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Abstract. Let C[0,T] denote the space of real-valued continuous functions on the interval
[0, T] with an analogue w, of Wiener measure and for a partition 0 =tg < ¢1 < ... <tn <
tny1 = T of [0,T], let X,,: C[0,T] — R™™! and X,,11: C[0,T] — R"*2 be given by
Xn(z) = (x(to), z(t1),...,2(tn)) and Xp4+1(z) = (x(to), x(t1),...,x(tn+1)), respectively.

In this paper, using a simple formula for the conditional wy-integral of functions on
C[0, T] with the conditioning function X,, 41, we derive a simple formula for the conditional
wy-integral of the functions with the conditioning function X,. As applications of the
formula with the function Xy, we evaluate the conditional wy-integral of the functions of

the form Fp(z) = fOT(x(t))m dt for € C[0,T] and for any positive integer m. Moreover,
with the conditioning Xy, we evaluate the conditional wy-integral of the functions in a
Banach algebra .74, which is an analogue of the Cameron and Storvick’s Banach algebra ..
Finally, we derive the conditional analytic Feynman w-integrals of the functions in Sy, .

Keywords: analogue of Wiener measure, Cameron-Martin translation theorem, condi-
tional analytic Feynman wy-integral, conditional Wiener integral, Kac-Feynman formula,
simple formula for conditional we-integral

MSC 2010: 28C20

1. INTRODUCTION AND PRELIMINARIES

Let Cy[0,T] be the space of real-valued continuous functions = on [0,7] with
2(0) = 0. It is well-known that the space Cy[0,T] is equipped with the Wiener
measure which is a probability measure. On the space, Yeh introduced an inversion
formula that a conditional expectation can be found by a Fourier-transform ([11]).
As applications of the formula he obtained very useful results including the Kac-
Feynman integral equation and the conditional Cameron-Martin translation theo-
rem using the inversion formula ([12], [13]). But Yeh’s inversion formula is very
complicated in its applications when the conditioning function is vector-valued.
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Let 7: 0 =ty < t; < ... <ty < tpy1 = T be a partition of the interval [0, T].
In [9], Park and Skoug derived a simple formula for conditional Wiener integrals on
Co[0, T] with the conditioning function X, : Cy[0,T] — R"*! given by

X-,—(CC) = (x(tl)v s 7x(tn)7x(tn+1))'

This formula expresses the conditional Wiener integrals directly in terms of ordinary
Wiener integrals. Using the formula, they generalized the Kac-Feynman formula
and obtained a Cameron-Martin type translation theorem for conditional Wiener
integrals.

On the other hand, let C[0, T] denote the space of real-valued continuous functions
on the interval [0, 7). Im and Ryu introduced a probability measure w,, on (C[0, T,
P(C[0,T])) where #(C[0,T]) denotes Borel o-algebra on C[0,T] and ¢ is a prob-
ability measure on (R, Z(R)) ([7], [10]). This measure space is a generalization of
the Wiener space. In [7], they derived a translation theorem of w,-integral, which
corresponds to the Cameron-Martin’s translation theorem on the Wiener space ([2]).
And also, Im and Ryu evaluated the conditional w,-integral of functions of the form

(1.1) Fo(z) = /()T(x(t))m at (m=1,2)

on C[0, T with the conditioning function X,,: C[0,T] — R"+! given by
(1.2) Xn(@) = (2(to), z(t1), ..., 2(tn))

and X,1: C[0,T] — R"*2 given by

(1.3) Xnr1(@) = (z(to), 2(t1), ..., 2(tn), 2(tnt1)),

and derived a translation theorem of conditional w,-integral when the conditioning
function is X (z) = z(T'). But their methods were complicated in the proofs.

In [5], the author derived a simple formula for the conditional w,-integral of the
functions on C[0,T] with the vector-valued conditioning function X, 11 given by
(1.3). This formula expresses the conditional w,-integral directly in terms of non-
conditional w,-integral. As applications of the formula, he evaluated the conditional
w,-integrals of the functions given by (1.1) for any positive integer m and using the
translation theorem of w,-integral in [7], he also derived a translation theorem for
the conditional w,-integral of functions on C[0,T]. But, there are no known simple
formulas for the conditional w,-integral with the conditioning function X,, given by
(1.2).
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In this paper, using the simple formula ([5]) for the conditional w,-integral of the
functions on C[0, T] with the conditioning function X, 1, we derive a simple formula
for the conditional w,-integral of the functions with the conditioning function X,.
As applications of the formula with the function X,,, we evaluate the conditional w,,-
integrals of the functions F,, given by (1.1) for any positive integer m. Moreover,
on C[0,T], we evaluate the conditional w,-integrals of the functions in a Banach
algebra ., , which is an analogue of the Cameron and Storvick’s Banach algebra .’
in [3]. And then, we evaluate the conditional analytic Feynman w,-integrals of the
functions in the Banach algebra .7,

Throughout this paper, let C and C; denote the set of complex numbers and that
of complex numbers with positive real parts, respectively.

Now, we begin with introducing the probability space (C[0,T], Z(C[0,T]), wy).
For a positive real T, let C' = C[0,T] be the space of all real-valued continuous func-
tions on the closed interval [0, T] with the supremum norm. For £ = (to,t1,...,t,)
with 0 =tg <ty <...<t, <T,let Jp: C[0,T] — R™*+! be the function given by

) = (@(to), 2(tr), ... a(tn)).

For B; (j = 0,1,...,n) in #A(R), the subset Jt.Tl(H Bj) of C[0,T] is called an
=0

interval and let .# be the set of all such intervals. For a probability measure ¢ on
(R, B(R)), we let

mw[.]51< )] /BO/HB (Egin, .y un)d(un, . . ) dp(uo),

where

(1L4) Wy(F ﬁ R S RS
. ] X — = —_— .
n\l; Uo, U1, ) W P t —t] 1) €Xp 2 ti —tj1

j=1

It can be shown that %(C[0,T]), the Borel o-algebra of C[0,T], coincides with the
smallest o-algebra generated by .# and there exists a unique probability measure w,

n (C[0,T], %4(C[0,T])) such that wy,(I) = my(I) for all I in #([7], [10], [14]). This
measure w,, is called an analogue of Wiener measure associated with the probability
measure .

By the change of variable theorem, we can easily prove the following theorem.
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Theorem 1.1 ([7, Lemma 2.1]). If f: R"™ — C is a Borel measurable function

then we have

/f(a:(to),x(tl),...,J;(tn))dwq,(a:)
C

= / fuo,u1, ... ,un)Wn(t_: UGy ULy v oy Up) A(Ur,y - .oy Up) dp(ug)
R JR"

where = means that if either side exists then both sides exist and they are equal.

Let {er: k=1,2,...} be a complete orthonormal subset of L[0, 7] such that each
er is of bounded variation. For f in L5[0,T] and z in C[0,T], we let

if the limit exists. (f, ) is called the Paley-Wiener-Zygmund integral of f according
to x.
Applying Theorem 3.5 in [7], we can easily prove the following theorem.

Theorem 1.2. Let {h1,hs,...,h,} be an orthonormal system of Ls[0,T]. For
i=1,2,...,n, let Z;(x) = (h;,x). Then Zy,Zs,...,Z, are independent and each Z;
has the standard normal distribution. Moreover, if f: R™ — R is Borel measurable,
then we have

/Cf(Zl(x), Zo()s .., Zu()) duws(2)

w [ 1\7/2 1
X (_271) f(ul,uQ,...,un)exp{—E E u?}d(ul,ug,...,un),
[R’!L

Jj=1

where = means that if either side exists then both sides exist and they are equal.

Let F': C[0,T] — C be integrable and let X be a random vector on C[0,T]. Then,
we have the conditional expectation F[F|X] of F given X from a well-known proba-
bility theory ([8]). Further, there exists a Px-integrable complex-valued function 1
on the value space of X such that E[F|X](x) = (¢ o X)(z) for w,-a.e. x € C[0,T],
where Px is the probability distribution of X on the value space of X. The function
1 is called the conditional w,-integral of F' given X and it is also denoted by E[F|X].
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2. SIMPLE FORMULAS FOR CONDITIONAL W,-INTEGRALS

In this section, we derive a simple formula for the conditional w,-integrals of the
functions on C[0,T] with the conditioning function X,, given by (1.2).

For a given partition 0 = tg < t1 < ... < t, < tpy1 = T of [0,T] and for x in
C[0,T], define the polygonal function [z] on [0, T] by

t—tj 1

O R e

(l‘(ﬁj)—l‘(t]’_l)), ti—1 <t <ty j=1,....,n+1.

Similarly, for Enﬂ = (&0,&1,-..,&n11) € R*2 define the polygonal function [EnH]
on [0,T] by

t—t;

[nt1](t) = &—1 + P——

(& —&-1), tia<t<tjq,j=1,...,n+1

Then both [z] and [, 1] are continuous on [0, T}, their graphs are line segments on
each subinterval [t;_1,¢;] and [z](t;) = z(t;) and [£,41](t;) = &; at each t;.
To derive the desired simple formula, we begin with letting for t;_1 <t < ¢;

(t; =)t —tj-1)

(2.1) Ly(t) = ——
and
(2:2) Xj(t ) = a(t) — [z](t), «€C[0,T]

foreach j=1,...,n+ 1.

The following theorem gives an interesting observation for the process z(t) — [z](t)
on [0,T] x C[0,T]. In fact, z(t) — [z](t) is a Brownian bridge motion on each subin-
terval and the detailed proof is given as in Theorem 2.4 of [5].

Theorem 2.1. Foreachj=1,...,n+1, let X; be given by (2.2). Then, X, is a
Brownian bridge motion process on [t;_1,t;]. Moreover, fort € (t;—1,t;), X;(t,-) is
normally distributed with mean 0 and variance I';(t) which is given by (2.1).

Using Theorem 2.1, we can prove the following theorem which plays the key role
in deriving the desired simple formula. We emphasize that the proof of the theorem
is different from Theorem 1 of [9].
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Theorem 2.2 ([5, Theorem 2.6]). Let Y,,11: C[0,T] — R"*2 be given by

Yoy1(z) = (z(to), z(t1) — z(to), - - -, #(tnt1) — z(to))-

Then the processes {z(t) — [z](t): 0 <t < T} and Y,y are stochastically indepen-
dent.

Using Theorem 2.2, we can prove the following theorem. The detailed proof is
given as in Theorem 2.8 of [5].

Theorem 2.3. Let X,,;1: C[0,T] — R""2 be given by

(23) XnJrl(x) = (x(to)vx(tl)v”wx(thrl))'

Then the processes {z(t) — [z](t): 0 <t < T} and X,,4+1 are stochastically indepen-
dent.

Applying the same method used in the proof of Theorem 2 of [9] with an aid of
Problem 4 in [1, p.216], we have the following theorem from Theorem 2.3.

Theorem 2.4. Let F': C[0,T] — C be integrable and X,y be given by (2.3) of
Theorem 2.3. Then for a Borel subset B of R"™2 we have

[ P / B[F(z — [t] + [§us1])] dPx, 1, (Ers1)
X, i1(B)

.1 Is the probability distribution of X, 11 on (R"*2, (R"*?)). Moreover,
by the definition of the conditional w,-integral, we have for Px, ., -a.e. 5n+1 € R*t2

where Py

(2.4) E[P|Xnt1](nt1) = EIF (2 — [a] + [Ensa])]-

Note that both [2](to) = #(to) and [€,41](to) = & need not be 0 in Theorem 2.4.
In the following theorem, we derive the desired simple formula by removing the
component x(ty+1) in the conditioning function X, 11 given by (2.3).
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Theorem 2.5. Let X,,: C[0,T] — R""! be given by

(2.5) Xn(z) = (x(to), z(t1), ..., x(tn))

and X, 4+1 by (2.3). Moreover let F' be defined and integrable on C[0,T] and Px, be
a probability distribution of X,, on (R"*1, 2(R"*1)). Then for any Borel subset B
of R"*!, we have

/X;l(B)F(x)dww() [2]1 1—t 1/2// + [Eni1])]

(§n+1 - fn) &
W} d€n+1 dPXn (En)

where gn - (EOagla s 7571) and g’rﬂrl = (EOagla s 7£na£n+1)' Hence we have b.y
Theorem 2.4 and the definition of the conditional w,-integral

xexp{—

(2.6) B[F|Xa)(En)

{2]1 1_15 1/2/E (x—| [fn+1])]eXP{_%}d§"+l
(§n+1 — f”)Q

1 1/2 :
_ {m} /RE[F|Xn+1](fn+1)eXP{ - m} dGnt1
for Px, -a.e. gn € Rt

Proof. Let Px,,, be the probability distribution of X, 11 on (R"*2, Z(R"*2)).
Then for any Borel subset B of R"*!, we have X, !(B) = X,,},(B x R) so that we
also have by Theorem 2.4

/ F(z) dw, (z) = / F(z) duw, (2)
X '(B) X, 11(BxR)

= E[F|X,41](€ns1) dPx,, (Ent1)
BxR

~ [ B+ G aPs, G
BxR

By Theorem 1.1 and Fubini’s theorem, we have

/XEl(B) 7) w2 // xz(6n) [/E @ — (2] + (Gt )] Was1 ((tos - -, tos);

507 cee 75717 fnJrl) d£n+1:| d(flv S 75”) d@(fo)

(=] [ [ BFe - 4 )

. 2 -
M } g dPy, (€)

X eXp{ T T —ty)
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where xp denotes the indicator function of B and W,,41 is given by (1.4) replacing
n by n+ 1. Now, the proof is completed. [l

For a function F': C[0,T] — C and A > 0, let F*(z) = F(A~Y2z) and X}, (z) =
Xnp1(A122), XXM (2) = X,,(A"'/22), where X,,;1 and X,, are given by (2.3) and
(2.5), respectively. Suppose that E[F?] exists for each A\ > 0. By the definition of
conditional w,-integral and (2.4), we have

E[FMX) 1 )(€ns1) = E[FAY2 (2 — [2]) + [€usa))]

for ka -a.e. Enﬂ = (&,&1,. ., €n,ént1) € R™2) where ka is the probability

)
dlstrlbutlon of X)‘Jr1 on (R"*2, (R”“)) For &, = (go,gl,...,gn) € R™"*! and
Ent1 € R, let §n+ (AY2€0, \1/2¢1 ... XY2¢, €,11). Then we have by (2.6) and
the change of variable theorem

@1 EPNXNE) = [smrs) L BN+ €l

(§n+1 - /\1/2§n)2
2(T — t,)

<o - o

- [M%M)} - /R BIFOY2 (2 = [#]) + [€nta])]

)‘(§H+1 - gn)Q

2(T — t) } dena

xexp{—

for Pyx-a.e. &, where Px» is the probability distribution of X} on (R"*1, Z(R"*1)).
If E[F(A\~Y2(z — [z]) + [€,11])] has the analytic extension J3 (F)(&ns1) on Cy as a
function of A, then it is called the conditional analytic Wiener w,-integral of F' given
X,+1 with parameter A and denoted by

E*"N [F| X 1] (Gntr) = T3 (F)(Enir)

for Enﬂ € R™*2. Moreover, if for a non-zero real ¢, £ [F|Xn+1](gn+1) has a
limit as A approaches to —iq through C,, then it is called the conditional analytic
Feynman w,-integral of F' given X,, 1 with parameter ¢ and denoted by

panfs [F|Xn+1](€n+1) hrzlzq Fanwa [F|Xn+1](§n+1)

Similar definitions are understood with (2.7) if we replace X,,41 by X,,.
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3. EVALUATIONS OF CONDITIONAL We-INTEGRALS

Throughout the remainder of this paper, let X,, 11 and X,, be given by (2.3) and

(2.5), respectively. Moreover, let Px, ., and Px, denote the probability distributions

n+1
of X,,+1 and X,, on the Borel g-algebras of R"*2 and R"*!, respectively.

We now evaluate the conditional w,-integrals of the functions on C[0,T] as ap-
plications of (2.4). For this purpose, we modify the result of [5, Theorem 3.1] in the

following theorem.

Theorem 3.1. Let F,, fo )™ dt (m € N) for x € C[0,T] and suppose
that [, [u|™de(u) < oco. Then F,, is w¢—1ntegrab1e. Moreover, E[Fp|Xpi1](€ns1)
exists for Py, ,-a.e. 5n+1 = (&0,&1, .+, &n,&nr1) € R"2 and it is given by

m

ntl 3lm—2k (L+ k)5 — tyoa)E e 2hle g )

Fo| X
BlFn|Xn1)(§ns1) ; i ; 2k (m —2k—l).(l+2k+1).

where [ -] denotes the greatest integer function.

Proof. Using Theorem 2.4 directly or by Theorem 3.1 in [5], we can prove for

PXnH-a.e. €n+1 € R"+2
n+1 [%]
(3.1) E[Fp|Xni1](€ns1) = ;g 2k (m _gk)

J

X ([En1] ()™ 2 (T (t))F dt

ti—1

where T';(t) is given by (2.1). For j =1,...,n+1and k =0,...,[%], we have

(/j@@ﬂ@w*mefw

ti—1

- tj & —E&iq m=2k ¢ (t; —t)(t —t;_1)\F
) (e
m—2k _ 9k
_ <m l2 >(tj-tj1) b — ) le
=0

X

tj
[ =0t
ti—1
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by the binomial expansion. For [ = 0, ..., m — 2k, we now have by repeated applica-
tions of the integration by parts formula

tj
[ =0t ar

tj—1

k b k—1 I+k+1
- /tj_l(tj R )R g
k! K I+2k
T+ k+0)(I+k+2).. . (14 2k) /tjl(t_tj‘l) dt

— k' (t — ¢ )l+2k+1
(I+k+0)(I+k+2)...(I+2k)(1I+2k+1) it

so that we have

E[Fy|Xn11](€nt1)
n+1 [m m—2k

m — 2k 2
_Zzzw 2k|2< I >(t—ta DTRG - gt !

7j=1 k=0
I )
Utk 1)(l+k+2)...(l+2k)(l+2k:+1)

m

ntl 3l m=2k ) (L+E)(t; —tj- 1)k+1£m Zk= l(gj_fjfl)l
211 (m — 2k — )I(1 + 2k + 1)!

M

j=1k=0 [=0
which is the desired result. O

In the following example, we evaluate E[F,,|X,,+1] (m = 1,2,3) as special cases
of Theorem 3.1.

Example 3.1. For m = 1,2,3, let F,, fo ™ dt for x € C[0,T] and

suppose that [, [u["™ dy(u) < oo. Then for PXnH-a.e. §n+1 (€0 &1,y &n,Eént1) €
R™*+2, we have by Theorem 3.1

BIF X En) = 5 95— 5-1)(E + &)

j=1
which can be also obtained by an application of Corollary 4.5 in [7]. We also have
n+1
- 1
EIF| Xt (Ern) = § D05 = ti-1)(t — tio1 + 263 + 2,61 +262))

Jj=1
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which is the result given by Corollary 4.10 of [7]. Moreover we have

E[F3|Xn41)(Ens1)

== (b= ti-)[(ty = t-1)(& + &) + & + €761 + 61 + &)

Remark 3.1. The results of Example 3.1 are also given by Example 3.3 in [5].
We emphasize that the evaluations of Example 3.1 depend on Theorem 3.1, but the
evaluations of Example 3.3 in [5] depend on (3.1).

Now we evaluate the conditional w-integral E[F,,|X,,] of F,,, which is given as in
Theorem 3.1.

Theorem 3.2. Under the conditions and notations given as in Theorem 3.1, we
have for Px, -a.e. En = (&,&1,--.,&,) € R

m

EL 2 (14 k)t — - DR RHE — &)

E[Fn|X5)(&n 2 mZ:o 2 2511 (m —2k—l).(l+2k+1).

(%] [’"’E%]

n

ml(21 4+ k)lEm—2k=21(T — ¢, )R+
2R 1(m — 2k — 21)1(20 + 2k + 1)1’

Proof. For convenience let

[%] m—2k (1 + k)t — t;_ 1)k+1 m— 2k l(f] 53;1)1

n _
K:
;k=0 ; 2R (m — 2k — 1)) (l+2k+1).

By Theorems 2.5 and 3.1, we have

B X6) = [5=ry) . Wl = o] + )]

(€n+1 - fn)Q

2(T —t,,) } A1

xexp{—

z—: ml(l + k)T — t,)k+1gm—2k=1
2K (m — 2k — DIl + 2k + 1)!

x [ZR(T;—%)} v /R(fnﬂ - &) eXP{ - %} dén+1

441

||
f Mw\*



where Enﬂ = (£0,&1, -, &nyEny1). Let v = &,41 — &,. By the change of variable
theorem, we have

L
m

77 - o kL
k=0 [=0

(m — 2k—na+ak+n!
1 1/2 v?
m—2k—1 1 B d
<& {%@—%J Avmﬁ:ﬂT—m}”

m m—2k
B K+2[2] (=] m!(20 + k(T — t,)F*!
: k=0 1= (21)( — 2k —2)!(21 + 2k + 1)!
1/2 [o© .2
m—2k—21 . e
X &y { } /0 v exp{ 2(T—tn)}dv

replacing [ by 2l. Let u = v?/(T — t,). Again, we have by the change of variable
theorem

] (g
L mi(2L + k)T —
E[FM|X"](§")_K+;=O ; 2k (20 (m — 2k — 20)1(2] + 2k + 1)

tn)k-‘,-l

1\1/2 [°
x Em=2k=2gl(p _ ¢ ] (%) /0 W21 it ) du

(3] (2524

- K+ 2im!(21 + k)!
B = = 2F(2)!(m — 2k — 21)!(20 + 2k + 1)
W 20+ 1
4 \l4k+l em—2k—21 20+1
x (T —t,) ¢r (n) ( . )
m m 2k
— K+ < ml (20 + k)T — t,)Hkt1gm—2k=2
[ (m — 2% — 20)] '
k=0 1=0 1(m — 2k — 20)!(20 + 2k + 1)!
where I' denotes the gamma function. Now the proof is completed. 0

In the following example, we evaluate E[F,,|X,] (m = 1,2,3) as applications of
Theorem 3.2.

Example 3.2. For m = 1,2,3, let F, fo ™ dt for x € C[0,T] and
suppose that [, |u|™ dp(u) < oo. Moreover, let Z1(z ) = T 'F(x) and Z3(z) =

n+1

> (t5=t;1)"" ;7 w(t)dt forz € C[0,T]. Then for Px,-a.e. & = (S0, &1.-- - &n) €
Jj=1
R™*! we have

BIRIXE) = 5 (6~ t)(E + &) + (T~ ta)éa
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Hence we have
1 & 1
E[Z1|X,]( :—TZt —ti_1)(& + &) + T(T—tn)ﬁn

and .
- 1
B2 X&) = 5 _Zl@ +&-1) + &
=
which are also given by Theorems 4.3 and 4.6 in [7], respectively. Further, we have

n
B[R] X,)( Zt = tj-1)(ty — tjo + 265 + 265851 + 265 1)

GB|H

+ (T = ta)&s + §<T ~tn)?

which is also given by Theorem 4.8 in [7]. Finally, we have

E[F3|X,)(6) = (t; —ti—)[(t = ti—1) (& +&-1) +E + £61 + 661 + & ]

<
Il
—

I
-

1 [35]
> 3120+ k)T — tn)”k*lgg*?k*%

2 2FHI(3 — 2k — 21)1(20 + 2k + 1)!

_|_

= I

(b=t )t — 1) (& +&-1) + 6+ E6 1+ 681+ 6]

=~ =
<.

Il

_

+ (T —t,)€ + g(T — t2)26,.

—~~

Now, we generalize the result of Example 4 in [9], which is also considered by
Chang and Chang ([4]).

Theorem 3.3. Let F(z) = exp{fo t)dt} for v € C[0,T). Then, for a.e.
y € C[0,T], we have

Jim EIF@)a(to) = y(to).a(t) = y(t)......a(t) = y(t2)] = F(3)

where 7: 0 =19 <ty <...<t, <ty,y1 =T is any partition of the interval [0, T].
Proof. For a.e. y € C[0,T], we have by Theorem 2.5

BIF(@)[a(to) = y(to), 2(t) = y(t1), - 2(ta) = y(ta)]
—ew{; Z 50+ )} [ exnd [ o) = 1) aef w0

t Jl/%exp{;(T—tn)(y(tn)+5n+l)—W}dgnﬂ
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where [z] is the polygonal function of x given by 7. Then by the change of variable

theorem, we have
)| (to)

= ) (0) = 5t () = y(t)]
xp{;zt ) 1)+y<tj>>+<T—tn>y<tn>}

j=

<[ Lo [ >—[w]<t>>dt}dw¢<x>}

y) " oo (50 == g o]
_ {j
<[] [ w0 - wiena} au, o

Letting ||7]] — 0, we have the theorem because | 1i”rno(x(t) — [#](t)) = 0 for = €

C[o,T). O

@
—

X

43
(T Stn) }

N —
MB

(15 = t5-2)(0(t5-1) + 900 + (T = b)) pesp §

I
-

4. TRANSLATION THEOREMS FOR CONDITIONAL We-INTEGRALS

In this section, we derive a translation theorem for conditional w,-integrals, which
is a generalization of Theorem 4 of [9 ]

Let h € L2[0,T], a € R and let zo(¢ fo s)ds+ a for 0 <t < T. Let ¢, be
a measure on (R, #(R)) such that gaa(B) o(B+a) for B € 93( ) Moreover, let
Ey, and E,,_ denote the conditional w,-integral and the conditional w,,,-integral,
respectively. The following theorems are translation theorems for the conditional
wy-integrals.

Theorem 4.1 ([5, Theorem 4.2]). Let X,, 11 be given by (2.3). Moreover, let F
be defined and w,-integrable on C[0,T]. Then we have for Px,  -a.e. Eny1 = (o,

51; EREE) gnJrl) € Rn+2

Euw, [F|Xnt1](€nt1)

- eXp{Tf Zo(ty) — @olty—1) [(fj = &) — %(500(7?1') - mo(tj—l))}}

. ti —t;-1
= il
X By, [F(xo + )| Xnt1](§o — 20(to), &1 — wo(t1), -+, €nt1 — To(tnt1))

where tg = 0, ty,41 = T and J(z) = exp{—1[||h[|3 + 2(h,2)]} for z € C[0,T].
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Theorem 4.2 ([7, Theorem 5.4]). Let X: C[0,T] — R be defined by X(z) =
2(T). Then, under the assumptions and notations given as in Theorem 4.1, we have
for a.e. £ € R

exp{ (€= xo(T) — &)* } ()

B, [FIX)(©) = Bu, [Flzo + )J1X)(¢ - 20(D) | =

[ ]

Theorem 4.3. Let X.: C[0,T] — R be defined by X, (x) = (x(to),=(T")), where
to = 0. Then, under the assumptions and notations given as in Theorem 4.2, we
have for a.e. £ € R

B 11300 = (507) " [on{ % [ no)asfc -~ [ neas]}

B [P0+ %60 — s — D) e - Koo

(T — €02
exp{ - ETH =8I Y e

= By [F(zo + ) J|X](€ — wo(T))/[R

X {/R eXP{ - %}dﬂfo)}

Proof. For a Borel subset B of R, we have by Theorem 1.1 and Fubini’s
theorem

-1

—

/;cl<3> F(z)dwy(z) = / s @x5) F(z) dw,(z )—/ E[F|X,](€)dPx. (§)

= (520) " [ [ Erixi@ e { - © Y oo ac

where 5: (€0,€) and Px_ is the probability distribution of X, on (R?, #(R?)). By
the definition of conditional expectation and Theorem 4.1, we also have for a.e. £ € R

B X0 = (527) [ oo{3 [ oras]e- - [ neas]}

_f\2
% B, [F (o + )71, )(6 — 0,6~ zo() exp { — N apiey)

which is the first equality in the theorem. The second equality in the theorem
immediately follows from Theorem 4.2. O

Combining Theorems 2.5 and 4.1, we have the following theorem.
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Theorem 4.4. Let X,, be given by (2.5). Under the assumptions and notations
given as in Theorem 4.1, we have for Px, -a.e. 5_;1 = (&,&1,...,&,) € R

Ey, [FIXa](0)

- {ﬁ} 2 eXp{Z xo(tﬁ :fj(?l) (& —&-1) — %(:co(tj) —~ :co(tj_l))} }
x / Ey,, [F(zo+-)J|[Xnt1](€o — zo(to), &1 — wo(te), .- -,
R
&n — xo(tn),&n — zo(tn) +v) exp{ — ﬁ} dw.

Proof. By Theorems 2.5 and 4.1, we have for Px, -a.e. £, € R

Eu, [FIXa](n)

1 % - Z tj — X tj_l j T Sj—1 ey X tj - T tj_l 2
)} exp{Z(O( ) o( NE =€ )_Z(O( ) of ))}

|:2T[(T—tn = ti —t;-1 = 2t —tj-1)

X /[REwM [F(zo + )| Xn41](€0 — zo(to), &1 — zo(t1), - -+, &n — o(tn), Ent1 — 20(T))

_ 2 —
X exp { - (E;(J; — f:)) + xo(sz — f:(tn) (Env1 — fn)} d&nt1

[ﬁ}%exp{i (wo(ty) — o(t;—1)) [(gj —&-1) — %(xo(tj) —xo(tjl))”

= tj —tj—1

X /IREU)@Q [F({Eo + )J|Xn+1](£0 - xO(tO)agl - xO(tl)v s 7£n - xO(tn)vfnJrl - (E()(T))

coxp { — (w1 = 5n>2z T(—EfT)) oot g,

where t,41 = T. Let v = (41 — &n) — (x0(T) — 2o(tn)). Then by the change of
variable theorem, we have the theorem as desired. ([

Letting a = 0 in the result of Theorem 4.4, we have the following corollary since
Pa = P-
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Corollary 4.1. Under the assumptions and notations given as in Theorem 4.4
with one exception oo = 0, we have xo(t) = fg h(s)ds fort € [0,T] and

B, PIX(E)
- [y =}

X / By, [F(xo +-)J| Xn11](§0 — zo(to), &1 — wo(t1), ...,
R

(zo(ty) — wo(tj-1))
t—t; 1

n
i=

[(fj —&-1) — %(500(7?1') - fﬁo(tj—l))} }

1

’U2

&n —20(tn), &n — mo(tn) + U)eXp{ - m} dv

for Px -a.e. & = (£0,&1, ..., &n) € ROTL,

Suppose that V' is a nonnegative continuous function on R satisfying the condition
2

/RV(g)exp{—g—t}d£<oo

for every t > 0. For {;_1,&; € Rand 0 =ty < t;_1 <t , let

U(§j-1,&,tj-1,tj) = [;}1/2 exp{ _ M}

2n(t; —tj-1) 2ty —tj-1)
<, [ep{ - / V(e ds} | o) = 0.a(ty-1) = §-1,0(t) = |

By (4.6) in [9] and Theorem 2.4, it is not difficult show that for a.e. (&1,...,&n+1) €
[Rn-',-l

B [on{ = [ Vianas) [att0) = 6000 = 6 nlturn) = 60

o (& —&-1)?
= jznl[%(tj —t_)VPU (&1, &5, i1, 1) exp {m}

where o =0and 0 =t) <t1 < ... <ty <tpy1=1T.
We are now ready to write out an expression for the multi-conditional expectation.
Indeed, by Theorem 2.5, we can write

B, {exp{— /OT V(x(s)) ds}‘x(to) = o, 2(t) = €1, ..., 2(tn) = gn}

=TTt — 4 v G =G \pe o4y
= |:j1;[1[2ﬂ(t] tj—l)]l 2exp{2(th _;jfl) }U(fj_1,§J,t]_1,tj)
U ny»Sn bl TMT d n
X/R (6ns&nt1,tn, T) dpnpr
for a.e. (&1,...,&,) € R™.
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5. EVALUATION OF CONDITIONAL ANALYTIC FEYNMAN We-INTEGRALS

In this section, we evaluate the conditional analytic Feynman w,-integrals of sev-
eral functions on C[0, T'.

In the following two theorems, we evaluate the conditional analytic Feynman w,-
integrals of the function F;,, given as in Theorems 3.1 and 3.2. Using similar methods
in the proofs of Theorems 3.1 and 3.2, we can easily prove the theorems.

Theorem 5.1. Let X,,41 be given by (2.3). Then, under the assumptions and
notations given as in Theorem 3.1, E*""x [Fm,|Xn+1](fn+1) exists for A\ € C; and
for Px, ,-a.e. €ns1 € R™2. Moreover, for a non-zero real q, E*f[F,| X 1] (Ens1)
exists and it is given by

Ea [Fm |Xn+1](gn+1)

n+1 5] m—2k km!(1+ k)t — t;— 1)k+1£m 2k— l(fj_gj—l)l

=222 ( ) 2 (m — 2k — D)I(1 + 2k + 1)!

j=1 k=0 (=0

Theorem 5.2. Let X,, be given by (2.5). Then, under the assumptions and
notations given as in Theorem 3.2, E*™[F,,|X,](&,) exists for A € C, and for
Px, -a.e. &, € R"*1. Moreover, for a non-zero real q, E“"[F,,|X,](&,) exists and
it is given by

B4 Fn | Xn) (n)

Elmo2e kel 4 k) — DFFLEP RN — &)
(q) 2K (m — 2k — )1 4+ 2k + 1)!

(z’ )k+l ml(20 + k)lEm—2h-21(T _ ¢ Yi+k+]
q 2k (m — 2k — 2D)1(21 + 2k + 1)1

Let .#(L3]0,T]) be the class of C-valued Borel measures of finite variation on
L5[0,T] and let .#,,, be the space of functions F of the form for o € .#(L2[0,T])

(5.1) F(z) = /L o exp{i(v,z)} do(v)

forz € C[0,T]. Let 0 =tg < t1 < ... <1, <tnpy1 =T be a partition of the interval
[0,T] and for v € L3[0,T] define the sectional average T of v by letting

(5.2) () = — / " o(s)ds

ti —tji-1 Ji;
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on each subinterval (t;_i,t;] and by letting 7(0) = 0 ([6]). Then, we have for
v € Ly[0,T] and = € C[0,T]

T [ tj
63 (ule) = [ ool = > T [T
n+1 " n+1 t;
= Y l) ~ () = 3 [ a0dete) = (.0)

We are now ready to evaluate the conditional analytic Feynman w,-integrals of
the functions in .7, .

Theorem 5.3. Let X,y and F' € %, be given by (2.3) and (5.1), respec-
tively. Then, for A € Cy, E"\F|X,1](41) exists for Px, ., -a.e. fns1 =
(€0,&1,. .., &nr1) € R™2 and it is given by

n+1

B Pl ) = [ e {i 306 ~ &) - gyl -7l f ot

Jj=1

where D is given by (5.2). Moreover, for a non-zero real q, E*f4[F|X,41](&41)
exists and it is given by

B[ X ) (€t ) = /
LQ[O,T]

n+1 1
exp {13006 — &5-1) + ello— 713  do).
j=1

Proof. For A >0 and Px_,,-a.e. €n+1 € R™*2, we have by Fubini’s theorem

EIFOY2(z — [a]) + (€ ia])]
_ / expli(v, [Eni])) / exp{iA2(v - 7,2)} dwy (z) do(v)
Lz[O,T] C

by (5.3). Using the following well-known integration formula

1/2 b2
(5.4) /[Rexp{—ocu2 +ibu}du= (g) exp{ - E}
for @ € C, and any real b, we have

n+1

Z ﬁ(tj)(fj_gj—l)—%w—ﬁﬂg} do(v)

j=1

EIFOY2 (e []) + o ])] = / o exp{i

since (v — ¥, -) is mean zero Gaussian with variance ||[v — |3 by Theorem 1.2. By
Morera’s theorem and the dominated convergence theorem, we have the results. [
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Letting A = 1 in the result of Theorem 5.3, we have the conditional w,-integral of
Fin 7,

Corollary 5.1. Under the assumptions and notations given as in Theorem 5.3,

we have for Py, -a.e. &1 € R™T2

n+1

EIF| Xt o) = /

L»[0,T]

n+1
exp{i;a—)(tj)(sj = 1) = glo ol pdoto).

Theorem 5.4. Let X,, and F' € .%,,, be given by (2.5) and (5.1), respectively.
Then, for A € C, E*"[F|X,](&,) exists for Px, -a.e. &, = (&0,&1,...,&n) € RO
and it is given by

E“M X ()

- 1 _ _
= / expyiy U(t) (& — &-1) = oy [llv = 7ll3 + (T = ta)[0(T)]]  do(v)
L2[0,T] ‘ 2
5 j=1
where T is given by (5.2). Moreover, for a non-zero real q, E“"a[F|X,](&,) exists
and it is given by

E1[F|X,)(6n)

n

= expy i D(ENE; — & i v — T2 B - 9 ol
S o{ S0 ~ 1)+ =0l + (T~ ) (0 aoto)

Proof. For notational convenience, let 5n = (&,&1,...,&) € R* L and Enﬂ =
(€0,&15 -3 &nyEnt) for €41 € R. Moreover, let [E;H_l] be the polygonal function of
€ns1. For A > 0 and Py, -a.e. &, € R, we have by Theorems 2.5 and 5.3

1= [gmms] [ EFO - () + )

/\(fn-i-l - gn)Q
2T —t)

A 1/2 n

o )‘(fnJrl - fn)Q
2(T — 1)

}dguin

} d6us1 do(v)
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by Fubini’s theorem where ¥ is the sectional average of v given by (5.2). Let u =
&nt+1 — &, Then we have by the change of variable theorem

. A 1/2 O " | 1 »
Ky = [m} /Lz[m exp{ljzgv(t])(é} —&-1) = 5xllv - v|2}
Au?

« /R exp {ifB()]u - m} dudo(v)

n
N - 1 _ T — t,)[0(T)]?
[ e im0 - gyl - o - T o)
L3[0,T] =
by (5.4). By Morera’s theorem and the dominated convergence theorem, we have
the results. 0

Now, letting A = 1 in the result of Theorem 5.4, we have the following corollary.

Corollary 5.2. Under the assumptions and notations given as in Theorem 5.4,
we have for Py, -a.e. {, € R"t?

E[F|X.) ()
. - _ 1 B 3
= /Lz[O’T] eXp{lz_:’U(tj)(fj - gjfl) - 5[”’0 — v”g + (T - tn)[v(T)]Q]} do(v).

j=1
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