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Abstract

Biology and medicine are not the only fields that present problems
unsolvable through a linear models approach. One way to overcome this
obstacle is to use nonlinear methods, even though these are not as thor-
oughly explored. Another possibility is to linearize and transform the
originally nonlinear task to make it accessible to linear methods. In this
aricle I investigate an easy and quick criterion to verify suitability of lin-
earization of nonlinear problems via Taylor series expansion so that linear
models with type II constraints could be used.

Key words: Linear models with constraints, compartmental anal-
ysis, nonlinear models, linearization via a Taylor series.
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1 Used symbols

h(A) rank of the matrix A

Ma a matrix My =1—Pjx

Pa a projector on the space M(A) in Euclidean norm

M(A) range space of the matrix A

R* k-dimensional linear vector space

x7(0;1—a) (1 = a)-quantile of the random variable with x%(0) distribution
X~ generalized inverse of the matrix X

Xt Moore-Penrose g-inverse of the matrix X

<X);1(z:) minimum Y-norm (seminorm) g-inverse of the matrix X

*Supported by the Council of the Czech Government MSM 6 198 959 214.
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172 Jana VRBKOVA

2 Linearization via a Taylor series
Let us consider a general nonlinear model
YN" (f(lgl)vz)v ﬁlGRklv ﬁQGRk27

where the parameter 3, occurs only in a constraint g (3, 35) = 0, the function

f: V- R, V{<g1> 1g(ﬁ1,ﬁ2)0}7
2

has continuous second derivatives, and g(-) is a ¢-dimensional function with
continuous second derivatives.

If we know approximate values 3%, ﬂg of the parameters 3;, 3, we can
linearize functions f(-) and g(-) via Taylor series

B(3) = £ (8Y) +F (89) 081 + 5h(08,) + ..
where
F (8%) = 08(3,)/08ilp, gy, #(681) = (BBIF16By,... 681 F i)
Fi = 0°£:(8,)/06:08 5, g, i=1.m.

and
1
g(B4,8,) =b+B1683; + B2683, + §w(§ﬁ1, 0Bs) + ...,
where
g (81, B5) g (B1,B5)
_ 0 40 _ 192 _ 1,92 .
b*g(51752)7 Bl - aﬂl 2;2237 B2 6ﬂ2 Z;igé

and

{w(08,.08,)}i = (56'.665) (§ B) (ggi) ’

A = 9% (By,8,) /08,08

)

,31: ?7,32:,33

B = 9%¢; (81, 8,) /98,085

)

51:5?’52:53
D = 8291' (51752) /8523/3/2

)

51:5?’52:58
izla"'7q7 6/81:ﬂ1_ (1)7 6ﬂ2:/82_ﬂ?

After ommitting terms of the second and higher orders we get a linearized
model

Y —£(8)) ~n (F (ﬂ?)aﬂl,Z),@g;) € {(3) :b+Blu+B2vO}.
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If h(F (,6?)) =k < n, h(Bl,Bg) =q < k1 + kQ, h(Bg) =k < q, and X is
a positive definite matrix we say that the model is regular. It is a linear model
with type II constraints.

Let us denote shortly fo = f (8}), F = F (39).

Lemma 2.1 The best linear unbiased estimators (BLUE) of the parameters
08, 084 in the regular linearized model

Y —fy ~, (Fé3,,%), b+BidB;, +B23, =0,

are
5//6\1 = ({.i - CilB/l (MBzBlcilBllMBz)—i_ (b + Bl%\l) ) (1)
- S / —
0By = — [(Bz)m(Blcleg)] <b+B15,31> ; (2)
and their variance matrices are
_ +
var ((Sﬁl) = (MBQMBchBQMm) ) (3)
—_ _ -1
var (552) - [B; (BiC™'B + B,B}) 132} 1, (4)

where 68, = CTLF'S~1(Y — f;) and C = F'S~'F.
Proof First we find a constrained extreme of the function
(Y —fo —FéB,) =71 (Y — fo — FipB,)
with a constraint b+B108, +B263, = 0. Derivatives of the Lagrange function
®(68,,08,)=(Y—fy —FéB,) X Y- fy— FiB3,)—2XN (b +B163, + B203,)

are
0P ((Sﬁla 6/82)
268,
0P (68,,08,)
0034
We put both derivatives equal to a null vector and solve the ensuing system of

equations. By first calculating an estimator of 63, from the first equation for
the model without constraints, i.e. for A = 0, we obtain

= 2F'S71 (Y - fy) + 2F'S7'Fé3, — 2B},

= —2B)A.

53, =C'F'S (Y — fy),

where C = F'S7'F, and therefore 5/5\1 = (S/ﬂ\l + C71B{ . After substituting in
the model the constraints b + B103; + B208, = 0 we solve, together with the
second equation, a system

(BlclB’l,B2> AL —(b+B1§/ﬁ\1)
By, 0 )\ 43, 0 '
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Using the Pandora-box matrix ([2, Lemma A.7.23]) in its special form (]2,
Lemma A.7.24]) we obtain a solution

)- B

where

= (MBzBlcilB/lMBz)—i_’
= (B;C™'B} + B,B}) "B, [B,(B;C™'B} + B,B}) " By] ,

[3]=[2].

= [B4(B1C'B} + B,B})"By] 1,

and since ([2, Lemma A.7.9])

(B/Q);z(Blcle/l) = (Blc_lB/l + B2B/2)_B2 [B/Q(Blc_lB/l + B2B/2)_B2:| B
we can write

A =~ (Mg,BiC 'B{Mg,)" (b+B135, ),
_ _ / _
08> = — |(BY)macormy) (P+Bi3B;).,
58, = 98, + C'B{A =3B, - C7'B] (Mp,B:C'B{Mg,)" (b+B145, ).

Variance matrices can be obtained as

53 I- C'B} (Mg,B:C 'B{Mg,) B _
var 5"% = 1(/ 132 ! Y 2.) By var(d3;) %
08, - [(B2)m(Blcle;)} B,

x (I- B} (Mg,B1C™'B{Mg,)  BiC™",~B(B)), 5.0 5;))
Since Var(é/ﬁ\l) = C~! and using [2, Lemmas A.8.4 and A.8.5]
var ((ﬁ) - [I — C'B} (Mp,B1C 'B,Mg,) " Bl} c!
X {I — B (Mg,B:C'B,Mg,)" Blcfl}
= C! - 2C"'B} (Mp,B:C 'B{Mg,) B;C ™'+ C !B
(Mg,B:C™'B;Mg,)  B,C 'B} (Mg,B,C 'B|Mg,) B,C"!

' _C B} (Mg,B1C 'BMg,)" B,C*
_ _ + _
— C™'B{Mg, (Mgp,B:C 'B/Mg,) Mg,B;C*

-1

X
=C
=C

+
= (MB;MBz CMB’lMgz) ;
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and similarly, when we denote H = B, (B;C~'B} + B;B}) Bs,

ey ’
var (5/32) = {(B;);R(Blcle’l)} BlC_lB/l(B/z);l(Blcle;)
— H B}, (B;C'B} + B,B})  B,C"'B} (B;C'B} + B,B}) ' B,H"
— H B, (B,C'B} +B,B,) "' (BiC 'B} +B,B), — ByB))
x (B;C™'B) + ByB})  B,H™
— H 'HH ' - H 'HHH '
B -1
~ [By(BiCT'B +B:BY) "By -

because the matrix (B1 C'B) + BgB’2) can be expressed as multiplication of
regular matrices (due to a model regularity)

_ c1l,o0 B’
B:C 1B/1+B2B/2:(B1,B2)< 0 ,I) (Bé),

and since we can use common inverse matrices instead of g-inverse matrices

(B;C~'B/ + ByB) ~ and [B; (B,C'B] +BQB;)’BQ}_. 0

Remark 2.1 Since (see [2, Lemmas A.7.24 and A.7.9])

1

(Mg,B1C 'B/Mg,)" = (BiC™'B| + B,B,) ' — (B,C 'B/ + B,B})

_ -1 _
x By [Bg (B;C™'B) + ByB,) " Bg} B, (B;C'B} + B,B})
and

(BY),n(m,c-18) = (B1C7'B1+B>B;) !By [By(B,C™'B} + B2B/2)_1B2]71’

the estimators of §3; and §3, in (1) and (2) can be expressed in equivalent
forms without generalized inverse matrices

58, = 98, - C"'B} [T — TB; (B,TB) 'BiT| (b+B13B,),  (5)
58, = — (ByTBy) ' B4T (b+B1dB, ), (6)

where T = (B;C~'B} + ByB}) .

Now we turn back to the model with quadratic terms and explore the prop-
erties (1)—(4) of the estimators.

Lemma 2.2 If

Y —fy ~, (FoB, + %”(551)7 Y), b+ B1iB; +B2df; + %w (0841,68,) =0,
(7)
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then biases of the estimators (1) and (2) are

_— 1
b= F (ml) ~ 3B, = 5C "B} [Mp,B.1C™'BiMa,] " w (58, 98,)

1 + Ivy—1
+3 [MB;Msz CMB;MBJ F'Y7 k(08,),
by = E (6’@) — 0B,
1

— ! — —
=3 [(Bé)m(Blcleg)] (w (681,68,) —BiCT'F'E 1"0(5,61)) )
where C = F’S~'F.

Proof By [2, Lemmas A.7.24 and A.8.4] and due to Mp,B2 = 0, we can write
— o —1p/ —1p/ + o
E (ml) ~ E (3B, - C"'B} [Mg,BiC'BiMz,]" [b+ B33 )

= —C7'B} [Mg,B,C 'B;Mg,] " b
+[1- ¢ "B} [Mg,B.C'B{Mg,] " Bi| £ (38,)

~C'B} [Mg,B:C"'B/Mg,| " b
+ [I ~ C'B} [Mg,B,C B Mg,]" Bl} c 'zt (F(Sﬁl + %n(ml))
= 08, — C"'B} [Mg,B:C~'BMg,] " (b + B163,)

n % {I ~ C'B [Mp,B,C'B\Mpg,] " Bl] CF'S1k(58,)
= 0, + OB\ M, [Mp,B1CBiMn,] " Mn, (B8, + jo (49,,56)
n % {C*l — C"'B/Msg, [Mg,B,C 'B|Mg,]" MBzBlcfl} F'S1k(58,)

=68, + %C*lB’1 [Mg,B1C™'B\Mg,]" w (8,,08,)
1
2
Then

+
+ |:MB’1M132 CMBQMBz} F/E_IH((S/Bl).

P 1
b, = E (551> - 68, = ;C'B; [Mg,B,C™'B|Mg,]" w(58,,08,)

1 + _
+3 [MB;MBZCMB&MBJ F'S'k(68,).

Similarly by [2, Lemma A.7.20] and due to

[(B/z);(Blcle/l)}/Bg =1
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we obtain

— _ / _
E (552> =F ( |:(B/2)m(B10*1B’1)] <b+ Bl5ﬁl)>
_ Ny _ / B 3
(Blz)m(Blcle;)_ b— |:(B/2)m(BIC*1B’1)} Bi.CT'F'EE(Y — )
_ /
b — {(Bé)m(Blcle;)}

xB,C7'F'x~! (Féﬂl + %n(é,@l))

- B iy
= _(Blz)m(Blcle;)_

/

== -<B/2)7_n(Blc*1B/l)_ (b+B16B;) —
x BiCT'F'27'k(683,)

= [BY s, sy (32552 b e <6ﬂ1,6ﬂ2>)

[(Bé);(slc—lB;)}/

| =

1 — ! _ _
) [(B/z)m(Blcle/l)} B.C'F'E k(38
1 — ! _ _
— 3By + 5 [(BY) miooimy| @ (081,08,) - BICTF'E 1 k(38,)]

and therefore

sz(é/AﬂE) 58,

(B oo my) [@(981,08,) - BICTFS5(38,)] . ©

N~

3 Measures of nonlinearity and areas of linearization

In this section we suppose the observation vector to be normally distributed.
Bias of an estimator of 63, can be split into components, i.e.

by, =F ((5/ﬂ\2) — 0By =boo+ b2,

where

byoeM <var(5ﬁ2)) and by € M <Mvar(5;ﬁ\\2)) '

as can be seen in Fig. 1.

—

Let a symbol Ap.x denote the biggest eigenvalue of the matrix var(gb;). By
Theorem 9.2.1 in [3] it is easy to prove that for

385 ~ N, (0B, + b, var(383,))
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M (var(642))
5562
"""*/_\max gb\z
(]
" |B(362))
by -1
2.7 |bapo
Yooy e
> baa

Figure 1: The components of bias.

the random variable
— — / . +
T = [§ﬁ2 —F <5ﬁ2) + bg,o] (var(éﬁQ) + /\maXMvar(E/Ez))

[Be(@) ]

has a noncentral x? distribution with f = h(var(5/,3\2)) degrees of freedom and
a parameter of noncentrality

— +
0 = bIQ)O (var(éﬁQ) + /\maXMvar(ﬁ)) bo . (8)

A random variable

—\/ — + —
7= (58, -8, ) (vax0B) + dmwcM, = ) (98, - ;)

can be then rewritten in the form

T=T+ bz.1b2:1

)
AI‘I]B.X

because by [2, Lemmas A.7.22 and A.7.2] it holds that

S
- {var(th)] + var(53,)

o +
[var(552) + /\maXMvar(fﬁ)]

)\max

and

p—

—+
b/2,1 [var(éﬂQ)} b271 =0.

This consideration leads us to a modified confidence ellipsoid for the parameter

58,.
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Definition 3.1 A modified confidence ellipsoid for the parameter §3, in the
model (7) is defined as

—\/ — 7+ —
_ e _ 1 _—
o ~{est o) (] o (o)

< X30;1 - a)},

where f = h(var(ﬁi)).

As a certain analogy of the Bates-Wats measure of curvature, a measure of
nonlinearity for a confidence ellipsoid for the parameter §3, can be defined.

Definition 3.2 For a linear model with type II constraints in the form (7), we
define a measure of nonlinearity of confidence ellipsoid for the parameter 63, as

1+
/ 53 L —
b, { {var(c;ﬁz)} R we Mvar(z@)} b2
—h
K/ ! 5B,
s Kl{ [Var((sﬁﬂ} R Mvar(cﬁi\l) } Ko

: §s € RFitkz—a

II _
Cell,6ﬂ2 = sup

9)
where kpax is the biggest eigenvalue of the matrix var(5/,8\1 ) and K is a matrix
of type k1 x (k1 + k2 — q) satisfying M(K1) = M(Mp;mp, )-

It is obvious that

/
b2,1b2,1

P{TSX?(O;la)}P{X?@H Sx?(O;la)}

AI‘I]B,)(
and certainly such Jp > 0 exists which satisfies the equality
P{X?(50)+50§X?(0;1705)}:170576 (10)

for a sufficiently small € > 0. Now we define an area of linearization of the
parameter 03, for this dg.

Definition 3.3 An area of linearization of the parameter 63, for the model (7)
is

Voo

17
Cell,éﬁz

)

1+
e 1
Lsg, = {Klds: ds'K) { [var(&@l)] + MV&I'(J;B\\I)} Kds <

K/max
k1+kz—
ds € RFr T2 q},

where the matrix K; has properties mentioned in Definition 3.2.
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Lemma 3.1 If K1ds € L;g,, then
'P{éﬂg 655,32} >1l—a—e

Proof By the definition of £s55, and CeIlIl,(S,B27 we can write

— 1+
, e
b2 { |:Var(6ﬂ2):| * >\max Mvar(‘%\z)} b2

K/max

— 7+
< Cliisp,08' K] { {Vﬂr(ml)} +

Mvar((ﬁ)} K105 < /5.

Since, with respect to M — by g =0,
var(sg,)

/
b2,1b2,1

Al"I’laX

P{6B, € &, } =P{T < x7(0;1 — )} P{Xfr@) + < x7(0;1— a)}

ZP{X?<5O)+50§><?(O;1—@)}:1_a_€. .

Because the parameter 03, is a function of the parameter 63, we must, in
order to verify of the property 63, ~ Kids € L;g,, construct also a modified
confidence ellipsoid for the parameter 63;.

Definition 3.4 A modified confidence ellipsoid for the parameter 63; in the
model (7) is

N 1+ A
_ —_ —_ 1 e
Ep, = {u eRM: (U - 551) { |:Var(5/61)] + @Mvar(gﬁ)} <u - 5,31)

where f; = h(var(%\l)) and Kmax 1s the biggest eigenvalue of the matrix
var(63; ).

Similarly as for 3,, it is also possible to define a measure of nonlinearity
for 63;.

Definition 3.5 For the linear model (7), we define a measure of nonlinearity
of a confidence ellipsoid for the parameter §3; as

R
/ 53, L 3
b, { [Var((sﬁﬂ} + s Mvar(é/ﬁ\l)} b

1+
§s'K} { |:Var(§/81):| + Hn}ax Mvar(a”[a:l)}Klés

: §s € Rkithz—a

II _
Cell,éﬁl = sup

(11)
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A sufficient condition for linearization regarding the confidence ellipsoid for
the parameter §3, is

Vo
6551 CcC £5ﬂ2 = m > X?cl (0, 1-— Oé), (12)
€lt,00,

(ct. Fig. 2).

Rl

Figure 2: The confidence ellipsoid &5, and the area of linearization Lsg, .

4 Numerical example

Tracer kinetics of liver blood flow can be described by a compartmental model
(Fig. 3) and an ordinary differential equation

dCL(t)
dt

= k1aCa(t) + k1, Cy(t) — ks CL (L), (13)

We obtained the values of tracer concentration Cp(¢;) in liver, C,(¢;) in a
liver artery and C,(¢;) in a portal vein by measuring times t;, i = 1,2,...,n.

To the equation (13) we can add a delay, in the liver artery or in the por-
tal vein or both. So overall, we can obtain three different equations for our
compartmental model (included the one without any delay):

dCp(t
(KMI) ;f ) _ k1aCal(t) + k1pCp(t) — k2CL (1),
dCp(t
(KMII) L< ) = klaCa(t — Ta) + klpcp(t) — k‘QCL(t),
dCp(t
(KMIII) ;f ) _ k1aCo(t — 7a) + k1,Cp(t — 1) — ko CL(2).

For the sake of simplicity, let us consider only the model without any delay,
denoted as (KMI). A vector of observations of tracer concentrations for this
model is in the form

Y = (Cu(tr), ..., Ca(tn-1),Cp(t1),- -, Cpltn_1),Cr(t1),...,Cr(tn)),
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kla

Cr(t) k2 -

Figure 3: Dual-input one-compartmental model of blood flow in liver.

and a statistical model

Y ~ Ngn_g (Iﬂl,UQI) y (14)
where B1 = (i1, fin—1, V1, Vn—1,C1,---,Cn) , With constraints
ST G i kg — kaGy i= 1,2, n— L.
tiv1 — t;

Let fori=1,2,....,n—1

i = MEO) + o, vi= Vl-(o) +ov;, (= Ci(o) +6¢;,

then for

n

/
Z=Y — (u§°>,...ufloll,u§°>,...,u((?l,gf()),...,g@)

we have a model
Z ~ N3,—5 (1681,0°1),

where

(Sﬁl == (5#1, e §un,1,5u1, ey 61/’!7,717 5<1, ey (;Cn)/ .
Then for k1o = k2 + Skia, kip = k0 + k1, ko = k) + k2 and

kla 5k1a
Ba=| kip |, 0B2=| 0k1p |,
ko Oka

the model constraints

1 1
gi (B1, B2) = —kiapss — kipvi + | k2 — G+ Ci+1 =0,
tit1 —t; tit1 —

i=1,2,...,n — 1, can be rewritten in the form
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9i (b1, B2) = — (kﬁ)l) + 5k1a> (Mgo) + 5ui> - (kﬁ),) + 5k1p) (VZ-(O) + 514)
+ <k§0) + kg — tz—&-l%tz) (Ci(o) + 5@') + 7ﬁi+1l— i (Ci(-?-)l + 5Ci+1> =0,

In a matrix form we can write

/ / 3291(51,52) Jﬂl
6 ' ((551 76/32 ) 8(2;)6(31/,52/) <662 )
9(51,52)21)4-(]31,]32)(52:)+§ : ;
/ N 0%gn—1(81,82) 051
(651 062 ) a(5L)a(B’,B2") (562)
where for Ah = ti+1 7151', = 1,...,77,7 1,

1 1 .
N (L S WY

a matrix B is of type (n — 1) X (3n — 2) and it should be divided into three

blocks
B, — [—kﬁ?ln,l, *kg)lnfl,} ,
where
(0) 1 1
kg’ — Aty (O)AtU 0, 0,..., 0, 0
1 1
_ 0, k2 — A_tg’ A_tg’ 0, , 07 O
0, O, 07 07 ’ kém - Atifﬂ Atrlz,—l

*H(O) _ (0 C(O)

1 s Vi 61
(0) (0) (0)

—H2 7, TVo, Go
B, = ) )

0 0 0
7“517)17 *Vy(zf)u 47(121

Fori=1,...,n—1the (3n+ 1) x (3n + 1) matrix

329i (,31, ,32)

9 <§;) 5 (812
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has almost all elements equal to zero except for

52: (B, B2) 1

o (gg) dCRR 2

929: (B, B2) 1

0 <g: ) 0 (161/,52/) 3n,n+i—1 2
9: (B, B2) .

9 (g;) 9 (B B2

3n+1,2n+1—2

and the corresponding symmetric elements.
Calculation of estimators of §3, and 3, is iterative. For initiative iteration
we put

pV =cut), v =ct), M=cut), i=1,....n—1,

and K\ %D kél) are calculated as a solution to a system

la » ™1p
(1)_4(1)
1 1 2
kga) Aty
1 .
B: kip) = : ;
1
kS ¢, —¢M
Atn—l

i.e. from the model constraints for 3, = 0 and 63, = 0.
From (5), (6) we calculate the (k + 1)-th iteration of estimators of 63, and
08,, i.e. in this case

685" = ~ [BYTB,| ' BYT (b + B1Z"),

where T = (B;B/, + BoB)) ™', 2 =Y — 8, and

_ (k)
®' 53,0 Zo(Br™.B21) (61
(5ﬁ1 , 032 ) 2(51)0(B1’,B2") 6ﬁz(k)

bk = B1ﬂl(k) + l
2

(k)
(k)’ )"\ °gn-1(B1",82F) 051
(Jﬁl 1082 ) o(f1)oB B2)) | 68,
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The matrices B1, Bo are constructed with the k-th iteration of the parameters
B1, B2 obtained from

B® = B, Y 468,
B = B+ 68,
Estimators of covariance matrices of the final estimators (5/5\1, 5/,@\2 are cal-
culated from (3), (4), i.e. in this case (C = 0 ~2I)
= = +
V&I‘((Sﬁl) = V&I‘(ﬁl) = 0'2 (1\/_[3/11\/[]32 MB/IMB2> s

o — o —
— —

var(88z) = var(B) = o2 ({B’Q (BiB, + B,B})"! Bz} -1 I) |

S (p) (v5)
2

S Sy

where

and

+
(1\/IB’1MB2 MB{Msz) = (I - B [MBzBlBllMBz]+ Bl) .

For data from the graphic example in [4] (values of tracer concentration in
liver, artery and portal vein measures at 23 times—see Table 1 and Fig. 4), i.e.
forn=23,g=n—1=22,k =3n—2 =067 and ky = 3, we get these results
after 4 iterations:

—~ 0.002431475
B2 = | 0.009413782 |,
0.039506253

o2 = 0.001130171,

var (B ) = var (95

3.238255e — 07 —6.991068e — 07 —2.103772e — 06
= | —6.991068e — 07 3.001722e — 06 1.255561e — 05
—2.103772e — 06 1.255561e — 05 5.826697e — 05

Among the results we were interested only in the vector of kinetics parameters
B2, because they seem to be important for early diagnosis of substantional liver
diseases.

In Fig. 5 there are discrete points of measured tracer concentration in liver
and a curve of the tracer concentration in liver estimated from the model (i.e.
(..., Gy values).
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Now we calculate the measure of nonlinearity Cglll 5By by algorithm mentioned
in [1] (pp. 230-231) with the value of §y from (10) set at ¢ = 0.04. The value of

V3 V1570312

= = 27.77618
Cliisp, 0.04511495

is compared with the value of x35(0;0.95) = 65.17077. From the numerical re-
sults it is obvious that the condition mentioned in (12) is not satisfied, i.e. for
our data set it is not suitable to linearize the original nonlinear model and work
with the estimators of kinetics coefficients obtained from the linearized model,
although these estimators seem to be very accurate. If the estimated parameter
o was three times lower, which might be accomplished by more accurate mea-
surement or by measurement in shorter time intervals, the condition would be
satisfied and linearization would be appropriate.

i ti [s] | Cr(t;) [mmol/l] | Cu(t;) [mmol/l] | Cp(t;) [mmol/l]
1 0.00 0.000 0.000 0.00
2 3.30 0.000 0.000 0.00
3 6.75 0.000 2.350 0.00
4 | 10.00 0.000 4.230 0.07
5 13.25 0.030 4.350 0.19
6 | 16.75 0.111 3.620 0.68
7 20.00 0.156 2.440 1.36
8 23.50 0.126 1.600 1.88
9 26.75 0.204 1.220 2.11
10 | 30.00 0.309 1.220 2.49
11 | 33.50 0.294 1.500 2.30
12 | 36.75 0.360 2.000 2.21
13 | 40.50 0.378 2.230 2.26
14 | 43.50 0.411 2.162 2.21
15 | 47.00 0.489 1.970 2.40
16 | 50.50 0.519 1.790 2.28
17 | 54.00 0.561 1.600 2.35
18 | 57.00 0.516 1.480 2.26
19 | 60.50 0.618 1.580 2.23
20 | 64.00 0.543 1.530 2.16
21 | 67.00 0.561 1.620 2.26
22 | 70.50 0.510 1.430 2.16
23 | 74.00 0.600 1.430 2.07

Table 1: Measured data of tracer concentration.
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Figure 4: Curves of measured tracer concentration in a liver artery C,(t) and
a portal vein C,(t) and points of measured tracer concentration in liver Cy,(¢).
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Figure 5: Measured (points) and estimated (a curve) tracer concentration in

liver.
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5 Conclusions

Many real-life systems are basicaly nonlinear. Particularly in biology and med-
icine we meet nonlinear problems very often. By treating them as linear we
employ a very rough and limited approximation [5]. There are many meth-
ods that solve nonlinear problems, mostly numerical methods, but these usualy
suppose accurate measurements, and they do not take into consideration inac-
curacy and uncertainty inherent in biology and medicine settings (subjective
examination, inter- or intraobjective variability and so on). One way out is to
apply linearization of nonlinear problems, for example the above-mentioned lin-
earization via Taylor series, to use the well-known and well-explored theory of
linear models. We know how to estimate parameters and their variability in the
linearized models [1]. However, we should check whether the type of problem
and measured data allow for treating the nonlinear problem in this way.

The aim of this article was to find a condition which would guarantee for
linear models with type II constraints that the true values of estimated param-
eters are covered by a modified confidence ellipsoid (with probability no less
than 1 — a — € for a preset small € > 0), and to verify in this manner that the
usage of linearization is appropriate. As can be seen in the numerical example,
this condition is not easy to satisfy, although calculated estimators (and their
variances) in the linearized model look very good. When solving a nonlinear
problem by linearization we should proove that the linearization is safe. In
case of linear models with type II constraints a method of such verification was
presented here.
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