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I. INTRODUCTION AND NOTATION

Heinrich introduced his “density condition” in the context of ultraproducts of
locally convex spaces and gave some basic facts, see [11]. In [3] Bierstedt and Bonet
studied the density condition in the setting of Fréchet spaces. This restriction is
natural since each (DF)-space has the density condition. One of their main results is
that a Fréchet space satisfies the density condition if and only if each bounded subset
of its strong dual is metrizable. Many proofs in [3] are based on a dual reformulation
of the density condition. This started the research on “dual density conditions”
in the setting of (DF)-spaces. With duality methods and polarity Bierstedt and
Bonet formulated two slightly different dual versions of the density condition, the
“dual density condition” and the “strong dual density condition” (see [4]). In many
cases they are equivalent, but there are also examples of (DF)-spaces for which
this is not true. By [4] we know that a (DF’)-space has the dual density condition
if and only if its bounded subsets are metrizable. These concepts were used by
several authors in various contexts, see e.g. [2] [5], [16], [17], [18]. Countable locally
convex inductive limits of spaces of holomorphic functions arise in linear partial
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differential equations, convolution equations, distribution theory and representation
of distributions as boundary values of holomorphic functions, complex analysis in
one and several variables and spectral theory and the holomorphic calculus. In this
article we show that the characterization of the dual density condition we obtained
in [17] also holds in the setting of condition (LOG) of Bonet, Engli§ and Taskinen
(see [10]).

Our notation for locally convex (l.c.) spaces is standard; see for example Jarchow
[12], Kothe [13], Meise, Vogt [14] and Pérez Carreras, Bonet [15]. For a locally convex
space E, % (E) denotes the family of all absolutely convex 0-neighborhoods in F.

A locally convex (DF)-space E with a fundamental sequence (By,)nen of bounded
sets is said to satisfy the dual density condition (DDC') (resp. the strong dual density
condition (SDDC)) if the following holds: for every sequence (Ax)gren of strictly
positive numbers and for every n € N there are m > n and % € % (E) such that

B,NU C F< U )\kBk> (resp. r< U )\kBk>),
k=1 k=1

where T' (resp. I') denotes the absolutely convex hull (resp. the closed absolutely
convex hull).

In the sequel D denotes the open unit disk of the complex plane. The space
H(D) of all holomorphic functions on D will usually be endowed with the topology
co of uniform convergence on the compact subsets of D. For a decreasing sequence
¥ = (vn)nen of strictly positive continuous functions (weights) on D we define

Hvy (D) :={f € HD); [ flln:= Slelgvn(zﬂf(zﬂ < oo},
H(vn)o(D) := {f € H(D); lzlliir}_vn(zﬂf(zﬂ =0},
¥ H(D) := ind,, Hv, (D) and ¥ H (D) := ind,, H (v, )o (D).

B,, (resp. B, ) denotes the closed unit ball of Huv, (D) (resp. H(v,)o(D)). By B,
and m we denote the co-closures of the corresponding sets. Note that B,, = B,,.
If we put now C,, := B, NV H(D) resp. Cpno := ChoNYH(D), n € N, by (Cp)nen
resp. (Cn,0)nen We obtain a fundamental sequence of the bounded subsets of ¥ H (D)
resp. ¥ Ho(D). The system V of weights was introduced in [9] as

V :={v: D —]0, 00[v continuous, Vk 3r; > 0: ¥ < ir]if rvk on D}.
The corresponding weighted spaces for V are called projective hulls and are given by
HV(D):={f € HD); ||fllz:= iggﬂZ)lf(Z)l <oo Vi eV},
HVy(D) := {f € H(D); v|f| vanishes at the boundary of D Vv € V}.
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The system (Cg)gcy (resp. (Cpo)pey) » where
Cs = {f € HV(D); |flls < 1} and Cro = {f € HVo(D); ||f]}s < 1},

gives a 0-neighborhood base of HV (D) (resp. HV(D)). We write C5 and C5 ¢ to
refer to the co-closure. A fundamental sequence of the bounded sets of HV (D) resp.
HV(D) is given by C}, = B, N HV(D) and C}, ; := By 0N HV (D), n € N.

An important tool to handle weighted spaces of holomorphic functions are the so
called associated growth conditions mentioned by Andersen and Duncan in [1] and
studied thoroughly by Bierstedt, Bonet and Taskinen in [8]. Let v be a weight on D.
Its associated growth condition is defined by

3(z) == supflg(2)]; g € H(D), lgl <v}, ze€D.

A weight v on D, is said to be radial if v(z) = v(Az) holds for every A € C such
that [A| = 1.

II. MAIN RESULT

All the weights in this section are defined on the unit disc D of the complex plane.
For every n € N we denote r,, := 1-272", 79 = 0, and I,, := [r,,, 7 41]. The following
definition is inspired by a condition introduced by Bonet, Engli§ and Taskinen [10,
Section 4].

Definition 1. A sequence W = (wy, )nen of weights on D satisfies the condition
(LOQG) if each weight in the sequence is radial and approaches monotonically 0 as
r — 1— and there exist constants 0 < a < 1 < A such that

(a) Awg(rpi1) = wi(rn) and

(b) wi(rnt1) < awy(rn).

for every k and n.

For examples of systems of weights with (LOG) we refer the reader to [10, Exam-
ples 5 and 6].

First we need an auxiliary result.
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Lemma 2. Let E be a lc. space with the fundamental sequence (By,)nen of
bounded subsets. E has (DDC) (resp. (SDDC)) if and only if for every sequence
(A\j)jen of strictly positive numbers and for every n € N there are m > n and
U € % (E) such that

(1) B,NU C Z)\ij (resp. B, NU C Z A;Bj)

j=1 j=1

Proof. If E has (DDC), for every sequence (\;);en of strictly positive num-
bers and for every n € N there are m > n and U € % (E) such that B, NU C

_,m m
T(U AB;) € 3 AiB;.

j=1 j=1

Conversely, we fix a sequence (y1;)en of strictly positive numbers and n € N. Put
Aj := ;277 for every j € N and apply (1). Then there are m > n and U € % (E)

with
B,NUC Y \B; :Zz—ij CP(U MBJ).
J=1 J=1 j=1

Hence, E has the dual density condition.

For the strong dual density condition the proof is analogous. O

Theorem 3. Let ¥ = (v, )nen be a decreasing sequence of strictly positive contin-
uous radial functions on the unit disc D such that each v,, approaches monotonically
0 as r — 1— and such that (LOGQ) is satisfied. The following are equivalent:

(a) #0H (D) has the dual density condition.

(b) ¥ H(D) has the dual density condition.

(c) For every sequence (\i)ien of strictly positive numbers and every n € N there
arem >n and W € V such that

m
CnoNCrmo C Y MCro.
k=1

(d) For every sequence (A,)ken of strictly positive numbers and every n € N there
arem >n and v € V such that

I 1\~ _ w=\
(min (—,:)) gZ—’“ on D.
Up T = vk

Proof. First, we show the equivalence of (a) and (b). By [6] Proposition 4 we
have ¥ H(D) = (Y H(D),);.
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(a) = (b): Let ¥oH (D) have the dual density condition. Then each bounded
subset of YoH (D) is metrizable by [4] Theorem 1.5.(a). [3] Theorem 1.4 yields
that ¥oH (D), has the density condition and is distinguished. Thus, ¥ H(D) =
(oH(D),); = ¥ H(D)}, , and ¥ H(D) has the dual density condition.

(b) = (a): Let ¥ H(D) have the dual density condition. Since ¥ H(D) =
(76H(D),); holds, by [16, Corollary 2], #,H (D), has the density condition. An
application of [3, Theorem 1.4 and 1.5] implies that ¥, H (D) enjoys the dual density
condition.

Next we want to show that (a) implies (d). By [10, Theorem 5] %o H (D) is a dense
topological subspace of HV (D). In particular HV (D) is a (DF)-space (see [12,
Theorem 12.4.8.(d)]. Using [4, Theorem 1.10.(a)]. By Lemma 2 we know that then
for a sequence (\;);en of strictly positive numbers and every n € N there are m > n
and T € V such that

(2) CloNCro C Y ACio

Jj=1

So we have to show that (2) implies (d). We fix f € H(G) such that |f| <
(min(1/v,,1/7))~ on G; hence |f| < 1/v, and |f| < 1/ on G. W.l.o.g. we can
choose ¥ € V strictly positive, continuous and radial (see [7]).

Now, we consider the sequence (S f)ren of the Cesaro means (of the partial sums)
of the Taylor series about 0. We obtain |Sy f| < 1/v, and |Sif| < 1/7 on G (see [7]
Proposition 1.2.(c)). Moreover, each polynomial S f is an element of HV(G) and

hence of C;, (N Cg . (2) yields Si.f € 21 A Clo = 2:1 A;jC% o for every k € N. Thus,
j= j=

m
each S f can be written as Sy f = > Ajg; where g; € Cj o for every j € {1,...,m}.
j=1
We get
[Skf] < Z— on G for every k € N.
j=1

<
<

m
Since Sif — f pointwise, we obtain |f| < ) Aj/v; on G. Taking the supremum
j=1

over all f, condition (d) follows.
By [17, Lemma 1] (a) and (c) are equivalent. It remains to prove that (d) yields
(c). Our proof was inspired by [10, Theorem 5].

Let M > 0 denote a constant such that M > > a*, 0 < a < 1 as in (b) of
keN

Definition 1, and M > 2A!27t2-2""" if n >t 1 < A as in (a) of Definition 1.
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We fix (Ax)ren and n € N. Moreover we select m > n and 7 € V. Now we fix
fe€CnonCs0Nn%H(D). Hence f € ¥H (D) and

Put v := min(vy /mA1, ..., Um/mAy,). Hence
f€Dyp:= {f € WH(D); sugu(z)|f(z)| < 1}.
zE

We write ©v = min(aqu1, ..., ami,) where a; = 1/m); and u; = v; for every 1 <
i < m. u is a radial, continuous and non-increasing function. It is known that each
g € YH(D) can be approximated in ¥, H (D) by the functions g,, (z) = g(r,z) for
large n. (Taking a k such that g € H(v)o(D) we have |z|lgri lg(2)|vk(z) = 0. This

implies g,, — ¢ in H(v;)o(D) as n — oco. The topology of the inductive limit is
coarser, hence, g,, — ¢ also there.) Since the weight v is non-increasing, we get

(3) inf w(z) =u(rpi1) = ulrnie) = inf  w(z) > A %u(r,).
|z|E€T, [z|€1n+1

For every n € N we can thus pick a k(n) € {1,...,m} such that

(4) u(rn) = Qg(n)Uk(n) (Tn) = Qi) ‘S‘ul? Up(n) (2)-
z|€ln

For v € Nlet Ny = {n < v; k(n) =1} for each 1 <1 < m. Let us define, for all n,
the function ¢, (z) := f(rny12) — f(rnz) and go(z) := f(0), and, for i € {1,...,m},

(5) hii="Y_ Gn,

neN;

and h; := 0if N; = (0. Clearly f,., = h1 + ...+ hm + go- The constant function
go belongs to H(u;)o(D) and |£(0)| < a; *uj'(0), hence gy € a;*Cho. Let us fix
i€ {l,...,m}. We pick n € N;, and estimate |gy,(z)| for different z.

1. Assume first |z| = r,—1. Then

Izl > (1-221-22"Y>01-2-272"" el
and similarly for |r,4+12|; hence

(6) Tn—2 < |rnz| < |rpg12] < rpga.
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Since f € D, o we have for these z, by (3)

(7) |90 (2)] < |f(rn2)| + [f(rng12)| < 2 sup  u(r)”! = 2u(r,) "t

Tn—2<T<Tn41

Now (7) can still be estimated using (4) by
(8) 2A%u(r,) ! = 2A%; M ui(r)
2. Assume 2 <t < n and |z| € I,,_;. We have

9) lgn(2)| = | f(rnz) = f(rpa12)] < sup [ (Ollrnsr —n
E€ln_tUln_t—1

< sup 1(©)127".
E€ln tUlp_t—1

We estimate |f/(€)| using the Cauchy formula

(10) rel< [ gy <ugr 2

In|=rn |77_£|2 h

since [n— & > 272" 272" > 271,272 We uge 2" — 2711 > 2n—1 apd

from (9) and (10) we obtain
_on—1 _ _on—1 _ —
(11) 902 <27 ()T <27 i gy ()

Here we used (4). Moreover, using (a) of Definition 1 ¢ times, we can continue the
estimate by

(12) < 9—2"" -Ata;(ln)’u,k(n) (2)71

Since n > t we have 22" At < M2~ (for all n and t), hence (12) is bounded
by

(13) M2~ 00 g ()71 = M2~ 007 Ny ()7,
So altogether
(14) l9n(2)] < M27"Da; tuy(2) 7

To complete the proof, let now z € D; we want to show that there is a constant
C > 0 such that

(15) hi(2)] < (2MCA? + M)a;t.
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Let ¢ € N be such that |z| € I, then

(16)  h()I< Do lm@I+ DD a2l = Gilz) + Hi(2).

neEN; nt+1 neN; n>t+1

(a) Consider G;(z). In this case (8) of 1. implies

Gi(z) < Z 2A4%a;  ui(ry) 7L

neN; n<t+1

By using (b) of Definition 1 (¢ — n) times, there is a constant C' > 0 such that this
is bounded by

(17) C Z 2A4%a; i (ry) T ta T <20 M A%a; M (2) T
n<t+1

Remember that a < 1 and M > Y a*.
keN
(b) Consider H;(z). Then 2. (14) implies

(18) Hi(z)< > M2 o ui(z) ™ < May  ui(2) 7
neN; n>t+1

‘We obtain

fro=g0+ Y h€(1+20MA? + M)a;'Cro+ Y (20MA? + M)a; ' Co
=1 k=2

C(1+20MA? + M)mz AkCho-
k=1

Put w = v/m(1 + 2CM A% + M) and obtain the assertion (c). O
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