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On a set of asymptotic densities

Pavel Jahoda and Monika Jahodova

Abstract. Let P = {p1,p2,...,Dpi,...} be the set of prime numbers (or
more generally a set of pairwise co-prime elements). Let us denote AZ’b =
{p®"**m | n € NU {0};m € N,pdoesnotdividem}, where a € N,b €
Nu{0}.

Then for arbitrary finite set B, B C P holds

al () g | =TT a(a5™),

p;€EB p;EB

1 (1 1 )
b pli pi
d (A;;”bl) - 1 1 .

;"

and

If we denote

1
b

A= P pep
= . peP,aeNbeNU{0},,

1- a
p
where P is the set of all prime numbers, then for closure of set A holds

clA=AuUBU{0,1},

whereB:{p%(l—%) |peP,beNu{o}}.

1 Introduction

Theorems 1, 2 and 3 introduced in this paper are generalizations of some results
from [1] and [2] concerned in sets of natural numbers in form p®**+*m. In this paper
asymptotic densities of sets of natural numbers in form p*»m, where p,m € N,
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p > 1, p does not divide m, and {a,}32; is an increasing sequence of non-negative
integers are studied.
The denotation

A = {p®m | m,n € N, pdoesnot divide m}

is used.

The above mentioned sets A" are intresting because of one of their properties:
If we take two co-prime numbers p, and ¢, then for the asymptotic density of
intersection of sets Ay~, and AZ" holds

(A% 0 Ab) = d(A%)d(A).

q

Moreover, if we take arbitrary finite number of pairwise co-prime numbers
P1,D2 - .., Pk, and arbitrary increasing sequences of non-negative integers {a;(n)}5 4,
{az(n)}52 4, ..., {ar(n)}$2, then for the asymptotic density of intersection of sets

AB™ 5= 1,2,k holds

k k
() A = Tt
J
j=1 j=1
Theorem 4 describes the closure of set of asymptotic densities of sets A;""‘b,

where p is prime number, a € N, and b € NU {0}.

2 Asymptotic densities of sets A7~

At first the asymptotic densities of sets A7 are determined.

Theorem 1. Let p € N, p > 1, and let {a,}°, be an increasing sequence of
non-negative integers. If we denote

A = {p®m | m,n € N, pdoesnot divide m}

and rgn =3 then

J 1p]7

a 1 anp
d(Apn) = (1 — p)rp .

Proof. Let us denote C; = {p®m | m € N} for every j € N. We can see that the
set C; contains natural numbers in form p*m, where s > a;.

Similarly, let us denote D; = {p%*'m | m € N} for every j € N. We can see
that the set D; contains natural numbers in form p*m, where s > a; + 1.

We denote the difference of set C;, and D; by @Q;. It holds that

Q; =C;\ D; = {p“m | m € N,pdoesnot divide m}. (1)

From equation (1) follows

Ay =@

jEN
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Hence, for every k € N holds

k k
U@ cay cCuaul]as (2)
j=1

Jj=1

We determine asymptotic densities of sets C;, D;, and ();. Element p*m € C;
fulfills condition p%*m < n if and only if m < -&

aj .

Hence, m is the number of elements of set C’DJ which are less or equal to n. Thus,
from above mentioned follows that!

Cj(n)Z[n]-

p*
So we obtain the asymptotic density of set C)
_ o Giln) 1
d(Cy) = fim == =2 (3)
Similarly,
1
AD,) =~ @

Since D; C Cj, and Q; = C; \ D;, from equations (3), and (4) we obtain
1 1 1 1
d(Qj)Zd(Cj)—d(Dj)ZE—WZ (1—p) o (5)

Sets @), are pairwise disjoint (one can easily prove that Q; N Q; # 0 implies
1 = 7). It means that for every k € N holds

k k
d UQj sz(Qj)~ (6)

From (2) we obtain estimations of lower and upper asymptotic density of set
Abn
P
k 7 k
d{JQ| <dAg) <dAgr) <d(Crn)+4d | | @
j=1 j=1
From (6) we obtain

k k

D d(Q) < d(Agr) < d(Ag) < d(Cran) + Y d(Qy),

j=1 j=1

and from (3), and (5) follows

1 1 _ 1 1\ <~ 1
(1) 2 sav < < o (1- 1) S0

aj
=P

'We denote the integral part of real number x by [z], and the number of elements of a set A

by A(n).
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These inequalities hold for every k € N. With k£ — oo we obtain
k [e%S)
1 1 1 1 1
an\ _ 13 _ R _ R _ an
A = Iy, (1 p) ; pY (1 p) Z:: pY (1 p> e

We should note that the sum rp» = Z;’il ple is convergent. The sequence

{an}72, is an increasing sequence of non-negative integers, hence a; > j — 1 holds
for every j € N. It means that

o0 1 oo

Theorem 2. If p,q € N\ {1}, ged(p,q) =1, {an}n 1> and {b, 152, are increasing

sequences of non-negative integers, ry" = Z =1 p —7, and rg" = Z;’O 1 b , then
a b 1 1 an b a b
d( A" NAy) = (1= = || 1= = Jrprry = d(Apm)d(Ay).
p q
Proof. Set
Apr = {p®*m | m,n € N,pdoesnot divide m}
and
Ag" = {¢*>m | m,n € N, gdoesnot dividem} .
Since ged(p, q) = 1,
an bn — [0 bi P . S
Agr N A ={p“q""m | i,j,m € N;p, gdoes not dividem }. (7)

Let us denote C; = {p“m | m € Ag”} for every j € N. We can see that the set
C; contains natural numbers in form p°q¥m, where s > aj, m,i € N, and ¢ does
not divide m.

Similarly, let us denote D; = {p®“*tm | m € Ab»} for every j € N. We can
see that the set D; contains natural numbers in form p*q¥m, where s > aj + 1,

m,i € N, and ¢ does not divide m.
We denote the difference of set C;, and D; by @;. It holds that

Q;=C;\D; ={p“m|m¢c AZ";p,qdoes not divide m}. (8)

We can see that the set @); contains natural numbers in form p®s q%m, where j
is fixed, m,i € N, and neither p nor g does not divide m.
From equations (7), and (8) follows

Agen Al = | Q. 9)
jEN

Hence, for every k € N holds

-
Q

<.

—
=
El

k
U Q; C Ay ﬂAZ” C Cry1 U
i—1
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Now, we determine asymptotic densities of sets C;, D;, and ;. Element
p*m e Cj (m € AZ"!) fulfills condition p*m < n if and only if m < &

Hence, the number of elements of the set C'; which are less or equal to n is equal
to the number of elements m € AZ '

o ([2])

So we obtain the asymptotic density of the set C;

Ay ([#]) _acary

n—oo N n— o0 n P (11)
Similarly,
d(Abr)
aD;) = “o5. (12)

Since D; C Cj, and Q; = C; \ D, from equations (11), and (12) we obtain

4(Qy) = d(Cy) —d(Dy) — M) AT e (-3

paj paj+1 P pa]

Sets @, are pairwise disjoint (one can easily prove that Q; N Q; # 0 implies
i = 7). It means that for every k € N holds

k k
U Q| = Zd(Qj)- (14)

From (10) we obtain estimations of lower and upper asymptotic density of set
Agn N Agn

k
U Qs | < d(Agr nAl) <d(Ag N AY) < d(Cr) +d U

From (14) follows

k

k
D d(Q)) < d(Agr N Abr) < d(Agr N Alr) < d(Crpa) + D d(Qy),

j=1

and from (11), and (13) we obtain

()55

d(Agm N Alr) < d(A%r 0 Al
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These unequalities hold for every k € N. With £ — oo we obtain

k b [e's]
d(Abr) 1 1
d(A% N Abr) = lim (1-) > = d(Alr (1—) —.
( V4 q ) k— 00 p = p(lj ( q ) p = p(lj

And according to Theorem 1 holds

d(Ap» ﬁAb ") = d(A“")d(Aq"). O
Theorem 3. Let P = {p1,p2,...,pr} be a set of pairwise co-prime natural num-
bers?, where 1 ¢ P, and {a1(n)}5%,,{a2(n)}2,,...,{a,(n)}>>, are increasing

sequences of non-negative integers. Then
d hA%(”) Hd (A%m) :H <11) ii
i=1 P i=1 Pi j=1 p?j(])

Proof. We can perform the proof of Theorem 3 by induction according to r. The
case of r = 1 (and r = 2) was proved in Theorem 1 (and in Theorem 2). Therefore,
we can consider (induction hypothesis) that

r—1 00
d (ﬂ Ag:(@) H d(AT™) = H (1 - pl> Z %(]) : (15)
1=1 =1 4 j=1 pz

Since p1,p2, ..., are pairwise co-prime numbers

ﬂ Az ) = fpee(npir1Gem) 00 )y e N,

ji € N, p;doesnotdividem,: =1,2,...,r}, (16)
and

r—1
m Aa,(n) {par 1(Jr— 1) ) ptll1(J1).m | m €N,
i=1
Ji € Ny p;doesnotdividem,i =1,2,...,r—1}. (17)

For simplicity, let us denote
T r—1
A=(Ag™, and A* =[] Au0.

Further let us denote
Gy ={prm | m e A"},
D; = {0 [ m € A7),
Qj =Cj\ D;j.

2For each 4,7 € N, i # j holds ged(ps,pj) = 1.
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The same way as in previous proofs we can prove following equations

d(A¥)
d(C;) = @)
d(A*)
d(D;) = P @A
d(A%) 1
d(Q;) =d(C;) —d(D;) = p?r(j) (1 - pr) 7

k k
dlJei| =>d@).
j=1 j=1

Furthermore, we can prove this relations, following from (16), (17), and holding
for every k € N

. k
Jeica=Naz™conulas

j=1 i=1 j=1
and estimations
k 7 k
D d(Qy) < d(A) <d(A) < d(Chpa) + ) d(@y),
j=1 j=1
k k
1 d(A*) - d(A*) 1 d(A*)
(1 - pr> Dy SAA) <A < T+ (1- 2D
j=1Pr j=1DPr

With k¥ — oo we obtain
d(A) =d(A") (1 - 1) i %(;) =
br/ S
= d(A)d(Aw™) =
=d (hl Ag;<">> (A ™).
i=1
Finally, according to (15), and Theorem 1

r—1
d(A) = d(Agr™) [T d(Ag™) =

i=1
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As a special case we can consider sets Ag», where a, = a(n — 1) +b is an

increasing arithmetical sequence of non-negative integers, p is a prime number,
and a € N,b € NU{0}. For simplicity, we denote them by Ag’b, ie.
Ag’b = {p”("_1)+bm | m,n € N, pdoesnot divide m},

Asymptotic density of A;’b is equal (according to Theorem 1) to

1 1
NN 1 2 G
d(Ag’b) = (1 - ) Z pa(j—1)+b = - 1(_ 1p) '

Theorem 4. Let p1 < py < --- < p; <... be the sequence of all prime numbers,

A={d(A%") |i,a € N,b e NU{0}}

1 1
b; pi

Then for the closure of set A holds

and

clA=AuBU{0,1}.

Proof. The strategy of this proof is following: It is obvious that cl A C (0,1), and
A C clA. We choose arbitrary z¢ € (0,1),29 ¢ A,x0 ¢ B and we prove that
2o ¢ cl A. Then we prove that B C cl A, and 0 € cl A,1 € cl A.

First of all, we are going to prove that there is just a finite number of elements
of the set B in an arbitrary interval (a, ) C (0,1), 0 < a < 8 < 1.

Let us denote
1 1
kvi=— (1 — > . (18)
b; Di

Hence, B = {ky; | i € N;b € NU{0}}. It is obvious that for b > 1 holds
lim ky; = 0, and lim ky; = 1. Therefore, for fixed b just a finite number of
11— 00 11— 00

elements ky ; belongs to the interval (o, ).
Moreover, for arbitrary a > 0 exists by € N such that for every b > by and for

every ¢ € N holds
k L (1 1) < L < L <
bi=—|1—— — < = <a
Lo pi) 2

2

Hence, only elements kj; € B where b < by belong to interval (o, 3). Thus,
there is just finite number of elements of the set B in the given interval (o, 3).

Let us consider arbitrary xo € (0,1),z¢ ¢ A,zo ¢ B. There must exist some
interval (o, 8), where 0 < @ < 8 < 1, zg € («, ). We know that there exist just a
finite number of elements of B in the interval («, ).

Hence, (g ¢ B according to above mentioned assumptions)

dey,co € B :xg € (c1,¢2), (c1,02) N B = 0. (19)
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For arbitrary d € A exists (see (18)) ky; € B:

-5 g,
d— d(A;;b) _ b Pi) _ b,i (20)

We are looking for all elements d € A, which belong to the interval (e, ca).
Doing so, we solve inequalities
c < d<cs.

From (20), and from the fact that p; > 2 we obtain

cp < b’il < ca,
1 - La
p;
1 1
Cl(l — 7) < k‘bﬂ‘ < 62(1 — 711)’
p; i
1
Cl(]. — 27) < kb,i < ¢z,
&1
5 < kb,i < C2,

and from (19)

d= d(A;;b) € (c1,¢2) =k € (%1,01>~ (21)

As proved above, there is just a finite number of elements k; ; € B which satisfy
the condition ky; € (4, c1). Let us denote them (recall that c¢; € B)

kb1,i1 < kbz,iz < < kb =C1.

Tﬂi’r
Hence, (see (20) and (21)),
d=d(A%") € (c1,¢2) only if b € {by,ba, ..., b}, and i € {iy,da,... iy} (22)

Let us determine for which a the elements d = d(A;;fj), j=1,2,...,r belong
to the interval (cy,c2)?

‘We can see that

forj=1,2,...,7.

ky. .
lim d(A%%) = lim —2%— =k ;.
a— o0 ( pij) a—oo 1 — }1 b3t
J

Thus, for every j =1,2,...,r holds:
Ve > 03ap(e) € N:

Ya > ap(e) : d(A;;l:J) <kpi;te<kp +te=c1+e. (23)

We can choose ¢ small enough to z¢ € (¢1 + €,¢2) (see (19)). From (22) and
(23) follows that the element d = d(A%") € A belongs to the interval (c1 + €, ¢2)
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only if b € {b1,ba,...,b.}, i € {i1,ia,...,ir}, and a € {1,2,...,a0(e)}. Thus, for
every zg € (0,1),29 ¢ A, z9 ¢ B holds zg ¢ cl A.

Moreover,
o (1 - i) 1 1
lim d(A%") = lim 22>/ — — (1 —) e B,
a—00 i a—00 — % p? Di
H0-2)
. a,0\ __ 1: p; Pi o
A i) =l o =t
and
1 ( _ i)
. a,by __ 1: pi’ pi _
i (A7) = L 11— 0
Hence, B CclA,1€clA,and 0 € cl A. Thus, clA =AU BU{0,1}. O
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