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Abstract

We investigate approximation properties of de la Vallee Poussin right-
angled sums on the classes of periodic functions of several variables with
a high smoothness. We obtain integral presentations of deviations of de
la Vallee Poussin sums on the classes C3'g.
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1 Introduction

Considering [1] we define ¢-integral classes of periodic functions of several vari-
ables in the following way.

Let R™ be an Euclidean space with elements Z = (21,2, ..., Zm), and let
T™ = [[:*,[—m; 7| be an m-dimensional cube with the side 27,

N™ ={ZfeR™|x; €N, i=1,2,...,m},

N ={ZfeR™|z; € N,=NU{0}, i=1,2,...,m},
{
{

*

N™ —

(2

We denote by L(T™) the set of summable on a cube T functions f(Z) =
f(z1,29,...,2my) which are 2m-periodic on every variable.
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Let f € L(T™). Then for every pair of points § € E™, ke NI we have a
corresponding value

g 1 — i ST
ax(f) = pry / (@) Ul cos<ki:1:i -5 )dxi. (1)
Tm =

Values a%(f), §e E™, k€ N™ are the Fourier coefficients of the function f (@)
[1, p. 546].
For every vector keN ™ we have the major harmonic of the function f(Z)

Afii = Y k(f)f[(kx 5;”) -

seEm™

and on the variable z; conjugated harmonic

z. . 5 ST s; + 1)
AZJ(f;x) = Z az(f) H cos<ijj - jT) cos(kl-xi - (JFT))

FeE™ jem\{i}

Using [1, p. 545] we define Fourier series of the function f(Z) by the following
relation

1
Sifl= > S Aef D), (3)
EeNm
where q(E) is a number of zero coordinates of the vector k.
Let f € L(T™) and systems of numbers ;;(k), ¥;;(k), i = 1,2,...,m;
j=1,2, k € N, be given.
Let us put

(k) = \/ 7 (k) + ¥ (k), Wi(k) = \ 3 (k) + W2y (k)

7é Oa aZ(k) 7é 07 ke N*a

ey

and consider the following conditions be fulfilled: v, (k)
$i1(0) =1, ¥31(0) = 1, ¢2(0) = 0, ¥;2(0) =0, =1,2,
Furthermore, let

1 B : .
,;esz mwu(ki)l&lﬁ(ﬂﬂg) - 1/%‘2(/%)14]3 (f,@)] (4)

be the Fourier series of some function of L(7™). It will be denoted by
TR (C))
bi (7)) =
@) =

and called v,-derivative of the function f with respect to the x;, i € .
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Let m = {1,2,...,m}. For a fixed r-elemental set u(r) C m, u(r) =
{i1,i2,...,i,}, we define a function f¥=(Z) by

7 oV g¥ir-1 9% f ()
T2y
f (.CE) 8:5“6;5“71 N (’“):cil

and call it mixed W ,-derivative with respect to variables z;, i € u(r).

Let a set of functions 1,5, W;5, ¢ = 1,2,...,m; j = 1,2 be given. The set
of continuous functions f € L(T™) having the essentially bounded ¥,- and
1,-derivatives, i.e.

esssup|fa“(f)| <1, esssup|f$i(f)| <1, i=1,2,...,m; pCmm :feT’:
5)

will be denoted by the symbol C7%.

If for the sets of functions ;;(k) and \I/” k),i=1,2,...,m; j = 1,2, the
functions ;(k), ¥;(k) and numbers 5;, 5f, i =1,2,...,m, fulﬁl
i i
Vi1 (k) = (k) cos %% Yiz(k) = (k) sin 52 ;
Wi (k) = U, (k) cos 52 (k) = Uk sin T =12, m,

2 )
then the class C is the class of (¢, 3)-differentiable periodic functions of m
variables (see [2]) and it is denoted by Cj w. For m = 2 these classes are
the classes of (¢, B)-differentiable periodic functlons of two variables which are
defined in [3] (see also [1]). In the case when the conditions ¥y(k) = k™,
\IJQ(k) - k_s7 1/)1( ) = k—ﬁ’ ¢2( ) = k_817 ﬁl =T, ﬁl =5 52 =T, 52 = S1
for the r > 0, s > 0, r;y > r, s1 > s are also fulfilled the classes C w and
W, are equal(see for example [4]). In [4] (see [5], too) there is proved the
asymptotic equality of upper bounds of deviations of Fourier right-angled sums
S#(f, %) (taking at the classes W5, ) for n; — o0, i =1,2:

71,81
4lnn;  4lnns InnyInng 1 1
SV S1) = it + gt + 00 (M + o o
Let us put Gpy = [[1oy[ni — pisni — 1] for 7 € N™, g€ N™, p; < n;,
i=1,2,...,m,. Then trigonometric polynomials of the type
Vas(f; @) = > SifE), (6)
T o
7, P

(where Si(f; ¥) are partial sums of Fourier series defined (2), 7 € N™, p; € N,
p; <ni, i =1,2,...,m) are called Vallee Poussin right-angled sums.

In this work the problems of approximation of classes Cgi by polynomials
Vap(f; @) are investigated. The functions which determine these classes are
defined in the following way:

Yi(z) = e T Wy(z)=e %, a; >0, af >0,i=1,2,...,m.
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We denote such classes by C3's, (analagously to the classes of functions of
a single variable).

It is proved by S. M. Nikol’skii in [6] (see also [7], [8]) that for upper bounds
of the deviations of Fourier sums on the corresponding classes C§ , functions
of one variabl we obtain the following asymptotic equality for n — oo:

8q™

a q" —a
E(CF ooi Sn) = ?K(Q) + 0(1)? g=e°, (7)

where

z
du
K@) = / V1—¢?sin®u
0

is the total elliptic integral of the first kind.
Asymptotic equalities for upper bounds of the deviations of de la Vallee

Poussin sums on the classes C§  may be found in the [9], [10] (see also [11],
[12, p. 217)):

4qn—rtl -
(1 — ¢?) +0(1)<p(np)(1 EERETG qQ))’ L<p<n.
(8)

The 2-dimensional and m-dimensional analogies of equality (7) for the classes
Cp's, are in the works [13], [14].

qn—p—i-l

& (C’g,oo; Vn,p) =

2 Main Results

Let A = {A1,As,..., A} be a fixed set of infinite triangle numeric matrices,
Ar={A =12, ,m AT =1, A0 =0 for ky > .

Further let )\](;ﬁ) =T11", )\,(:i) and let G =[], [0; n; —1] be an right-angled
parallelepiped corresponding to the vector 7 € N™.

For every function with Fourier series (1) we have trigonometric polynomial

Us(f;550) = Y 279N AL (11 7).
EGGﬁ'

Values §7(f; @; A) = f(&)—Ugz(f; Z; A) are the deviations of such polynomials
of the function f(Z).
In this work there are found the integral presentations of the deviations

6ﬁ,ﬁ<f7 f) = f(f) - Vﬁ,ﬁ(f’ f)

of sums Vi 5(f, ¥) from function f(Z) out of classes C3's..
The following theorem is the main result of this work.
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Theorem 1 Ifa; >0, a] >0,¢ =¢"%, Q; =e"

a:;ﬁieRyﬁfER;piEN;
1<pi<ngit=1,2,...

7

then for every functwn I € CF'S, the following equality is fulfilled

m nz pi+1 .
53.5(f.7) Z /fﬁ1x+tez>b@ (t:)dt;

Ni—Pi

m

n+1
- /fﬁ’ (T + ;)b () dt;

1= 1

Wy > I e Jlela. o

r=2 p(ryem jepu(r)
where

(1 — 2¢; cost; + ¢?)? 2

(g7 sint; — sin 12) s <nlt N Bim )
(1 —2¢;cost; +¢?)

2
b (1) = 4008t — 20i + costy) (nzt 1 bim )

8 (Q? cost; — 2Q; + cost;) Brm
Bri(t;) = iti
() (1—2Q;cost; + Q?)? cos \mite

(@Q?sint; —sint;) . *
i+ 2 ).
T 2Qicost, v @ M T

Proof It is clear that

m n;—1
. 1 . 1 N .
S p(f3 ) = pr(fiE) = =—>_ > pp(f:E),  (10)
Hl lpZ E G- Hi:lpl i=1 k;=n;—p;

where ~
pp(fs @) = f(&) = Sp(f; %), k= (kiska; ... km).

Let us investigate pz(f; 7). Using theorem 1 in [13] for f € CF'S we have

Z fﬁl T+ t;€;) Z exp(—a;k) cos (kt + 52 ) dt;
k=n;+1
r+1 =g
S ﬂ/fﬁ*( > ue)
r=2 u(r)em zeu(r)

X H Z exp(—ajk;) cos (kjtj + JT) dt;.

jep(r) kj=n;+1
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Denote ¢; = exp(—aw;), Q; = exp(—a;). Using [15, p. 123-124] we obtain

Z exp(—a;k) cos (kti + ﬁ;ﬁ)

- cost: — g2 i sint;
9i COS%: — 4s 5 COS (nlt qtﬂZ ) gi Sints 5 sin (mt Jrﬁl ) .
1—2g; cost; +gq; 2 1—2g;cost; +q; 2

i

=g
If
5 (q; cost; — q?) cos (niti + ﬁf) — @; sint; sin (niti + ﬁéﬂ)
hli(t;) = R
ni () 1 —2¢; cost; + ¢?
gr (Q;cost; — Q ) cos (mt + B’”) — @Q; sint; sin (niti + B;”)
Hyi(t;) =
ni (t:) 1—2Q;cost; + Q2
then

Z f 5 (& + i) gl h ()t

YA | fé’{(ﬂ 2 tiei-) IT @5 ) .

r=2 p(ryem — pr i€pu(r) JEM(r)

According to (10) we obtain

nifl

> in/fgii(f+t15i)h£f(ti)dfi

D —r
nj—1

x H Y QU HL (t;) dt;. (11)

JEM(T) I vj=n;—p;

a0 = -

1 Py

m

Jrz 1)+ Z wr/fﬁ* <x+

r=2 p(ryem zeu(r)

Let us use [11, p. 232-234]. Applying elementary transformations we obtain

nifl nifl

Soodim =Y “[@os(kiﬂ)tqmoska-t)cos

ki=n;—p; ki=n;—pi

Bim

Bim

— (sin(k; + 1)t — g; sin k;t) si 5 ] (1 —2gicost+¢?)~ !

d_f Ei,l( )COS ﬁm— — Ei)Q(t) SlIl ﬁm—

12
172qlcost+qi (12)
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Let us investigate 3; 1 (¢) and 3; 2(t). We may write

Yi(t) = z_: ¢" 1 (cos(k + 1)t — qcoskt) = % [Z(qeit)k _ Z<qeit)k]
k=n—p

k=0 k=0

#5[2er 2_j<q>} - [:_:@e”)k - g(m]
e Y ey

_flge)m T 1 (get)n et 1] LT (ge )T 1 (ger ™)
) gett — 1 gett — 1 2 ge~ it —1 ge~* —1

et =1 (ge")" P 1) ¢ f(geT)" —1  (ge™)" TP —1
2| get—1 get —1 2 '

ge”t —1 gem* —1
According to [15, p. 124] we denote
[(t) = (1 —2gcost +¢*)~*. (13)
Now we have
1(t) = (¢""? cosnt—g" ! cos(n+1)t—g" P+ cos(n—p)t+q" P cos(n—p+1)t
—q*(¢" cos(n—1)t—gq" cosnt —q" P cos(n—p—1)t+¢" P cos(n—p)t))T(t)
= (2¢"*? cosnt —2¢" P2 cos(n —p)t — "' cos(n+ 1)t +¢" Pt cos(n—p+1)t
— " cos(n — 1)t + ¢" P cos(n — p — 1)t)T(t)
= ((2¢""* cosnt — ¢" " cos(n + 1)t — ¢" 2 cos(n — 1)t) — (2¢" P2 cos(n — p)t
—¢q" Pt cos(n —p+ 1)t — ¢" PP cos(n —p — 1)t))T(2). (14)

Doing elementary transformation of the term in brackets on the right part
of equality (14) we have

2¢" % cosnt — ¢" " cos(n + 1)t — ¢" 3 cos(n — 1)t

= ¢"((2q — cost — ¢” cost) cosnt + (sint — ¢*sint)sinnt), (15)

2¢" P2 cos(n — p)t — ¢" P cos(n — p + 1)t — ¢ P3 cos(n —p — 1)t

= ¢" Pt ((2q — cost — g® cost) cos(n — p)t + (sint — ¢ sint) sin(n — p)t). (16)
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Comparing (13)—(16) we obtain
Yi(t) = [q"“ ((2q — cost — ¢® cost) cosnt + (sint — ¢* sint) sin nt)
—q"P*((2q — cost — ¢* cost) cos(n — p)t
+ (sint — ¢*sint) sin(n — p)t)} (1 —2qcost+¢*)~ . (17)
Analogously, we may find
So(t) = [q"“ ((¢*sint — sint) cosnt + (2¢ — cost — > cost) sinnt)
— ¢" P ((¢* sint — sint) cos(n — p)t

+ (2¢ — cost — q? cost) sin(n — p)t)} (1 —2qcost+¢*) L. (18)

Respecting the last relation we may the equality (12) write in the following way

1 ni—1 qm*piﬂ ﬂ'TP
— Z qfihf? (t;) = +—— {(qz2 cost; — 2q; + cost;) cos <(nZ —pi)ti + )
pi ‘ pi 2
ki=n;—pi
2 . . . ﬂﬂf 22
+ (¢; sint; —sint;) sin ( (n; — pi)t; + > (1 —2¢;cost; +q;)
ni+1 .
_ 4 [(qf cost; — 2q; + cost;) cos (niti + %)
Di
+<2. i " ﬁiﬂ' _ ) ) 2\—2
q; sint; — sint;) sin | n;t; + 5 (1 —2¢;cost; +q;)". (19)
Analogously,
n;—1
1 C . gr
— D QUH () =
b ki=ni—p;
n;—p;+1 *
= QZT {(Qf cost; — 2Q; + cost;) cos ((nZ —pi)ti + @;—)

pim

5 )} (1 —2Q;cost; + Qf)*2

pim
)

)](1 —2Q; cost; + Q)2 (20)

+ (Q? sin ti — sin tl) sin <(?’L1 — pz)lfZ +

Q”}H—l
- [(Q? cost; — 2Q; + cost;) cos <niti +

Di
Bim
2

+ (Q? sint; — sin tl) sin <let1 +
Considering the condition

esssup |4 (7)| <1, pcm, feCpS
FeTm ’

and equalities (11), (19), (20) we have the coretness the theorem. O
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3

Conclusion

Using the relation (9) we can obtain an asymptotic equality for upper bounds of
the deviations of the de la Vallee Poussin right-angled sums taken over classes
of periodic functions of several variables with a high smoothness.
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