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Abstract

Bounded commutative residuated lattice ordered monoids (R¢-mon-
oids) are a common generalization of BL-algebras and Heyting algebras,
i.e. algebras of basic fuzzy logic and intuitionistic logic, respectively. In
the paper we develop the theory of filters of bounded commutative R/{-

monoids.
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1 Introduction

BL-algebras have been introduced by P. Hajek as an algebraic counterpart of
the basic fuzzy logic BL [5]. Omitting the requirement of pre-linearity in the
definition of a BL-algebra, one obtains the definition of a bounded commutative
residuated lattice ordered monoid (R¢-monoid). Nevertheless, bounded com-
mutative R/-monoids are a generalization not only of BL-algebras but also of
Heyting algebras which are an algebraic counterpart of the intuitionistic propo-
sitional logic. Therefore, bounded commutative R¢-monoids could be taken as
an algebraic semantics of a more general logic than Hajek’s fuzzy logic. It is

*The first author was supported by the Council of Czech Government, MSM 6198959214.
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94 Jifi RACHUNEK, Dana SALOUNOVA

known that every BL-algebra (and consequently every MV -algebra [2], or equiv-
alently, every Wajsberg algebra [4]) is a subdirect product of linearly ordered
BL-algebras. Moreover, a bounded commutative R¢-monoid is a subdirect prod-
uct of linearly ordered R¢-monoids if and only if it is a BL-algebra [13]. On the
other side, bounded commutative R¢-monoids which need not be BL-algebras
can be constructed from BL-algebras by means of other natural operations, e.g.
by means of pasting, i.e. ordinal sums. For example, the pasting of Wajsberg
algebras which are not linearly ordered gives bounded commutative R{-monoids
which are not BL-algebras [8, 9].

In both BL-algebras and bounded commutative R{-monoids, filters coincide
with deductive systems of those algebras and are exactly the kernels of their
congruences. Various types of filters of BL-algebras were studied in [19], [7] and
[11]. Boolean filters of bounded commutative R{-monoids were investigated
in [14].

In this paper we further develop the theory of filters of bounded commutative
R{-monoids and among others, we generalize some results of [7] and [11].

For concepts and results concerning MV-algebras, BL-algebras and Heyting
algebras see for instance [2], [5], [1].

2 Preliminaries

A bounded commutative R{-monoid is an algebra M = (M; ®,V,A,—,0,1) of
type (2,2,2,2,0,0) satisfying the following conditions:

) (M;®,1) is a commutative monoid.

) (M;V,A,0,1) is a bounded lattice.

(R(3) Oy <zifand only if x <y — z, for any z,y,2z € M.
) x©®(x—y)=xAvy, for any z,y € M.

In the sequel, by an R{-monoid we will mean a bounded commutative R{-
monoid.

On any R/{-monoid M let us define a unary operation negation ~ by =z~ :=
x — 0 for any x € M.

Bounded commutative R{-monoids are special cases of residuated lattices,
more precisely (see for instance [3]), they are exactly commutative integral gen-
eralized BL-algebras in the sense of [10].

The above mentioned algebras can be characterized in the class of all R{-
monoids as follows: An R{-monoid M is

a) a BL-algebra if and only if M satisfies the identity of pre-linearity
(z—y)Vy—z)=1;

b) an MV-algebra if and only if M fulfills the double negation law
T =

¢) a Heyting algebra if and only if the operation “®” is idempotent.



Classes of filters in generalizations of commutative fuzzy structures 95

Lemma 2.1 See [15] and [16]. In any bounded commutative RC-monoid M we
have for any x,y,z € M:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)

l—-z=u2.

rly<=z—y=1.

Oy <zTANYy.

r<y—zx.

(Oy) »z=z—(y—2)=y— (- 2)
(@Vy) —z=(x—2) Ay — 2).

= (ynz)=(@ -y A= 2).
r<zx" ", x" =x" "

r<y=y <z .

(oy) =y —a =y o —r oy =

rl{y=—=z2z—cx<2—yY, y—2<1r— 2.
r—oy<y —ua .
rVy<((z—y) =y A(y—z)—2).
r—y<(y—z)—(x—2).

zoy<(z—a)—(2-y).

A non-empty subset F' of an R¢-monoid M is called a filter of M if

(F1)
(F2)

z,y € Fimply x Oy € F;
zeF, yeM, x <yimplyy e F.

A subset D of an R/-monoid M is called a deductive system of M if

(i)
(i)

1€ D;
r€D, x—yeDimplyyeD.

Proposition 2.2 [8]. Let H be a non-empty subset of M. Then H is a filter
of M if and only if H is a deductive system of M.

By [18], filters of commutative R¢-monoids are exactly the kernels of their
congruences. If F' is a filter of M, then F' is the kernel of the unique congruence
O(F) such that (x,y) € O(F) if and only if (zx — y) A (y — z) € F, for any
x,y € M. Hence we will consider quotient R¢-monoids M/F of R¢-monoids M
by their filters F.

A filter F' of M is called mazimal if F' is a proper filter of M and is not a
proper subset of any proper filter of M.
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3 Implicative filters

Let M be an R/-monoid and F' a subset of M. Then F is called an implicative
filter of M if

(1) 1eF;
(2) z—(y—zeF,z—yeFimplyzx—z€F.

Proposition 3.1 FEvery implicative filter of an R{-monoid M is a filter of M.

Proof Let () # F C M satisfy conditions (1) and (2) and let =,y € M be such
that v, o —y€ F. Then1l — (r - y) € F,1 >z € F,hencey=1—ye€ F.
O

If F is a filter of an R¢-monoid M and a € M, put
M, ={rxeM:a—x€F}.

Theorem 3.2 Let M be an R{-monoid and F be a filter of M. Then F is an
implicative filter of M if and only if M, is a filter of M for every a € M.

Proof Let F be an implicative filter of M and a € M. Then 1 =a — 1 € M,
thus 1 € M,. Further, suppose that =z, x — y € M,, ie. a — =z € F and
a — (x — y) € F. Then we get a — y € F, and hence y € M,. That means,
M, is a filter of M for arbitrary a € M.

Conversely, let M, be a filter of M for each a € M. Suppose that ©+ — (y —
2) € Fandxz — y € F. Then y — 2z € M, and y € M,, hence z € M, and
therefore + — z € F. That means, F' is implicative. O

Theorem 3.3 Let F be a filter of an R{-monoid M. Then the following con-
ditions are equivalent:

(a) F is an implicative filter of M.

(b)) y— (y — x) € F impliesy — x € F, for any x,y € M.

(c) z— (y — ) € F implies (z — y) — (¢ = z) € F, for any x,y,z € M.
(d) z— (y— (y—=x) € Fandz € F implyy — x € F, for any x,y,z € M.
(e) x — (xOz) € F, for any x € M.

Proof (a) = (b): Suppose that F' is an implicative filter of M, z,y € M and
y— (y—xz) € F. Thensincey »y=1€ F, we obtainy — z € F.

(b) = (c): Let F be a filter of M satisfying the condition (b), x,y,z € M
and z > (y > z) €F. Thenz - (z > ((z—y) — ) =2— ((z —y) —
(z—x)>2— (y—=x) € F,thus z — (¢ — ((z = y) — z)) € F. From this
we have z — ((z — y) — z) € F, that means (z —» y) — (z = z) € F.

(¢) = (d): Suppose that a filter F satisfies the condition (c). Let z — (y —
(y > z)) € Fand z € F. Then also y — (y — x) € F. At the same time,
y—z=(y—y) — (y—z),thussy -z €F.
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(d) = (a): Let a filter F' fulfill the condition (d). Let x — (y — 2) € F and
x—y€eF. Thenz — (y—z2)=y—(x—2) <(r—y) — (x— (x — 2)),
hence (z — y) — (z — (x — 2)) € F, and therefore x — 2z € F.

(a) = (e): Let F be an implicative filter of M. Then z — (z — (x ©® x)) =
(x®x) = (x©x) =1¢€ F. Further, x — 2 = 1 € F, and hence we obtain
z—(xOx)EF.

(e) = (a): Let a filter F satisfy the condition (e) and let x — (y — 2) € F
andz —y € F. Then (z — (y — 2))0(z = y)©0z0x < (y — 2)Oy < z, hence
(x—=(y—2)0—y) <(xOzx) — 2z and thus (xr ©®x) — z € F. Further,
x—(xOx)€F, (x©x) - x=1¢F, therefore from (z ©®©z) — z € F, we
obtain z — z € F. O

Using the proof (a) = (e) in the preceding theorem, we have as an immediate
consequence:

Theorem 3.4 If F is a filter of an R{-monoid M, then F is an implicative
filter if and only if the quotient REL-monoid M/F is a Heyting algebra.

Proposition 3.5 If I} and F» are filters of an R{-monoid M, Fy C Fy and Fy
is an implicative filter of M, then F5 is also an implicative filter of M.

Proof Suppose that F; and Fy are filters of an R/-monoid M, F; C F» and
Fy is implicative. Then, by Theorem 3.3, t — z ®x € F; C F; for any z € M,
and therefore F is also implicative. O

Let M be an R/{-monoid and F' a subset of M. Then F' is called a positive
implicative filter of M if

(1) 1eF;
3) 22— ((y—2)—y) € FandxeF implyy € F, for any z,y,2z € M.

Proposition 3.6 FEvery positive implicative filter of an R{-monoid M is a filter
of M.

Proof Letz€ Fandez -y € F. Thenz — (y—1)—y)=z— (1 -y =
x — 1y, hencex — ((y — 1) - y) € F, and thus y € F. O

Proposition 3.7 FEvery positive implicative filter of M is an implicative filter
of M.

Proof Let F be a positive implicative filter of M, z,y,z € M,z — (y — z) €
Fandz —-yeF. Wehave (2 —y) —m (x> (z—2) >2y—(x = 2) =z —
(y — 2), hence (x — y) — (z — (x — 2)) € F, and thus also x — (x — z) € F.

Since ((x — z) — 2) — (r — 2z) > — (v — z), then we get ((z — z) —
z) = (x — z) € F. Further, 1 — (((z = 2) = 2) = (x — 2)) = ((z — 2) —
z) = (x — z),and since 1 — (((x = 2) = 2) > (x > 2)) € Fand 1 € F, we
obtain x — z € F.

Therefore F' is an implicative filter. O
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Theorem 3.8 Let F' be a filter of an R{-monoid M. Then the following con-
ditions are equivalent:

(a) F is a positive implicative filter of M.
(b) (x = y) = x € F implies v € F, for any x,y € M.

(c) (x —z)—x€F, foranyx € M.

Proof (a) = (b): Let F be a positive implicative filter of M and (z — y) —
x € F. Thensincel - ((r —y) mz)=(x —y) >z € Fand 1 € F, we get
rzeF.

(b) = (a): Let a filter F' satisfy the condition (b) and let x — ((y — z) —
y) € Fand z € F. Then (y — 2) — y € F, and therefore y € F. Hence F is a
positive implicative filter of M.

(b) = (c): Let F be a filter of M and z € M. Then (((z~ — z) — z) —
0) = (&= — 1) = 2) = (3= = 2) — (2~ = 2) = 7) = 0) = 2) > (2~ —
) > 1) 0) =1 = (17— 1) — 1) - 0) > (z — 0) >z — (2 — z) —
x) =1¢€ F, thus (((z~ - z) - z) - 0) = ((t7 — z) — x) € F, and hence
(= - z)—xeF.

(¢c) = (b): Let a filter F satisfy condition (¢). Let (x — y) — x € F.
We have (z - y) 2 < (z - 0) - x =2 — z, hencez~ — = € F. By
the assumption, (= — z) — x € F, thus € F. Therefore F satisfies the
condition (b). O

Proposition 3.9 If F} and F> are filters of an R€-monoid M, Fy is a positive
implicative filter and Fy; C F5, then Fy is also a positive implicative filter of M.

Proof Let F} C F, and F; be positive implicative. Then for any x € M we
get (x7 — x) — x € [, thus (z~ — ) — z € F,. Therefore, by Theorem 3.8,
F5 is a positive implicative filter of M. O

Theorem 3.10 Let M be an R{-monoid. Then the following conditions are
equivalent:

(a) M is a Heyting algebra.
(b) Every filter of M is implicative.
(c) {1} is an implicative filter of M.

Proof (a)= (c): It follows from Theorem 3.4.

(a) = (b): Let M be an idempotent R¢-monoid, F' be a filter of M, and
x€ M. Thenx — (x®z) =x — x =1 € F, hence by Theorem 3.3, F is an
implicative filter.

(b) = (c): It is obvious. O
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Proposition 3.11 Let F' be an implicative filter of an R{-monoid M. Then
the following conditions are equivalent:

(a) F is a positive implicative filter of M.
(b)) (x = y) =y € F implies (y —x) —x €F, for any x,y € M.

Proof (a) = (b): Let F be a positive implicative filter of M and (z — y) -y €
F. Since z < (y — z) — z, we get ((y — ) —» ) > y <z — y. Hence (v —
y)—y<y—z) = (@—-y —z)=(@—-y —(y—2) —2) <y —
z) = x) —y) = ((y — x) = ), and thus (((y — =) > 2) = y) = (y = 2) —
x) € F. Consequently, also 1 — ((((y — 2) = z) = y) = ((y = x) > x)) € F,
and since F is a positive implicative filter, we get (y — z) —» x € F.

(b) = (a): Let an implicative filter F satisfy the condition (b) and let z € F
and z — ((y — 2z) — y) € F. Then also (y — z) — y € F. Further, (y — 2) —
y<(y—2) — ((y—2) — 2), hence (y — z) — ((y — 2z) — z) € F. Since F is
implicative, (y — z) — z € F. Then, by the assumption, also (z — y) — y € F.
Further, z <y — z, hence (y — 2) » y < z — y, thus z — y € F. We have
shown (z — y) — y € F, therefore y € F. O

Theorem 3.12 Let M be an Rl-monoid. Then the following conditions are
equivalent:

(a) {1} is a positive implicative filter.
(b) Every filter of M is positive implicative.

(¢) M(a):={x € M: a<x}is a positive implicative filter of M, for every
a€ M.

(d) (x —y)—z=uz, foranyz,y € M.
(e) M is a Boolean algebra.

Proof (a) = (b): It follows from Proposition 3.9.

(b) = (c): Let @ € M. Then 1 € M(a). Assume that z, x — y € M(a),
ie. a—> 2 =1, a — (r — y) = 1. Since by the assumption, {1} is a positive
implicative filter of M, we obtain @ — y = 1, hence y € M(a). That means
M (a) is a filter of M which is also positive implicative.

(¢c) = (d): fz,y € M, then (x — y) - = € M((x — y) — x), therefore
(x — y) — < x by Theorem 3.8. Moreover, z < (z — y) — z, i.e. (x —y) —
T =z

(d) = (a): It follows from Theorem 3.8.

(d) = (e): Since (zx — y) > & =z, we obtain (y — 2) 2 =(y — z) —
(x— ) > 2) > (& — y) — y, and similarly, (& — 1) -y > (y — 7) — .
Hence =~ =(x - 0) - 0= (0 - z) — v = 1 — z = x and therefore by [12],
M is an MV-algebra. Then by [7, Lemma 3.16], furthermore M is a Boolean
algebra.
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(e) = (d): Since M is a Boolean algebra, x~ is the lattice complement of z
in M, and so « V z~ = 1. This implies, by [7, Lemma 3.16], (x — y) > 2 =«
for any z,y € M. O

Theorem 3.13 If F' is a filter of an R{-monoid M, then the following condi-
tions are equivalent:

(a) F is a mazimal and positive implicative filter of M.
(b) F is a mazimal and implicative filter of M.

(¢) Ifx,ye M\ F, thenx -y € F andy -z € F.
(d) M/F is a two-element Boolean algebra.

Proof (a) = (b): It is obvious.

(b) = (c): Let F be a maximal and implicative filter of M. By Theorem
32, My={aeM: y—acF}isafilterof M. If b€ F, then fromb <y — b
it follows that y — b € F, thus b € M,,. Hence F' C M,. Since F' is a maximal
filter of M and y ¢ F', we have M, = M. Therefore y — = € F. The assumption
x ¢ F analogously implies © — y € F.

(c) = (a): Let a filter F satisfy the condition (c). Suppose that F is not
positive implicative. Then by Theorem 3.8, there are x,y € M such that « ¢ F
and (x - y) - x € F. If y € F, then x — y € F, and hence z € F, a
contradiction. If y ¢ F, then by (c), x — y € F, a contradiction. Hence F is a
positive implicative filter of M. We will prove that F' is also a maximal filter of
M. If a ¢ F, then by the preceding part of the proof, FF U {a} C M,. We will
show that M, is the least filter of M containing F'U{a}. Let G be a filter of M
such that FU{a} C G. If € M,, then a — z € F C G, and since a € G, we
have z € G. Therefore M, C G. Consider any element z € M. If z € F, then
z € M,. If z ¢ F, then since also a ¢ F, the assumption (c¢) gives a — z € M,.
Hence M, = M, and therefore F' is a maximal filter of M.

(c) = (d): It is obvious. O

A filter I of an R/¢-monoid M is called

a) Boolean if V=~ € F for every x € M;
b)  semi-Boolean if (x Ax~)~ € F for every x € M.

Proposition 3.14 [14, Theorem 3.2]. If F is a filter of an R{-monoid M, then
F' is Boolean if and only if M/F is a Boolean algebra.

Proposition 3.15 Every Boolean filter of M is semi-Boolean.

Proof Letz € M. Thenz~ < (zx Az~ )  and z <z~ < (z Az~ )", hence
xVz- <(xrAzx)". O

Example 3.16 Let M = {0,a,b, ¢, 1} be the lattice with the diagram in Fig. 1,
and let ® = A and — be defined in the corresponding table in Fig. 1.
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1

c
—- |0 a b ¢ 1

0 1 1 1 1 1 a b
a|/b 1 b 1 1
b a a 1 1 1
C 0 a b 1 1
1 0 a b ¢ 1
0
Fig. 1

Then M = (M;V,A,®,—,0,1) is an R¢-monoid (which is not a BL-algebra).
The filter F = {1} is semi-Boolean, but it is not Boolean.

Theorem 3.17 a) Let M be an R{-monoid. Then every Boolean filter of M is
positive implicative and every positive implicative filter of M is semi-Boolean.
b) If an Rl-monoid M satisfies condition

(z—=27)—a2)A (7 = z)—a)=xVa, foranyz € M, (%)
then Boolean and positive implicative filters of M coincide.

Proof a) Let M be an R¢-monoid, let F' be a Boolean filter of M and let x € M.
Then by Lemma 2.1, x Va2~ < ((z - 27) - 27 ) A((z~ — z) — z), hence
(g —=27) =27 )A((z~ — 2) — z) € F, and therefore (z— — z) -z € F.
That means F' is positive implicative.

Let now F be an arbitrary positive implicative filter of M and x € M. Then
(x77 -2 )—>2 € Fand by Lemma 2.1, (27~ —m2" ) -2 =(z—2a ) —
2=z —27)0x)” =(zxAz")". Thus F is a semi-Boolean filter.

b) Let an R¢-monoid M satisfy condition () and let F' be a positive implica-
tive filter of M. Then a fortiori F' is also implicative, hence z — (z ©® z) € F
for every x € M. We have (xt — z7) - 2~ = (x — (x — 0)) — (x — 0) =
((z@z) -0 = (x —-0) >z — (zOx), hence (x — 27) — 2~ € F, and
thus alsoxVa~ = ((z —27) =27 )A((x~ — z) — x) € F. Therefore F is a
Boolean filter. O

As an immediate consequence we get the following theorem.

Theorem 3.18 [11, Theorem 2]. Boolean and positive implicative filters of
any BL-algebra coincide.

Proof If M is a BL-algebra, then by [5, Lemma 2.3.4(8)], ((z — y) — y)A((y —
x) = x) =2a Vy, for every x,y € M. O

Let F' be a filter of an Rf-monoid M. Then F is called an implicative
deductive system if t — (27 — y) € Fandy — z € F imply x — z € F, for
any z, y, 2 € M.
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Theorem 3.19 [14, Theorem 3.2]. Let F be a filter of an R{-monoid M. Then
F is an implicative deductive system if and only if F' is a Boolean filter.

Remark 3.20 Now we can rephrase Theorem 3.17 in this way. Let M be an
R{-monoid. Then every implicative deductive system of M is a positive im-
plicative filter and every positive implicative filter of M is semi-Boolean. If
M satisfies the condition (), then implicative deductive systems and positive
implicative filters of M coincide.

Theorem 3.21 If F is a maximal and (positive) implicative filter of an R(-
monoid M, then F is Boolean.

Proof Let F be a maximal and (positive) implicative filter of M. Then by
Theorem 3.13, M/F is a two element R¢-monoid, hence a two element Boolean
algebra. Consequently, by Proposition 3.14, F is a Boolean filter. O

Theorem 3.22 If F' is a maximal filter of an R¢-monoid M, then the following
conditions are equivalent:

(a) F is a Boolean filter.
(b) F is a positive implicative filter.
(c) F is an implicative filter.

(d) F is an implicative deductive system.

Proof It follows from Theorems 3.17 and 3.21 and from Remark 3.20. O
Let M be an R¢-monoid. If F is a proper filter of M, denote

F~:={zxeM:z <y for someyc F}.

By [14, Proposition 3.4], F'U F'~ is a subalgebra of M for every proper filter F’
of M.

An R{-monoid M is called bipartite if M = F' U F~ for some maximal filter
F of M.

By [14, Theorem 3.6], M is bipartite if and only if M contains a proper
Boolean filter.

An R/-monoid M is said to be strongly bipartite if M = F U F~ for every
maximal filter F' of M.

If M is an Rf-monoid, denote by B(M) the intersection of all Boolean filters
of M. Obviously B(M) is the least Boolean filter of M.

Further, denote by Rad(M) the radical of M, i.e. the intersection of all
maximal filters of M.

Theorem 3.23 [14, Theorem 3.8]. If M is an R{-monoid, then the following
conditions are equivalent:

(a) M is strongly bipartite.
(b) Every mazimal filter of M is Boolean.
(¢) B(M) C Rad(M).
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The following theorem is an immediate consequence of Theorems 3.22 and
3.23.

Theorem 3.24 If M is an R{-monoid, then the following conditions are equiv-
alent:

(a) M is strongly bipartite.

(b) B(M) C Rad(M).

(¢) Every mazimal filter of M is Boolean.

(d) Every mazimal filter of M is positive implicative.

(e) Every mazimal filter of M is implicative.

4 Fantastic filters

Let M be an Rf-monoid and F' a subset of M. Then F is called a fantastic
filter of M if
(1) 1€ F;
4) z— (y—=xz)eFandze Fimply (z —y) —y) >z €F,
for any z,y,z € M.

Proposition 4.1 Every fantastic filter of M is a filter of M.

Proof Let F be a fantastic filter of M and z,y € M. If z, x — y € F, then
alsox € Fandz — (1 - y) =2 — y € F, and thus by (4),y € F. O

Theorem 4.2 A filter F' of an R{-monoid M is fantastic if and only if
(5) y— x € F implies (x —y) —y) > x €F, for every x,y € M.

Proof Let F be a fantastic filter of M, z,y € M and y — x € F. Then

l-(y—z)=y—cr€FandleF, hence ((z —>y) —»y) —zxz<F.
Conversely, let a filter F' satisfy the condition (5) and let z — (y — z) € F

and z € F. Then y — x € F, therefore also ((zr - y) —»y) -z € F. O

Theorem 4.3 FEvery positive implicative filter of an R{-monoid M is a fantas-
tic filter of M.

Proof Suppose F' is a positive implicative filter of M and xz,y € M are such
that y — = € F. We have z < ((x — y) — y) — z, thus

(z—=y) =y —z)—y<z—y
Further, (((z —y) —y) = z) —y) = (. —y) = y) »2) > (x —y) —
(—=y) =y —2)=((@—-y) =y = (z—y) —2) 2y —=
By the assumption y — x € F', hence also
(@ —=y)—=y) —2) =y) = ((x—y) —y) —2z) € F.

Since F is positive implicative, we get ((z — y) — y) — « € F, and hence F is
a fantastic filter. O
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Theorem 4.4 If F is a filter of an R{-monoid M, then the following conditions
are equivalent:

(a) F is a fantastic filter of M.
(b)) x=— —x €F, for every x € M.

(¢c) x —u€F andy — ue€F imply (x — y) = y) = u€F, for every
r,y,u € M.

Proof (a) = (b): Let F be a fantastic filter of M and € M. Since 0 — x =
1 € F, we obtain from (5) that =~ - 2= ((x - 0) - 0) -z € F.

(b) = (c): Suppose that F is a filter of M such that =~ — z € F for every
zeM. Let z,yyue M,z u€ Fandy - u € F. Sincex - u<u~ — "
andy - u<u” —y ,wegetu — a2~ € Fand u~ — y~ € F, and thus
(uw =z )A(u” -y )€eF.

Moreover,
(W =z )A (U =y )=u —(z7 Ay)
=u =y O —a))=u =y oy —(z—0)

(™ of
=u =W o= —0)=u = O@—y "))

Further,

(W =@y O@—y )= —(y o@—y)
>y o@—y )=y o—y))
>@—y )= (r—y) >y —yEeFL

therefore also v~ — (y~ © (x — y)) € F.
Moreover,

=y o@—y)<y o@—y) mu =@ oy) Yy ) U
hence ((r — y) — y~~ — u~~ € F. Further we have

(z—=y) =y )—=u )= (((z—>y) -y —u )
>((z—y)—y) = ((zr—y)—y )>2y—y =1€F,

thus ((x —y) —y) > u~~ € F.
Moreover,

(z—=y)—y) »u )= (((zr—>y) -y »u)>u~ —uclk

therefore also ((z —y) - y) D u€eF.

(c) = (a): If F satisfies the condition (c), then for u = = we get that whether
y — x € F then ((x — y) — y) —» x € F, for every x, y € M, hence F is a
fantastic filter of M. O
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Theorem 4.5 If Fy and Fy are filters of an R{-monoid M, Fy C F5 and F is
fantastic in M, then Fy is also a fantastic filter of M.

Proof Let F} and F5 be filters of M, F; C Fy, and let F; be fantastic. Then by
Theorem 4.4, x=~ — x € Fy C F, for every x € M, hence F3 is also fantastic.
O

Theorem 4.6 A filter F' of an R{-monoid M is fantastic if and only if M/F
is an MV -algebra.

Proof Let F be a filter of M. Then F is fantastic if and only if x7~ — x € F
for every « € M, which is equivalent to the following conditions in M/F:

2= JF —a/F=F, " /F<z/F and ==~ /F = z/F,
for every x/F € M/F, and this is equivalent to M/F is an MV -algebra. O

Proposition 4.7 If F is a mazimal filter of an R{-monoid M, then F is fan-
tastic.

Proof It follows from [3, Proposition 3.5], where it is proved that M/F is an
MYV -algebra for every maximal filter F' of M. O

Remark 4.8 The MV -filters of R{-monoids, i.e. filters such that the corre-
sponding quotient Rf-monoids are MV -algebras, were investigated in [16], [17]
and [3]. By Theorem 4.6, MV -filters of R¢-monoids are exactly their fantastic
filters. If M is an R¢-monoid, denote by D(M) := {x € M: =~ = 1} the set
of all dense elements in M. Then D(M) is a proper filter of M and a filter F' of
M is an MV -filter if and only if D(M) C F. Therefore we get as a consequence
the following proposition.

Proposition 4.9 A filter F' of an R{-monoid M is fantastic if and only if
DM)CF.

Proposition 4.10 Let M be an Ré-monoid. Then the following conditions are
equivalent:

(1) M is an MV -algebra.
(2) Every filter of M is fantastic.
(8) {1} is a fantastic filter of M.

Proof (1) = (2): Let M be an MV -algebra and F be a filter of M. Since the
class of MV -algebras is a subvariety of the variety of Rf-monoids, the quotient
Rl-monoid M/F is also an MV-algebra. Therefore by Theorem 4.6, F is a
fantastic filter.

(2) = (3): It is obvious.

(3) = (1): Let {1} be a fantastic filter of M. Then M = M/{1} is an
MYV -algebra. O
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Theorem 4.11 If F' is a filter of an R{-monoid M, then the following condi-
tions are equivalent.

(a) F is a Boolean filter.
(b) F is an implicative and fantastic filter.
Proof By Proposition 3.14, a filter F'is Boolean if and only if M/ F is a Boolean

algebra. Moreover, an R¢-monoid M/F is a Boolean algebra if and only if M/F
is an MV-algebra and (x/F) © (¢/F) = z/F for every z/F € M/F. This is

equivalent to (¢/F)~~ = «/F and (¢/F) ® («/F) = «/F, and it holds, by
Theorems 4.6 and 3.4, if and only if F' is a fantastic and implicative filter of M.
O

We have characterized filters of R{-monoids such that the corresponding
quotient R¢-monoids are Heyting algebras, Boolean algebras and MV -algebras,
respectively. (See e.g. Theorem 3.4, Proposition 3.14 and Theorem 4.6.) Now
we will complete it for the case when the quotient R{-monoid is a BL-algebra.

A filter F of an R/-monoid M is called a BL-filter of M if

(z—y)V(y—z)EF,
for every z,y € M.

Theorem 4.12 A filter F' of an R¢-monoid M is a BL-filter of M if and only
if M/F is a BL-algebra.

Proof We know that an Rf-monoid is a BL-algebra if and only if it satisfies
the identity of pre-linearity.
Let M be an R¢-monoid and F be a filter of M. If x,y € M, then

(@/F —=y/F)V(y/F —z/F)=(z—y)V(y—=)/F

Hence (¢/F — y/F)V (y/F — x/F)=F ifand only if (x —» y)V (y — z) € F.
|
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