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APPROXIMATION AND NUMERICAL REALIZATION OF
3D CONTACT PROBLEMS WITH GIVEN FRICTION AND
A COEFFICIENT OF FRICTION DEPENDING ON THE SOLUTION*

JAROSLAV HASLINGER, TOMAS LIGURSKY, Praha

(Received November 16, 2007)

Abstract. The paper presents the analysis, approximation and numerical realization of
3D contact problems for an elastic body unilaterally supported by a rigid half space taking
into account friction on the common surface. Friction obeys the simplest Tresca model
(a slip bound is given a priori) but with a coefficient of friction F which depends on a
solution. It is shown that a solution exists for a large class of F and is unique provided
that F is Lipschitz continuous with a sufficiently small modulus of the Lipschitz continu-
ity. The problem is discretized by finite elements, and convergence of discrete solutions
is established. Finally, methods for numerical realization are described and several model
examples illustrate the efficiency of the proposed approach.

Keywords: unilateral contact and friction, solution-dependent coefficient of friction

MSC 2010: 65N30

1. INTRODUCTION

The aim of this paper is to analyze, discretize and solve a mathematical model
describing 3D contact problems for an elastic body unilaterally supported by a rigid
foundation taking into account the influence of friction on the contacting parts. We
shall consider the simplest model of friction, the so-called Tresca model in which
the threshold slip is a priori given (see [3]). Although this model of friction is in a
certain manner unphysical (unilateral and friction conditions are uncoupled), it plays
an important role in the numerical realization of the more realistic Coulomb law of
friction ([8], [9]). In the classical Tresca model the threshold slip is expressed as

* This research was supported under the grant No. 201/07/0294 of the Grant Agency of
the Czech Republic and MSM 0021620839.
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the product Fg, where g is a non-negative function and F is a coefficient of friction
which does not depend on the solution. In some problems, however, F can be of
the form F := F(||u¢]]), i-e., the coeficient of friction depends on the magnitude
of the tangential contact displacement. The paper deals just with this case. The
same 2D problem has been already studied in [6]. Its extension to the 3D-case,
however, is not straightforward, in particular as far as the numerical treatment is
concerned. Indeed, the Lagrange multipliers regularizing the frictional term are now
subject to quadratic constraints so that the resulting minimization problem involves
quadratic constraints, as well. The theoretical analysis of discrete contact problems
with Coulomb friction and a coefficient depending on the solution which is based on
a penalization and regularization approach is also presented in [7].

The paper is organized as follows: Section 2 presents the classical and weak for-
mulation of our problem. The existence result which is based on a fixed-point re-
formulation of the problem is established in Section 3. It is shown that there exists
at least one solution for any continuous and bounded coefficient of friction F. In
addition, the solution is unique provided that F is Lipschitz continuous with a suffi-
ciently small modulus of the Lipschitz continuity. A finite element approximation is
studied in Section 4 together with the convergence of discrete solutions. The method
of successive approximations serves as a main tool for numerical realization of this
problem. In Section 5 we describe an efficient way of solving one iterative step which
is represented by a contact problem with the Tresca model of friction with a coef-
ficient of friction which does not depend on the solution. Finally, results of several
model examples are shown in Section 6.

Throughout the paper we use the following notation: ||z|| and "y stand for the
Euclidean norm of a vector & € R3and the scalar product of «,y € R3, respectively.
By H*(Q), H*(T'), k a non-negative integer, I' C 992 we denote the classical Sobolev
spaces of functions defined in Q, I' with the norms || - ||x.0, || - |

kT, respectively.
Further, |- |.q, | - |&,r are the corresponding seminorms. If X is a Banach space then
the Cartesian product (X)* and its elements will be denoted by bold letters. Norms
and seminorms in X are defined in a standard way.

2. SETTING OF THE PROBLEM

Let us consider an elastic body occupying a bounded domain  C R? with
Lipschitz boundary 092 which is split into three relatively open, non-empty, non-
overlapping parts I, I'p, and I'. such that 0Q = Tu UFPUE. The zero displacements
are prescribed on T, while surface tractions of density p = (p1,p2,p3)" € L (T,)
act on I',. The body is unilaterally supported by a rigid foundation S along I'.. For
the sake of simplicity of our presentation we shall suppose that S is the half-space
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R? x R! and there is no gap between S and € for the undeformed configuration.
Besides unilateral constraints imposed on the deformation of Q on I',, we shall take
into account the effects of friction represented by the model with given friction in
which a given slip bound g is multiplied by a coefficient of friction F which depends
on the norm of the tangential component of the displacement vector on I'.. Finally,
the body is subject to volume forces of density f = (f1, fo, f3)' € L?*(Q2). Our aim

is to find an equilibrium state of Q.
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Figure 1. Geometry of the model.

The classical formulation of the above problem consists in finding a displacement
vector u = (u1,us2,u3)’ which satisfies the equilibrium equations and the boundary
conditions (2.1)—(2.5)!:
(equilibrium equations)
a’TZ‘j
633j

(2.1) (w)+fi=0 inQ, i=1,2,3;

(kinematical boundary conditions)
(2.2) u; =0 on Iy, i=1,2,3;
(static boundary conditions)

(2.3) Ti(u)=p;, onlp i=123;

! Here and in what follows the Einstein summation convention will be adopted.
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(unilateral conditions)
(2.4) up <0, Th(u) <0, uyTh(u)=0 on I

(friction conditions)

u =0 = [|Ti(u)]| < F(0)g on I;
(2.5)

u
uy # 0 = T)(u) = —f(l\wll)g”u—ZH

The symbol 7(u) = (7;j(u))} ;—; stands for the symmetric stress tensor which is
3

related to the linearized strain tensor e(u) = (g;5(w)); ;4

on I[,..

by means of linear Hooke’s
law:
Tij(w) = cijuen(uw), 4,5 =1,2,3,
where
1 8uz 8’(1,]' .
ij = - i =1,2,3
Ei](u) 2(3‘%]_’_8%)7 2V )y Dy

and ¢ € L>®(Q), i,4,k,1 = 1,2,3, are linear elasticity coefficients. They satisfy

the following symmetry and ellipticity conditions:

(2.6) Cijkl () = ikt () = criij(x) for a.a. x € Q;
(27) dcen > 0: Cijkl (w)fijfkl > Cellgijfij for a.a. £ € Q and all fij = gji € Rl.

Further, n is the unit outward normal to Q on 9Q, u, = u'n, u; = u — u,n
stand for the normal and tangential components of a displacement vector w on I,
respectively, and T'(u) = (T1(u), Ta(u), T3(u)) " is a stress vector whose components
are T;(u) = 7;j(u)n;, i = 1,2,3. The symbols Ty, (u) = (T(u)) 'n, Ti(u) = T(u) —
T,.(u)n denote the normal, tangential component of a stress vector T(u) on T,
respectively. Finally, F is a continuous, positive, bounded function in [R}r which
defines the coefficient of friction depending on the magnitude ||u.|| on I, and g €
L3(T.), g > 0, is a given slip bound.

Let us notice that due to the special geometry of 2 and S we have v,, = —v3 and
v; = (v1,v2,0) " on T,

Let

V={veHY(Q): v=0o0nT,},
V:(V)Ba

and let K be a closed convex set of kinematically admissible displacements:
K={veV:v,<0ae onl.}.
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Definition 2.1. By a weak solution to a contact problem with given friction and
a solution-dependent coefficient of friction F we mean any displacement vector u
satisfying the following implicit variational inequality of elliptic type:

Find u € K such that
P
®) {a<u,v—u)+/ Fllluelg(od - [ul)dS > Fv —u) Vo e K,
I

where
a(u,v) ::/ Tij(w)ej(v) dee, u,veV,
Q

F(v) ::/wai d.’l:—l—/F piv; dS, v= (Ul,’UQ,’Ug)T ev.

3. EXISTENCE RESULT

In this section we derive an equivalent fixed-point formulation of our problem.
With its aid we prove the existence of at least one solution and give conditions
guaranteeing its uniqueness.

First, we introduce some notation. Let v be the trace operator on I:
YW =0, VE V,
and let «, v, and ~; be defined by
)T

YU = (7”1571]2)71]3 B TnU = (’)ﬂv)na YtV = (’Yv)h v = (U17U25 U3)T eV.

By H'/ 2(T.) we denote the space of traces on I. of all functions from V, by
H}r/ *(T,) its subset of all non-negative elements:

H'(T,) =4V,
HY*(T) = {¢ € HY?(T.): ¢ >0 ae. onT.}.

The trace space H'/? (T.) is a Banach space equipped with the norm

(3.1) [¥ll1/2r = inf folie, o€ HY(L).
yu=1

According to our notation, H'/2 (T%) is the trace space on T of functions from V'
with the norm

(3.2) ||¢||1/2,Fu = vlgé |10, € Hl/z(rc)-
yv=1
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From the definition of the norms it immediately follows that

(3-3) H#llhy2r. <l9lhyer Yo e HYT).

In the sequel we shall need the following auxiliary results.

Lemma 3.1.
(i) Ifv € Hl(D) then |lv|| € Hl(D) and

lwllho < ol D=L
(i) if v € V then y,v € HY/2(T,), yw € HY(T), and |y € HYA(T,);

(iii) if v* — v in H(Q), v*,v € V, k — oo, then

~oF =y in Hl/Q(FC), k — oo,
[yev¥|| = [|yevll in HY*(T.), k — oo.

For the proofs we refer to [11].
With any ¢ € Hi/ 2 (T.) we associate the following auziliary problem:

Find u := u(p) € K such that
P(e
(P(¥) /.7-" g(|vell = [|[ue])dS = F(v —u) VveK.

It is known (see [4]) that (P(y)) has a unique solution for every ¢ € Hl/Q(I‘C).
Thus one can define a mapping U: Hl/2 (T.) — Hl/2 (Te) by

(3.4) U: g [ve(ul@)l, ¢eH (L),

where u(yp) € K solves (P(y)).
Comparing (P) and (3.4), we arrive at the following alternative (and equivalent)
definition.

Definition 3.2. By a weak solution to a contact problem with given friction and
the solution-dependent coefficient of friction F we mean any function v € K solving
(P(lveul)), ie. ||yeul is a fixed point of ¥ in Hl/Q(I‘ ):

U([lyrull) = [lveull  on Te.

To prove the existence of at least one fixed point we examine the basic properties
of U. Denote

Br={¢ € H{*(T): |[¢ll1/2r, <R}
for every R > 0.
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Lemma 3.3. The mapping ¥ maps By into itself with

_ IFl ey
CellCK

R:

where cep > 0 is the constant in (2.7) and cx > 0 is the constant from Korn’s
inequality:

exllollZ o < / ey (0)ei;(v)dz Vv E V.
Q

Proof. Letye H}F/Z(I‘C) be arbitrary but fixed and denote by u := u(yp) the
solution to (P(¢)). Inserting v := 0 € K into (P(p)), we obtain

~a(u,u) - / Fl)gllur] dS > — F(u).

Therefore,

(3.5) cancxcllul o < / comin(w)es (w) de + / F(p)gllwil| dS
Q Te

< F(u) <|[FllE @y llvle
in virtue of (2.7) and Korn’s inequality. From (3.2) and (3.3) one has
3.6)  weV = |[vaulllzr < vulyzr < [lvulyzr < llule.

From this and (3.5) we obtain the assertion of the lemma. O

Next we show that the mapping ¥ is weakly continuous in H_}_/ 2(I‘C).
1/2 k 1/2
Lemma 3.4. Let ¢ € H,'"(I..), {¢"} € H,"(I.) be such that
o = ¢ in HY(T,), k— co.

Then
U(pF) = W(p) in HY?(T,), k— .

Proof. Let u*:=wu(¢*) € K be a solution to (P(¢*)), k € N:
koo ok k lagk _uk
a(u”, v u)+/7:(</> Jg(lloel| = llug])) dS > F(v —u®) Vv e K.
Ie
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From (3.5) we see that {u*} is bounded in H'(2). Thus there exist a subsequence
{u'} C {u*} and a function u € V such that

u' —~u in HY(Q), | — oco.
We prove that u solves (P(y)). First, u € K and

limsupa(u',v —u') < a(u,v —u) VveK,

l—o0

lim Flv —u')=F(v—-u) VYvekK.

l—o0

Since F is continuous and H'/2(T,) is compactly embedded into L?(T,), one can pass
to a subsequence of {¢'} (denoted by the same symbol) such that

(3.7) F(') — F(p) ae. on T, [ — oc.
From (iii) of Lemma 3.1 we know that
lyeu!| = lvew|| in HY2(L), 1= oo,

which yields
lvew!]| = [veu| in L*(T%), 1 oo

This, the Lebesgue dominated convergence theorem, and (3.7) imply
i [ F ot~ ) ds = [ Feholloel - el ds
Letting I — oo in (P(¢')) and using the previous results, we see that
ot v —w)+ [ FRgllud ~ul)dS > Fo—w) ¥ e K,

i.e. u solves (P(p)). Since (P(p)) has a unique solution, the original sequence {u*}
tends weakly to u in H'(Q2) and

lveu®| = ] in HY*(L), k- occ.

On the basis of Lemmas 3.3 and 3.4 we obtain the following existence result.
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Theorem 3.5. There exists a weak solution to a contact problem with given
friction and a solution-dependent coefficient of friction.

Proof. It follows from the weak version of the Schauder fixed-point theorem
(see [8]). O

Next we show that W is Lipschitz continuous in the L?(T.)-norm provided that
F is Lipschitz continuous in R} and g € L>(T%).

Theorem 3.6. Let g € L>(I.), g > 0 a.e. onT,, and cr, > 0 be such that
|.7:(331) —.7:(51” < CL|.131 —§1| Vr,,7 € R}r.
Then

— Te
1¥60) - 8@, < er PA=L 2y, v 5 e YA,

where ¢y is the norm of the trace mapping ~;: V. — LQ(I‘C) and cq, cx are the
constants from (2.7) and Korn’s inequality, respectively.

Proof. Let ¢,p € Hi/Q(I‘C) be given and let u, w be the respective solutions
of (P(¢)), (P(@)):

alu,v —u /.7-' (lve]] = |ue])) dS = F(v —u) Vo € K,
a(@, v — ) /]—‘ g(loill = @) dS > F(v —@) Yo e K.

Inserting v := w into the first and v := wu into the second inequality and summing
them, we obtain

(3-8) a(u —u,u —u) + / (F(e) = F@))g(l[we || — [well) dS = 0.

r.

It is readily seen that

(3.9) [llvea] = veulllly r, < 1@ = yeullor. <

From (2.7), Korn’s inequality, (3.8), and (3.9) we obtain

(3.10)
<alu—w,u—u)
< gllso,r 17 (@) = F(@)llo,r = [l r,
<cp
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Finally, (3.9) and (3.10) yield

C%—‘Hg”(xhrc

— ||ve@ < — 10 < [l = Bllo.r.
el = vl g, < erlu =l < en L= — o,

O

Corollary 3.7. Ifcy - c2||glloor./cenckx < 1 then the mapping U : Hi/Q(I‘C) —
H i/ *(T.) is contractive in the L*(I;.)-norm. Consequently, U has a unique fixed point
and the method of successive approximations

0 e gYr iven;
(3.11) {‘P + (c)g

for k=1,2,... set * = W(pr1)

is convergent in the L?(T.)-norm for any choice of ¢°.

4. FINITE ELEMENT APPROXIMATION

This section deals with a discretization of problem (P) by a finite element method.
We establish the existence as well as the uniqueness of discrete solutions in a way
similar to the continuous case. Then we shall study convergence of discrete solutions
and as a by-product we obtain an alternative proof of the existence of a solution
to (P).

To avoid the use of curved elements we shall suppose that €2 is a polyhedron. Let
{71}, h — 0+, be a regular system of partitions of Q! into tetrahedra such that every
partition 7}, is compatible with the decomposition of 0€) into I, I}p, and I'; and such
that {Th‘ﬁ}, h — 0+, is a strongly regular system of triangulations of T, (see [1]).
With any 7}, the following sets will be associated:

Vi ={vn € C(Q): vp), € P(T) VT €Ty, v, =0 on L},

Vh - (Vh)ga
K; = {’Uh eVy: vhn(ai) <0Va; ENh},
Vi =Va,,

Vi ={en € Vu: pn(ai) >0 Va; € i},

where NV}, is the set of all contact nodes, i.e. the nodes of 7y, lying on I.\I,. Obviously,
K, C K and V;t ¢ H/*(T,) for all h > 0.
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For every ;, € V;L" we shall consider the following discrete problem:

Find up, := up(pp) € K, such that
(P(en))n a(wh, vn — up) +/ F(en)g(llvnell = llwnd]) S = F(vn — un)
Ie
Yo, € K.
Again (P(pr))n has a unique solution for any ¢, € V; and one can define a map-

ping ¥, by
Unlen) =rulve(un(en)ll,  en €V,

where wup,(¢p) € K, is the solution to (P(¢p))n and r4: H'Y/2(T.) — Vy, is a linear
interpolation operator with the following approximation property: there exists a

constant ¢, > 0 independent of hr, := pluax diam(F') such that
S hlg
(41) 1Y =l < echrllhr. Vo € HY(T)

for p =0 and 1/2 which preserves monotonicity, i.e.
(4.2) Y =0onT, ¢ € H/* L) = rm € V.
For an example of 7, satisfying (4.1) and (4.2) we refer to [2]. The mapping ¥y, :
V;F — V;' can be viewed as a discretization of ¥ defined by (3.4).
Definition 4.1. By a discrete solution to (P) we mean any function u;, € K,
solving (P (7 ||yewn||))n, i-e. 75| wnel| := 74 ||veun ]| is a fixed point of ¥, in V;.
Lemma 4.2. The mapping ¥, is continuous and maps V;{ N By into V;{ N By
for some R > 0 which does not depend on h.

Proof. Let ¢, € V,J[ be arbitrary but fixed and let wy := wr(pp) be a solution
of (P(¢n))n. The approximation property (4.1), (i) of Lemma 3.1, (3.3), and the
inverse inequality between H'(T,) and H'/?(T.) give

43)  lrallveunll]y o r < rnllveunll = Iveunlllly o p, + Hveualll e,

1/2
e ? llveunlll.r, + llvewnll e .

<

1/2
< ephyl “llvunllir, + lvewnlyz,r.
< CrEian'7tuh||1/2,Fc + H'7tuh||1/2,1“cv
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where the constants ¢, and ¢y, do not depend on h. Arguing exactly as in Lemma 3.3
(see (3.5) and (3.6)), one can show that

< I1F || (e )y

[vewnllijzr, < lunlio
CellCK

where cqp, cx are the same as in Lemma 3.3 and independent of h. From this and
(4.3) we see that U), maps V;” N By into V;\ N By with

~ F 7
R:= (]- + Crzinv) ” ”(Hl(Q)) .
CellCK

Next we show that ¥, is continuous in V;[ . Let
oF —n in HY2(T), o, on €V, k— oo,

and denote by u¥ := uy(¢}) € K, solutions to (P(¢F)),. Arguing as in Lemma 3.4,
we have

(4.4) ~yeuf — yiup,  in L*(T.), k — oo,

where uy, := up,(¢p) solves (P(¢p))n. We already know that {ry|vy:ur|} is bounded
in the H'/2(T.)-norm. Thus there exist a subsequence {ry||v:ub ||} € {rnlviuf|}
and a function ¢ € H'/?(T.) such that

rullveul | = ¢ in HY3(LL), 1 — cc.
Since rp, preserves monotonicity (see (4.2)), it is readily seen that
[ra(lyeuhll = Ivewn Do p < lrnllvews, = yeunlllly - VI
Hence,

5) [|rallveashll = rallveunlllg v, < [lralivensh, —vewnlllo .
< rnllvend, = youn | = el — veunllfo 5, + [[lvensh, = veunl[lo .

< Cr hFL.

lvews, = veunll[, .+ [[lvews, = vewnll[o .

Yy, — Yeunl1r, + |vew, — yewnllor.

g Cr hfl"C

l—o0

CrCiny |l vew), — vewnllor, + [y, — yrunlor, — 0

N

in virtue of (4.1), (i) of Lemma 3.1, the inverse inequality between H!(I.) and L?(T,)
and (4.4). Thus ¢ = rp||vrus| on I, and

rullyeug | = ralyeun|| in HY?(TL), k— oo,
since V}, is finite-dimensional for every h > 0 fixed. (]
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From Lemma 4.2 and the Brouwer fixed-point theorem we arrive at the following

result.

Theorem 4.3. There exists a discrete solution to (P).

Under additional assumptions on F and g one obtains the following uniqueness

result.
Theorem 4.4. Let g € L>®(T.), g = 0 a.e. on I, and let ¢, > 0 be such that
|F(z1) — F(@1)| < crler —T1] V1,71 € Ri.
Then there exists a positive constant ¢ which does not depend on h and such that

or. <cerlon —Byllorn. Ven, @, € Vi

[¥n(en) — Un(@h)|

Proof. In the same way as in Theorem 3.6 it can be shown (see (3.10)) that

cr||glloo.r.

(4.6) |un —nll1,0 < cr “llon — Brllo,r.
CellCK

where uy, @), are the solutions to (P(¢r))n, (P(@,))n, respectively, for ¢, @), € V;F
given. Moreover, we know (cf. (4.5) and (3.9)) that

|rallvewn | — rallvewn| HO,FC < (1 + erciny)[[vewn — vetn|lo,r.
<c

T(l + Crcinv)”uh - ﬂh”l,ﬂ;

where cr, ¢, ciny are independent of h. From this and (4.6) we see that the assertion
of the theorem holds with

_ CQT(l + ¢rCinv) ||| o1
CellCK
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Corollary 4.5. Let h > 0 be fixed. If cc;, < 1 then the mapping ¥, : V;' —
V;{ is contractive. Consequently, W}, has a unique fixed point and the method of

successive approximations

0 Yt o
€ V;" given;
(4.7) { Ph h 8

for k = 172, ... set (,02 = \Ilh(sol}i_l)

is convergent for any choice of ¢f).

Let us suppose that K N C>(Q) is dense in K in the H'(Q)-norm (some cases
when this assumption is satisfied are studied in [8]). Let {up}, h — 0+, be a
sequence of discrete solutions to (P) and let © € K be arbitrary but fixed. Our
density assumption ensures the existence of a sequence {v;}, v), € K}, such that

(4.8) v, — v in HYQ), h — 0+.

Since {uy} is bounded in H'(Q) and u, € K, C K Vh > 0, one can pass to a
subsequence {up'} C {up} and find a function w € K such that

up —u in HY(Q), ' — 0+.

This together with (4.8) yields

lim sup a(up, Tp — up) < a(u, v —u),
h’/—0+

lim F(ﬁh/ — uh/) = F(ﬁ— u),

B/ =0+

vewn || = llveull in L*(Ic), B — 0+.

Using the last relation, (4.1), (i) of Lemma 3.1, the inverse inequality between H'(T,)
and H'/2(T,) and the boundedness of {y;us } in the H'/?(T.)-norm, we obtain

@9)  rwllwnell = vl ]|y 1.
< [lrwllwneell = vewen g r, + [[lvewn I = lveullly r,
< ot lllveum e, + [[veun | = Iveul g,
< Crhi‘c Yeun |1, + ||H’Ytuh/H - ||'YtuH||0,FC
h'—0
< c,«EinV(h/pu)l/2||’YtUh’||1/2,Fu + ||H'7tuh’H - H'Vtu”Ho,n —"

Hence, for an appropriate subsequence of {u} denoted by the same symbol we have
ro|unel — ||yl a.e. on T, ' — 0+.
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The above results imply

lim f(rh'Huh'tll)g(IWh'tH—IIUh'tII)dSZ/F F(lluelDg([[oe]l = [lel]) dS.

h =0+ Jr,

Consequently, u € K satisfies
a(u, v — u) +/F FllwelNg([[Te]| = [[wel]) dS > F (v — w).

Since v € K was arbitrary, the function u solves (P) and ||v:ul| is a fixed point
of . Finally, from the boundedness of {r||up¢|} in the H'/?(T,)-norm and (4.9)
it follows that {r7,/||un|} tends weakly to ||v;u| in the H/?(T.)-norm.

The result is summarized in the following theorem.

Theorem 4.6. Let KNC> () be dense in K in the H'())-norm, let {up}, h —
0+, be a sequence of discrete solutions to (P). Then for any sequence {rp||viusn| },
h — 0+, of fixed points of ¥}, there exists a subsequence of {up} (denoted by the
same symbol) such that

(4.10)

up, — w in HY(Q), h — 0+,
rullvewn | = llveu|| in HY/2(T:), b — 0+,

where u solves (P) and ||v,u| is the respective fixed point of ¥. In addition, if
(P) has a unique solution, (4.10) holds for the whole sequences.

5. MIXED VARIATIONAL FORMULATION

A natural way how to find a fixed point of the mapping V¥ is to use the method of
successive approzimations (3.11). Since the main step in this method is a contact
problem with given friction and a coefficient which does not depend on a solution,
we focus on it now.

It is known (see [4]) that the solution u of (P(y)), ¢ € Hi/Q(I‘C), can be equiva-
lently characterized as a solution of the following minimization problem:

Find u := u(p) € K such that
Jo(u) < Jy(v) Vv e K,

where 1
Jo(v) = ia(v,v) —F(v)+j,(v), veV,
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with
jo(v) = / F(@)glveldS, veV.

This is a constrained minimization problem for the non-differentiable total potential
energy functional J,. To release the unilateral constraint u, < 0 on I. and to
regularize the non-differentiable term j, we shall use a mixed variational formulation.

Let t; and t5 be two unit orthogonal vectors in the tangential plane to I'.. Then
the triplet {m,t;,t,} forms an orthonormal basis in R® and any vector function
v: I. — R3 can be represented in the coordinate system {mn,t;,ts} as

v(x) = (va(x),vi(x))" €ERxR? =xeT,,

where v, (2) = (v(z))"n, vi(2) = (v, (@), v, (2) ", v, () = (v(@) " t;, j = 1,2.
This representation will be used for the traces of displacement vectors on I'.. In
accordance with the previous notation, the symbol ||v:|| stands for the Euclidean

norm of v;:
[vell = ((v,)% + (v,)*)"* on T..

Next, let ¢ € H}r/ ? (T%¢) be given and let us set

Ap = {pe (HP2T) s (1) pp >0 Vo € HY (L)},
Ai(p) = {pe € (LATL)?: |lpell < F(p)g ae. on I},

where (H'/2(T,))’ stands for the topological dual space of H/2(T,), (-, )12, denotes
the respective duality pairing and g € L?(I..), g > 0 a.e. on I, is a given slip bound.
It is easy to see that

T (o) = mi ’
min J,(v) = min sup (v, i, pt),

ne€EAL(p)

where £: V x A,, x Ay(p) — R! is the Lagrangian defined by

1
L(v, fin, ) = 561("%”) — F(v) + <Mnavn>1/2,ru "’/F pf v, dS,

('UaHmNt)T € V X An X At(@)

By a mized variational formulation of (P(¢)) we mean a problem of finding a
saddle-point of L on V' x Ay, x Ai(p):

Find (w, Ay, A¢)" € V x A, x Ay(p) such that
'C(wvﬂ'n;/-l't) < ﬁ(w; AnvAt) < ﬁ(van;At) V('U,‘Ll,n,[.l,t)—r eV x An X At(@);
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or equivalently:
Find (w, Ay, A¢) " € V x A, x A¢(p) such that
a(w,v) = F(v) = (An,vn)y /o, —/ A v dS Vv eV,
- c Fu
<Nn - )\nvwn>1/2’n +/ (Iit - )\t)T'wt dS <0
T,

Y (ttns o) T € A X Ag(gp).

The following result is a standard one.

Theorem 5.1. There exists a unique solution (w, \p, A¢) " of (M(p)). In addi-
tion,
w=u, >\n = _Tn(u)v )‘t = _Crt(u)a

where u € K solves (P(y)).

Next, we describe an approximation of (M(y)). Recall that the sets Vj, and V;"
have been already defined in Section 4. Further, let {7y}, H — 0+, be a family of
regular partitions of T, into rectangles R whose diameters do not exceed H. With
any 7y we associate the space of piecewise-constant functions

Ly = {/LH c LQ(I‘C)I HH |p S P()(R) VR e TH}
Let pn € V;L" be fixed. The sets

Apir = {pinsr € L pinm > 0 ace. on T},

Jr Flen)gds

T
meass (R) vite H} ’

Avsi(ipn) = {m € (L) el <

where measz(R) is the area of R, will be used as the discretizations of A,, and A¢(¢r),
respectively.

The discretization of the mixed formulation (M(p},)) reads as follows:

Find (wp, Anm, Aeg) | € Vi x A X Aygr(¢n) such that

a(wh,vh) = F(vh) —/ )\nH'Uhn ds —/ A;FH'UM ds Vvh S Vh,
(M(pn))nm

/ (fnH — AnH)Whn dS +/ (e — Aemr) T wp dS < 0
T, I

V (s pirr) T € A X Apr(on)-
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It is known (see [8], [9]) that (M (pp))rm has a unique solution provided that the
following stability condition is satisfied:

If (s prerr) " € A X Ay (gp) is such that
(5.1) / UnHUhn dS+/ M;FH’UM dS=0 Vv, eV,
Te T
then (tunm, per)' = (0,0)7.

Denote by

R

Jont(vn) = sup / H;FH'Uht dsS, vy € Vi,
pea €A (on) JTe

the approximations of K and j,,, respectively. It is easy to show that the first
component wy, of the solution to (M (¢n))rm solves the variational inequality of the
second kind:

wp € KhH5 a(wh,vh — wh) +j<th('Uh) —jw,LH(wh) > F(vh — wh) Vvh S KhH-

It is worth noticing that Kj g is an external approximation of K, since the non-
penetration condition wp, < 0 on I is satisfied in a weak (integral) sense only.

Next we present the algebraic form of (M(¢n))nm. Let h, H > 0 be fixed and
suppose that the stability condition (5.1) is satisfied. By v € RP, p = dimV},, we
denote the coordinates of vy, with respect to a chosen basis in V;,. Analogously, fi,,
fity, ft, € R", r = dim Ly, are the coordinates of pinrr, fie, i, pe,H, respectively,
with respect to the basis of Ly consisting of the characteristic functions of int R;,
R, eTy,i=1,...,r. Let

(5.2) A" =RY,
(5.3) A(pn) = {(ﬁtmﬁtz)T = (Htats oo Brs Bt -5 Bapr) | € R
Jr, Flon)gds
i)l S T Vi=1
H(Mh Mty )” meaSQ(R’L') ' T}

be the algebraic representatives of Ay, i, Aig(vn), respectively. Further, let K be the
stiffness matrix, f the load vector, M the kinematic transformation matrix linking
the primal and the dual variables and B!, B2, B? the matrices representing the linear
mappings vp = Uhn, Un > Unht,, Uh — Uht,, Un € Vp, respectively.
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The algebraic form of (M (pp))nm reads as follows:
Find (w,X\)T € R? x A(yy) such that

(5.4) Kw=Ff—-BTX,
(F—X)TBW <0 YieA(n),
where IJ/ - (ufmp’tmuh) 3 )\ (ATuAtUAtQ) ) (Qoh) = A" x At(@h) and
M B!
B:= [ MB2 |,
M B3

for short.
For numerical realization of (5.4) we shall use the dual approach. From (5.4); one
can express w:
w=K ' (f-B"X).
Inserting w into (5.4)3, we obtain a new problem in terms of the Lagrange multipliers
which is equivalent to the following quadratic programming problem:

(5.5) { Fin_fl X € A(pp) such that
S(A) < S(H) Vi€ Algn),
where
S(ji) = 33 Qi — "G, i€ Alpn),
with
(5.6) Q:=BK'BT, h:=BK 'f.

Let us point out that A" is defined by the simple (box) constraints (5.2) while
A'(pp,) is determined by the quadratic constraints (5.3). Since the quadratic con-
straints are separated, one can use an algorithm that combines the conjugate gradi-
ent method with the gradient projections for solving (5.5). For detailed theoretical
analysis of this approach we refer to [10].

The iterative process (4.7) based on the dual formulation (5.5) reads as
Let go(,)L € V,j' be given;
for golfl_l € V;L", k=1,2,... known, solve:

X = arg min{S(fi): fi € Al ")}
set w = K™1(f — BT X);
©h = rllvewnll;

repeat until stopping criterion.

Here wj, denotes the element of V}, whose nodal values are given by w.
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6. MODEL EXAMPLES

We now present numerical results of several model examples. A deformable body 2
will be represented by the brick (0,3) x (0,1) x (0,1) (in m) which is fixed along
I, = {0} x (0,1) x (0,1) and supported by the rigid foundation S = R? x R! | i.e.
I, = (0,3) % (0,1) x {0}. The rest of the boundary 952 represents I',, where the body
is subject to surface tractions of density p = (p1,p2,p3) " (see Fig. 2):

b1 :p;a p2 =0, p3 :p; on ]-—‘11 = {w: ((L’l,xg,xg)T €lp: 2y :3}7
pr=0,p2=0, ps=p> on I} ={x=(21,22,23)" €Lp: a3 =1},

p=0 on Fp\(FI}UFg),

where pl = 1.e7 [Pal, p. = 2.e7[Pa] and p? = —3.e7[Pa]. The volume forces will be
neglected, i.e. f =0 in Q.

Figure 2. Geometry.

The brick is made of an elastic, isotropic, and homogeneous material characterized
by Poisson’s ratio ¢ = 0.277 and Young’s modulus E = 21.19¢10 [Pa] (steel). The
coefficient of friction F is defined by

0.3 if t <1077
0.1 param - 2
B3————(t—107%) ift (1 —5107° )
61)  FH=4° (t=1077) if e e (10751077 4+ 20 )i
2
0.2 ift >107° + .
param

Three different values of param were considered, namely param = 2.e4, 6.e4, and
3.e5 (see Fig. 3). The slip bound was chosen to be g = 2.e7 [Pa).

To construct partitions 7;, we cut £ into 3n x n x n small cubes for n = 4, 6,
8, 10, 12, 14 and 16. Next, each cube is divided into five tetrahedra as shown in
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— — —param = 2.e4
— — param = 6.e4
param = 3.e5

0.2 -

0.15

x 10

Figure 3. Coeflicients of friction.

Fig. 4. Having 7, at our disposal, we construct the partition 7y of I'. as shown in

Fig. 5: the partition Th|f and its nodes are depicted by the fine lines and the black

dots, respectively, while the partition 7y is “the chessboard” on I'. whose elements

AVANVANVANVANVAN

N

AVANVANVANVANVAN
IAVANVANVANVANVARFY
AVANNVANVANVANVANY

contact node. One can easily verify the satisfaction of the stability condition (5.1)

are constructed by piecing together eight triangles of Th|f which share a common

for such partitions.

0

AVANVANVANVANVAN g

T3

Zy

T2

1

Figure 5. Partition 7z of L.

Figure 4. Partition 7}, of .

The initial approximation of ||w;|| for the method of successive approximations

was chosen to be go% = 0 on I.. The stopping criterion of the outer (fixed-point) loop

is

A_, a
o
Ll
V/

1AH

|

=

9.

I

<

9.

I
—
~
~—

—

—

o

E=4ll
where @* is the vector whose components are the values of ¥ at the contact nodes
and || - || stands for the Euclidean norm. The minimization problem (5.5) was realized
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by the algorithm described in [10] with a minor modification—the proportioning and
the expansion steps are performed simultaneously. The stopping criterion of this
inner loop is

I&X)] < 107°|h],

where g(X) is the so-called projected gradient of & at X, || - || is the Euclidean norm
and h is defined in (5.6).

Tab. 1 presents results for different values of n and for the coefficient of friction F
defined by (6.1) with param = 6.e4, while Tab. 2 compares the results for different
coefficients F on the finest mesh (n = 16). Here np, nq stand for the total number
of the primal and dual variables, respectively, and ‘it’ is the number of the fixed-
point iterations. Further, ny,y is the total number of the multiplications by K—1,
which is the most expensive part of the algorithm (in fact, we do not compute
the matrix K~!, but we first perform the Cholesky factorization and then use the
backward-substitution instead). The total computational time is given in seconds
and w,‘fn is the positive part of wpy,:

w;{n = max{0, wp,} on I,.
Hence, the last two columns of the tables can be viewed as a measure of violation of
the non-penetration condition. The convergence history of the method of successive
approximations for the finest mesh (i.e. the dependence of err on the number of
iterations) is depicted in Fig. 6.

n p ng | it | N | time watn ||07Fr: watn ” oo,le
4 900 | 36| 6 | 2383 13| 7.0e—6 1.6e—5
6 2646 81| 6 | 2063 60 1.6e—6 4.6e—6
8| 5832|144 | 6 | 3381 341 1.4e—6 7.4e—6

10 | 10890 | 225 | 6 | 3622 1006 1.5e—6 4.0e—6

12 | 18252 | 324 | 6 | 3985 2565 | 8.4e—T7 2.7e—6

14 | 28350 | 441 | 7 | 3962 5221 7.7e—T7 4.5e—6

16 | 41616 | 576 | 6 | 4432 | 11033 8.2e—7 2.2e—6

Table 1. Different meshes.

param | it | nmue | time | [Jw; Jlor, | [Jw) llso.r.
2.e4 6 | 3870 9705 8.4e—T7 2.3e—6
6.e4 6 | 4432 | 11033 8.2e—T7 2.2e—6
3.eb 7 | 4604 | 11490 8.0e—7 2.2e—6

Table 2. Different coefficients F.

The next figures illustrate the behaviour of Wh |, and of the Lagrange multipli-
ers A\ng, Aeg for n = 16 and F defined by (6.1) with param = 6.e4. The deformed
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logqq err(k) 5

— — -param = 2.e4
.—.— param = 6.e4
<o param = 3.eb

3 4 5 6
k

Figure 6. Convergence history.

body is shown in Fig. 7 (the deformation is 500x enlarged). The graphs of —wpy,

and A,pg on I'. are depicted in Figs. 8a) and 8b), respectively. Similar graphs but

% 0.00025

a) Normal displacements on I.

=

AN,

=~

AN

T

x 3.7e+007

b) Lagrange multiplier A, z.

Figure 8.
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for ||wpe|| and || A¢m]| on I, are shown in Figs. 9a) and 9b), respectively. Finally,
Fig. 10 illustrates the distribution of the coefficient F along I'. and Fig. 11 explains
in more detail the behaviour of A\;g. The radius of each circle whose centre is in
the centre of gravity of R € Ty is equal to [, F(||wn¢||)g dS/ measy(R) whereas the
segment emanating from its centre represents the vector Ay gy in R.

% 0.00031 x 6e+006

[[wnell 0.5

a) Norm of the tangential displacements b) Norm of the Lagrange multiplier A;x.
on I..

Figure 9.

X Glelelelelelelelelelelelelele
GG clelelelcicleleleicelelelele
XX Clelelcleleteleleielelelelele
X clelelclclelelelcieielelelele
XX eielcielcieielclieieieielelee
09, elelelelelelelelelelelelelele
09, clelelcleleleleleicelcIeIEle
: elejeleleleleleleieielelelele)

3

T

Figure 11. Lagrange multiplier A f;.
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7. CONCLUSIONS

Theoretical analysis, approximation and numerical realization of 3D contact prob-
lems with given friction and a coeflicient of friction depending on the solution were
presented. The mathematical analysis, as well as numerical realization are based on
a fixed-point formulation of this problem. We proved the existence of at least one
fixed point provided that the coefficient of friction is represented by a continuous,
positive and bounded function. Conditions guaranteeing the uniqueness of the fixed
point were given. Further, the convergence of the discretized problems was estab-
lished. The method of successive approximations was proposed as a tool for finding
the fixed points. Numerical realization uses the dual formulation of each iterative
step. This formulation after a discretization leads to a quadratic programming prob-
lem for the Lagrange multipliers on I'. subject to simple and separable quadratic
constraints.

Several numerical experiments were done. No preconditioning was used in our com-
putations. However, the values of ny,,; indicate that the matrix @ in the quadratic
programming problem (5.5) is relatively well-conditioned. Moreover, only a small
number of the fixed-point iterations practically independent of both the mesh size
and the modulus of the Lipschitz continuity of F is needed to get a solution with
a given accuracy. Thus, the cost of solving depends only on the cost of the indi-
vidual iterative step represented by a contact problem with given friction in which
the coefficient of friction does not depend on the solution. Therefore, the method of
successive approximations (5.7) combined with the dual formulation of each iterative
step turned out to be an efficient method for solving such problems.
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