \ B=A; N M is included in the union of a finite number of rows and
columns of N x N. Since this is true for each j € N, this proves that u satisfies the
(APO3) condition.

Remark 4. One question that comes naturally is what is the relation between
the conditions (APO) [3] and (APO;). Obviously (APO) implies (APO3). But the
converse is not true. As an example we consider the algebra I' = IV U (I")¢ of N x N
where IV = {A C N x N: dy(A) = 0} and the measure p where u(A) =0if A € TV
and p(A) = 1if A € (I')¢. In view of Theorem 2.1 [12], C), = C}; and so u satisfies
the condition (APO3). We can show that p does not satisfy (APO) (see [6]). We
produce the proof below for the sake of completeness.

First let {E,}pen be a sequence of subsets of N with density zero such that

U E,=N. Put A, = E, x N for p € N. Then dy(A,) = 0 for p € N. Let
p=1
{Bp}pen be an arbitrary sequence of subsets of N x N such that card (4,AB,) is

finite. Then there exists a sequence of finite sets {F),},en such that B, DO A, \ F,.
We shall show that da( U B,) # 0.

Let m € N. We shall show that for each 7 > 0 there exists n € N such that n >
and

1 oo
G k): j<mAk< (A, \F) b >1—1.
— car {(.77 ): j<mA LZJ \ }> n

Po
To this end we first choose pg € N such that |J E; D {1,2,3,...,m}, since
i=1

oo Po
U E, =N. So UAiD{l,Q,...,m}XN.
1

b= =

Hence U (A4, \F;) D ({1,2,...,m} xN)\ F, where F is a finite set. So for each

=1

n e N we have ({1,2,....m} x {1,2,...0) N U4\ F) > ({1,2,...,m} x

i=1
{1,2,...,n})N U (A;\ F;) D ({1,2,...,m} x {1,2,...,n}) \ F' (where F' does not
depend on n) and for sufficiently big n € N (n > m also) we have the inequal-
ity (m-n)~! c:aurd(({l7 2,...,m}x{1,2,...,n})N U (A; \E)) > 1 — 7. This shows
i=1
that &2( U B,,) = 1 which implies that 4 does not fulfil (APO).
p=1

For the next result we extend the class D, to include also those real double se-
quences which are p-statistically divergent to —oo.
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Theorem 11. Sy = C, UD,, if and only if ;1 is defined on the whole of p(N x N).

Proof. Suppose first that p is defined on the whole of p(N x N). Let 2 =
{zij}ijen € S2 and let G > 0 be any real number. Consider the set A(G) = {(4,j) €
N x N: z;; < G}. Then either u(A(G)) = 0 or u(A(G)) = 1 as p is defined on
the whole of (N x N). If u(A(G)) = 0 for all G > 0, then « € D,. Otherwise
w(A(G)) # 0 for some G > 0. Let G’ > 0 be such that u(A(G)) = 1. Now we have
two possibilities:

i) for any real number g > 0, ({(¢,7) € N xN: z;; < —g}) = 1.

ii) there exists a ¢’ > 0 such that pu({(7,j) e N x N: —¢’ <z < G'}) =1.

In the first case « is p-statistically divergent to —oco and so & € D,,. If (ii) holds
then let T = {(i,j) € N x N: a < z;; < b} where a = —¢/, b = G’. Note that
u(T) = 1. Let us construct the sets Ay = {(i,j) € T: a < x5 < 3((a+b)} and
By = {(i,j) € T: %(a—i—b) < my; < b}, Since p(T) =1, T = A1 U By and it
is clear that both p(A;) and p(By) cannot be 0 simultaneously (since y is finitely
additive). Thus one of u(A;) and p(B;) is equal to 1. Denote it by D; and the
interval corresponding to it by Ji. Thus Dy = {(i,j) € T: x;; € J1} and p(Dq) = 1.
Again dividing J; into two equal parts and proceeding as above we can find a set
Dy and an interval Jy such that Dy = {(i,5) € T: z;; € Jo} and pu(D2) = 1.
Proceeding in this way we obtain a sequence of closed and bounded intervals {.J,,}
such that J1 2 Jo 2 ... D Jy ..., Jn = [an, by] and ILm (b, — ayn) = 0 and the sets
D, ={(i,j) € T: z;; € Jo} and p(D,) =1 for all nne filo

Then by the nested intervals theorem there exists £ € () J,. Let € > 0 be given.
neN
Let M'(e) = {(4,5) € NxN: |z;; — €| < e}. Now we have J,,, C (§ — ¢, +¢) for

sufficiently large m € N. Therefore u(M'(g)) = 1. Since {(,5) € N x N: |z;; — | >
e} C(T\M'(e))uTe so u({(i,7) e NxN: |z;; —¢| > ¢}) =0 and so z € C,. This
proves that So = C, U D,,.

Conversely, suppose that Sy = C, U D,,. Let p be not defined on the whole of
(N x N). Then there exists A C N x N such that u(A4) and u(N x N\ A) are
not defined. Let us construct a sequence x = {;;}ijen by @ij = xa(i,j) for all
(i,7) € N x N. Clearly x cannot belong to D,,. Also, for every { e Rand 0 < e < 1
the set {(7,5) € N x N: |z;; —¢| > e} isequal to A or N x N\ A or N x N and as
none of them have measure equal to zero, so x is not pu-statistically convergent and
so x ¢ C,. Thus « ¢ Du U C,, which contradicts that S; = C,, U D,,. Hence p must
be defined on the whole of (N x N). This completes the proof of the theorem. [

Remark 5. Just as we extended the idea of divergence to +oco to u-statistical
divergence to 400 and divergence to +oo in p-density, the same can also be done for
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divergence to —oo. All the definitions and results proved so far can be obtained in a

similar fashion with necessary modifications which are very obvious.
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