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ABSTRACT. Many time processes are composed by several simple functions. A
moment of a change of one function in another is frequently unknown or known
only approximatively. There are several algorithms for the identification of change
points. Sometimes not only their position but also the variance in a determination
of their position is important. Similar problem occurs when an isobestic point
must be determined. At this point several regression functions must cross. In
general it is rather difficult problem, however in some situation a solution is
relatively simple. Some comments to the solution are given in the paper.

Introduction

Models of many time processes are composed by several simple functions.
Moments Tj,...,T,, where one function is changed into another is sometimes
known, e.g. when splines are used, sometimes unknown.

A typical situation where change points are given in advance can be described
as follows.

Let an unknown function f(-) be characterized by a set of time points ¢; <
.-+ <t,, and by a set of values y; = f(t,), ¢ = 1,...,n. Let the interval [t,,t,]
be divided into s —1 (< n) subintervals [T}, T5), [T,,T3), - - -, [T,_1,T,] and we
want to approximate the time course of the function f(-) by s — 1 polynomials
¢;(t) = B; 1 + B, ot + B; 5t* + fB; 4t* on the interval [T}, T;,,), i =1,...,5 = 1.
An approximation must be made in such a way that ¢,(T;,;) = ¢;.1(Ti;1),
i=1,...,s—1, and also ¢{(T},,) = ¢}, ,(T;,,), i =1,...,s—1 (' denotes
the derivative). The problem is to determine in some sense optimal values of the
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LUBOMIR KUBACEK

parameters ﬂi,j, i=1,...,s—1,7=1,...,4. No problem of determination of
the values T),...,T, occurs here.

Quite different situation occurs when a sequence of day’s temperatures (mea-
sured with some errors) 7,,...,7, are given in the course of the last hundred
years and the problem is to determine the moment T' where the increasing ten-
dency arises (very actual problem at present times), i.e to determine a change
point of this sequence.

There are several algorithms which enable us to identify the moment T in
the last example, or the moments T}, ..., T, in general (cf. [1]; here a large list
of references on the change point problem is given).

Similar problems occur in chemistry when so called isobestic points ([3]) must
be determined.

Let at known points Tty s Tiny i =1...,8,0n the real line the values
fi(zi‘j,,@i), j=1,...,n;,and i =1,...,s, be measured. An analytical form of
the function f;(:, ) is assumed to be known but a k;-dimensional parameter 3,,
i=1,...,s, is unknown. Results of the measurement of the values fi(:cz-,j,ﬂi)
are given by a set {yi’j cj=1,...,n;, i=1,...,s}. From a theory it is known
that there exists a point (isobestic point) on the real line, where the equalities
f(T,B) = f,(T,B,) = --- = f,(T,B,) must be satisfied. The problem is to
estimate, except the parameters 3;, ¢ = 1,...,s, also the value T' on the basis
of the set Yijo j=1,...,n;,and ¢ =1,...,s, and to characterize an accuracy

of the estimation.

Change point algorithms are focused on a determination of the position of
a change point and a little less attention is given to a characterization of its
accuracy. In some cases a knowledge on a regression models on the left hand
and right hand sides of the change point can be used for a relatively adequate
evaluation of the accuracy. In this case a determination of an accuracy of a
change point and an isobestic point is a similar problem. A difference is that
in the case of an isobestic point the regression function is estimated on both
sides of the isobestic point, however, in the case of a change point a regression
function can be estimated on one side of it only.

There are two typical situations here. In the first one, the change point is
characterized by one condition only (e.g. at this point a polynomial of the second
order is changed into a linear line), in the other case, there are several conditions
(e.g. at the point also a derivative from the left must be the same as the derivative
from the right). Solutions are different in different situations.

The aim of the paper is to make some comments to a problem how to char-
acterize statistical properties of estimators of a position of mentioned points in
some simple situations. The types of the regression models are assumed to be
known.
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ON AN ACCURACY OF CHANGE POINTS

1. Notation and auxiliary statements

Let Y ~ N, (f(B,),X), i.e. the n-dimensional observation vector Y is nor-
mally distributed, its mean value is E(Y) = f(8), f(:) is a known function
however the k,-dimensional vector parameter 3, is unknown and X is the co-
variance matrix of the vector Y. It is either known, or its form is £ = o2V,
where the n x n matrix V is positive definite and known and the parameter

2 € (0,00) is unknown. Also a situation X = 01V +o V2 may occur.

Let the parameter (3, satisfy the g conditions h(8,,3,) = 0. Here 3, is
k,-dimensional vector parameter which is also unknown. As an example let us
consider a measurement of the values f(z,03,,8,) = B, exp(—f,) at points
z, < --- < z, and a measurement of the values g(z,fB;,8,) = B; + B,t at
pomts T, 41 << T, 4n,> Where z, <z, .,.Somewhere between z, and

T, 41 there is located a point T w1th the property f(T,B;,0,) = g(T, B3,54)
Let the measurement of the values f(z,8;,0,) be realized with the variance of
and the measurement of the values g(z, 35, 8,) be realized with the variance o3
and measurements are stochastically independent. Thus

:61 :(ﬂlaﬁ2a183a:64)’, ﬂ2=T)
r(ﬂl) = [f(mpﬂ]vﬂz)v sy f(mnlnBl’ﬂz)a g($n1+1,ﬁg,ﬂ4), <o

i ’g(xn1+n2’ ﬂsa ﬂ4)]l )
h(B,,8,) = exp(=B,T) — (B3 + B,T) =0,

s=at(l §) et (3 ).

The linear version of the considered model is
Y —f,~N,(FAX), hy+H,A+H, =0 (1)

(the model with the constraints of the type II), where f, = (8, ), B, is an
approximative value of the vector 3,, F is the matrix of the first derivatives at
the point 3, , of the function f(-), hy = h(B, 3,8, ), B, is an approximative
value of the parameter 3, (change point). The first derivatives at the point
B, and By, respectively, of the vector function h(:,-) with respect to B,
create the matrix H, and the first derivatives at the same point of the vector
function h(-,--) with respect to 3, create the matrix H, . Further A = 3, —Bi,0>
0=08,—- ﬂz,o-

The quadratic version of the considered model is
Y —fy ~ N,(FA+ 35(8), D), hy+HA+HS+ 2w(A,6)=0, (2)
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where

K(A) = (k (), k()
k;(A) = A'D,A, i=1,...,n,
D, = 82fi(u)/6u6u'|uzﬁ1 .

An analogous meaning has the g-dimensional vector w(A, d).

The notation ~ means the estimators neglecting the constraints and =
means the estimator respecting the constraints. The BLUE (best linear unbiased
estimator) A of the parameters A, in the model without constraints, means a
linear estimator (linear vector function of the vector Y) with the following
properties. It is unbiased, i.e. (VA € Rkt)(E,(A) = A) and

(VAeD)(VpeR:) (Var(p’A) < Var(p'A)),

where D is the class of all linear unbiased estimators of A in the model without
constraints.

Analogously for the BLUE A, in the model with constraints, it is valid
(VA € {(?) . HA+H,6+h= o}) (EA(A) =)

(VA € D) (VP € R ) (Var(p'A) < Var(p'A)),
where D

constr 15 the class of all linear unbiased estimators of A in the model
with constraints.

and

The notations é and § have analogous meaning.

LEMMA 1.1. Letin (1), hy = 0 and the rank of the matrices F, H, and H, be
1(F) =k, <n, r(H,, H,) = ¢ <k, +k, and r(H,) = k, < g, respectively. Let
the matriz X be positive definite. Then the BLUE of the vector (A',4")" in (1)
]

~

A= (1= CT'H{{(H]C'H] + H,H})™" — (HC7'H] + H,HY) 7T H, x
x [H(H,C™VH] + HyHY) " H,] T Hy (HI C™ H, + H,HY) T HL) A,
A=C'FE (Y -f), C=FX'F,

§ = — [HL(H,CTH + HyH,) " H,] T HA(H,C 1 HY + HyHY) ™ H, A
Proof. See [4; p. 134]. 0O

472



ON AN ACCURACY OF CHANGE POINTS

COROLLARY 1.2. If, in Lemma 1.1, k, = q, i.e. the matriz H, is regular,
then

A=A,

6 = —H;'HA.
In this case the estimator of the vector parameter B, is not influenced by the
constraints. Thus the coordinate vector 3, of a change point (isobestic point) is
given by a crossing of regression function only. If the matriz H, is not regular,

i.e. ky < q, then the estimator of the vector A depends on the constraints.
If r(H,) = q, i.e. the matriz H,C~'H} is regular, then

»

~
A

A= (1-C'H {(H{C'H])™ — (H|C™'H})"'H, x
x [Hy(H; €™ HY) " H, ) T H(HLCTHHY) T HH A,
6 = ~[Hy(HiC™ H) ™ Hy) T H(HI CT HY) T HL AL

The assumption on the regularity of H,C~!H, is always satisfied in the
further consideration.

Remark 1.3. The vector h, is assumed to be 0 in the following, since approx-
imate values 3, o, B, of B; and [3,, respectively, should be chosen in such a
way that h(8, ,8,,) = 0. In the case of another choice the bias of the linear
estimator would be larger (in detail cf. [4]).

In the following, the model will be considered in the form

Yo~ o) Fi 0\ (A (S, O
Y,— £ nt+m 0, F, A, )\ 0, DI !

(the linearized model) and in the form
(575) e (5 2)(2) 3 520) (i )
Y,—hy mm N0, FyJ\4, 2 \Ky(Ay) )7\ 0, X, (4)
H A 1
1\ A, +Hyo + §W(A1a A,,0)=0 ()

(the quadratized form of the model).
The notations

_r_(Yi—Hfpo _(Fi, O
Y fo_(Yz_fz,o)’ F_(O, F,/)’

(% O _
2= (% s,) o= (

(3)
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will be used in the following. Here § = T — T, T is the actual coordinate of
the change point and T} is an approximate value. The symbol J means also a
vector if several coordinates of change points are taken into account. The vector
Y, is linked With the ith regression functions and analogously it is valid for F,,
pIFVAYR

1,1

2. A linear case

In this section a simple situation characterized by the regular models

Yl ~ Nn(Flﬂl’ 1, 1)7 ﬂl € Rk Y ~ (F2ﬁ2722,2): 162 € Rl )

( ) N, (FB,5),

- _ (%11, O )
o) F=(0e) =% =)
) C, O
C,=FX 1iF1’ C,=FX 2;F2’ C=<01, C2)

is considered.

The coordinate T of a change point is given by an equality (h] — Thg),@ =0,
where h; and h, are known vectors. If, for instance, {Y,}, = B, + B, 5t;,
i=1...,n,and {Y,}; =B, + By,t;, j =1,...,m, then h = (1,0,-1,0)
and h, = (0,1,0,-1). '

LEMMA 2.1. The (1—a)-confidence interval for the value T is [A— B, A+ B]
(or its complement), where

_ hi,éh - WX2(1 - )
(hB3)? — xi(1- @)vy
33— @ der(v) [(B mA)V=1 (12 ) ~ 331 - o)

B= ,
(héﬁ) - xi(l- a)”2,2

_ (M -1 _ (Y1 Y2
v= () e mm= (i 2).

Proof. The well-known idea (cf. e.g. [6; p. 199]) is used here. Let 4, = h{,@,
i, = W3. Since 4, — Ti, ~ N, (0,(1,-T)V (_7)),

P{ —Ta,)” (1,—T)V(_%ﬂ)xf(1—a)}=1—a.
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ON AN ACCURACY OF CHANGE POINTS

The random event {(121 - T122)2 <(1,-T)v (_%1) x3(1 - a)} can be rewrit-

ten in the form
A A 1
v-n (G a2) (Ur) <of
{( ) A2,1’ A2,2 -T

where )

AL, A AP
(a2 ) = () B3, ) - -y,
2,10 2,2 2

ie. {T?A,, —2TA;,+ A;; < 0}. Thus T must be covered by the random

interval
Ay VA32—A11422 A, + VAL =A1142,2
? Ag2 Az,2 ’

Az,2 Az2
with probability 1 — «. It can be easily verified that this interval is the interval
from the statement of the lemma. O
Another characterization of an accuracy in a determination of a change point
can be given by the values of E(T) — T (here T = h{ﬁ/(h;ﬁ)) and Var(T).
The first approximation of them, given by the Taylor series, is

2 . 922 912
ET) T_T((héﬂ)z hiﬂhéﬂ)’
f, _ 2 910 01,2 03,2 )
Van, (T) =T ((h{ﬂ)z 2WBhp T By

Here hiC~'h, =0, ,, hiC ™ h, = 0, , = 0, /71055, l,C 7 hy =0, ,.
If further terms of the Taylor series is taken into account, then

2
92,2 91,2 92,2 91,2%2,2 4. )
)

E(T)-T=T <(hél@)2 B AR CTO G

Var, (T') =
2
_ 72 911 5 %12 02,2 2 (02,2_ \/‘71,1‘72,2)
{(hiﬁ)2 *Wpns " ey T ey \mB "¢ WA
_20y,05,(1-¢°) (‘72,2 912 )2
wpempE T2\wpE “wWpmp) [T

A confrontation of the (1 — a)-confidence interval and interval [T—
u(l — a/2) Varl(T), T + u(l — a/2)y/ Var, (T ], where u(1 — a/2) is the
(1 — a/2)-quantile of normal distribution N(0, 1), is a relatively good check of

a numerical calculation.
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If C7' = 03Ciy and C;' = 02C;} and estimators 67 ~ o2x2_, /(n — k)
and 3 ~ o32x2 _,;/(m — 1) are at our disposal, then it is necessary to use the
ideas given in [5] and [8] in order to determine the confidence interval.

In the next section a criterion whether a nonlinear problem can be linearized
is given.

3. Measures of nonlinearity

LEMMA 3.1.

(i) Let H, in (4) be reqular. Then the bias of the estimator 5 of the parameter
0 is )

E() -8 = +H; [w(A,, A,,0) - H,CTFS 1R(A,, A,)]

ii) Let H,C~'H’ be regular. Then the bias of the estimator § of the param-
(5 1 1
eter 0 is

A~

E(})-d=
= 5 [Hy(H, ™ H) T H,) T HY (H, €M HY) ™ (w(4, 8) - H,CTI S k(A)

Proof. With respect to Corollary 1.2

~

E(§) = —H;'H,CT'F'S7E(Y - f))
= —H;'H,C'F'S 7 (FA+ 3r(A,,4,))
= Hy! (Hy0 + $0(A, 8,,6) - FH,CTIFS1R(A,,4,))
=0+ 2Hy [w(A,,A,,0) - H CTIF'S T k(A A,)].

Analogously the statement (ii) can be proved. a

-1’ \—1
In the following, the symbol PE_:‘C D™ means the projection matrix

on the subspace M(H,) in the norm given by the matrix (H,C~1H})~!
(lIXH(HIC-—lH’l)—l = \/X'(ch_lHll)_lx ), ie.

PEHCTHO™ _ 1, [Hy(H, CTH) T H,] M HY(H, €T HY)

DEFINITION 3.1. Let the matrix H,X~'H/ in (4) be regular. Then the mea-
sure of nonlinearity for the parameter § is

[ 1/ \—1p(HiC-tH))-!
C}II)?;) — Sup{ ’7 (ch Hl) PH2 7 : A c Rk1+k2} ’

A'CA
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ON AN ACCURACY OF CHANGE POINTS

where
Y= w(Ap Az; 6) - chglF'E_ln(Al, A2) .

THEOREM 3.1. Let in (4) the matriz HI}J-IH’1 be regular. Then

2¢ Byqe—
ACAS —— = \b[Var(§)] b <e,
CIIE

where
sH [w(A),A,,8) —H CT'F'S7 R(A,A,)]  if H, is regular,
b= 4{#(H, €~ Hy) ] Hy (H,C )

] -1y
X [“’(A,J)—HIC"IF’Z‘IN(A)] if HC™'H s regular,

F: - - -1
Var(é) = [Hy(H,C™ H})"1H,] ™.
(If T is a one dimensional parameter, then a better formulation of the statement

is |b| < ey/Var(5).)
Further, if T is a vector (k, (> 1) change points are under consideration),

then
A'CA < C_(2p€aT) = (VheR) (]h'b] <ey h’Var(t%)h) .

11,6

Proof. It is easy to prove the equality

2y/b [Var (8)] b = //(H,C-1Hy) -1 R CTRD T
Then

L\ -Llp(HC-TH)-1 1
V7 (H,C-1hy) TR v _ Vb Var(d)] b < ot
A'CA h A'CA 11,5

Thus the relationships

21/ b/ [Var(8)] ™'b < CHPA'CA < 26

imply the first statement of the theorem. The other statement is a consequence
of the Scheffé theorem ([7]). ]

Remark 3.1. Definition 3.1 follows an idea of Bates and Watts [2]. The
statement of Theorem 2.1 is of a practical use if the (1 — a)-confidence ellipsoid
for a sufficiently small value a is included into the linearization region {A :

A'CA < 2¢/ C;‘I’a;) } given by Theorem 2.1. In this case, if ¢ is sufficiently small,
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the estimator §, can be considered as an unbiased best estimators of a position
of a change point.

Remark 3.2. In the case H, is not regular, A # A and thus, in Definition 3.1,
a utilization of the denominator A’CA must be commented. If H, is regular,
then the Definition has a strict geometrical meaning. It characterizes a paramet-
ric curvature (in the Bates and Watts sense) of the model

—H, A~ (Hyd+ L (w(a,0) - CTIFET15(4)), H,CTHHY)

However, in the case H, is not regular (e.g. a change point must satisfy several

conditions), A can vary in the linear manifold {A : A* + M(Var(i))} only;
here A* is the actual value of the vector A. Since

r(Var(A)) = r(C™! = C™'H} (Myy H,C"H{M,, ) H,C™")
=1(M&-1pym,, €)=k = r(CT'HI My, )
=k —(g—ky) <k,

the strict geometrical meaning is lost. (The symbol My means the projection
matrix on the orthogonal complement of the subspace M(H,), ie. My =

I . C C
|- PHz, the symbol Mc-ngMﬂz means | — PC-IH;MH2 .) However, from the
viewpoint of practice it does not matter and the measure of nonlinearity in the
sense of Definition 3.1 is still useful.

4. Estimation of both crossing point coordinates

Let the coordinate of the crossing point (isobestic point) be (:) = (:;’ig; ) ,
where T, and 7, are approximative values. There are m regression functions
under consideration, i.e. Y; = £~ N, (f(8;),%;,), i = 1,...,m. The linear
version of the model is

Y—f~Nnm (FAY),
o~ Vg, (FAE)

Y —f=((Y, - fi, ’,...,(Ym—fm,o)’)', A= (A ALY,
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ON AN ACCURACY OF CHANGE POINTS

H1A+H2(gl)=0, (6)
2

hy, 0, , 0 hy, -1
H=1|.......o.... ) Hy=1|........

0, 0, ..., H h,, -1

If 4, is to be determined only, then the constraints are of the form

G,A+gb, =0, (7)
hia ’/'év Ov’ ’ 0
G =0 m —h ., 0|
07 07 ) h;—n_ly —h;n

LEMMA 4.1. Let

17 —1) 0, ) 07 0
-0 1 -1 o , 0
- \o, o, , 0, 1, -1

If g =(hy,—hyy...,h,,_y —h,,) #0, then there exists a vector r € R™ such
that R = (:) is regular, r'1 =1 and r'(hy,...,h,) =0.

Proof. The following statements are equivalent.

(i) The vector g is not zero vector.
(ii) The vector (h,,...,h,,)" is not perpendicular to the subspace

M(T)={T'u: ueR™'}.
(iii) There exists a vector r € R™ such that r ¢ M(T’) and at the same
time r'(hy,...,h,,) =0.
Further r(H,) =2 <= (hy,...,h,,)" and 1 are linearly independent. Thus

r can be chosen in such a way that r'1 =1. a

The assumption g # 0 is natural with respect to the solved problem.
In the following, the notation A:n(w) will be used. Here A is an arbitrary
matrix of the type m xn, W is an n x n p.d. matrix and G = A:n(w) satisfies

the equalities AGA=A & WGA = A’G'W. The matrix G has the following
property. If Ax = y is a consistent system, then x = Gy is a solution with the
minimum W-norm.
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THEOREM 4.1. The estimator 51 in the model with the constraints (6) is the

same as the estimator & 1 in the model with the constraints (7).

Proof. In the case of (6) the best estimator of (g:) based on Y is

5 B} o
(1) =~lmancen
2

and in the case (7) the best estimator of 4, is

a

~ !
6, = —[(g')m(c;lc—lcg)] G,A.

Let R = ( I) be such regular matrix that

1, -1, 0, ..., 0, 0
=[O L -L o o0
0 0 ... 0 1, -1

r'(hy,hy,...,h, ) =0 and r'1 = 1. Obviously

G , 0
me(5): (5 1)

Fo_ _ ] (u(H,CTH) Ty, u'(H,CTTH) _1><
1 '(H,C'H))~'u, 1'(H,C7'H))™1

/ -~
X (‘1‘,) (ch-ll-l'l)‘l}1 H,A
= —{{H;R'(RH,CTH{R)'RH,} |

x HLR'(RH,C'H,R") 'RH,A
_ -1
__Jl(g o\ (A, a,\ (& O y
0, 1 a1, Gg 0, 1
1).
<

—1
g, O) (A1,1’ "’1,2) ( /G1 )A
0, 1 a1, Gy, r'H; ’

( G,C'G,, G,C 'H/r )“1

where

r'H;C7'G}, r'H,C'Hjr

ALl al2
a2l 22 )

-1
(A1,1a 31,2>
a1, Gyy
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Since

where

ON AN ACCURACY OF CHANGE POINTS

Here

-1
At A11+A11a12[a22

-1 -1 -1
a, ;A a1,2] a,,AT1,

= (G,C™'G})™! +(G,C™'G})"'G,C "Hr x

x [r'H,C7'H, — r'H,C™'G}(G,C™'G})™1G,C ' H}r] " x

x r'H,C"'G}(G,C™'G))™!
= (Glc_lG;)_l

+(G,C71G})71G,C ] ra**r'H,C1G, (G,C1G})
a2 = (82’1)1 = _Al'l"’1,2(0’2,2)_l

0% = (r'H, (Mg, CMg, ) "H;r) ™.
All 191:2 -1 AL 11,2 R
1=~ {(ga gg gazz) }1 (gaZ,l’ gzz)RHlA.
Further

1AL 11,2 -1
{(gal gg gaz,2 ) } — [g/Al lg g:al 2( 2,2) —152,1
1,1

)

Thus

(ST

g™’

—{g’[Al’l 12(a22) 1 21]g} -1
= (g’ A1 13) -

= [¢'(G,C'G))"g] ™

{(g'Al’lg, g'a1'2>—1}
2,1 2,2
a g, a 12

_ —[g'Al’lg—-g'al’2(a2’2)‘l 21g] g’al’z(a2'2)_1

= [¢'(G,C'G})'g] '&'(G,C'G,)"1G,C  H}r.
/Al,l, /1,2 R A
(gaz,l, g gz ) RH1A = (B) s
A=g'(G,C'G}))"'G,A + g'(G,C™'G,)™*G,C 'H]ra®? x
x r'H,C"1G}(G,C™'G})"'G,

A
- g'(G,C'G))1G,C ™ H, ra**r'H A,

B = —a®*r'H,C'G}(G,C'G})'G,A +a®*r'H,A,
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the estimator 31 can be rewritten in the form

N

6,=-([&'(G,C1G,)7g] 'g'(6,C7G,) "G, A + [¢(G,C'G,) " g] " x
x g'(6,C7'G,)™1G,C ' H} ra*r'H,C'G}(G,C™G,)"1G, A
- [g'(G,C7'G))™! ]‘1 g'(G,C7'G))™'G,C  H ra®*r'H, A
- [£'(G,C7'G)'g] 'g'(6,C'G})"'G,C " H] ra®?r'H,C G, x
x (G,C7'G})"'G,A
+[8'(6,C716})'g] 'g'(G,C716)) 16, C T H ra??r'H, A)
= -[¢'(G,C'G))"'g] '¢'(G,C'G})"'G,A =5, .

a

If the model is considered in the quadratized form, then an analogous criterion
as in Section 3 can be used. Instead of quantity §, quantity (g; ) must be used.
5. Example

Let two linear regression functions f,(t) = Gt and f,(t) = 0, + (5t be
considered. Let

1 1, 7
2 2 1, 8 7 2
Yi~N || 5]05041], Y,~N, - (_2/3> , 0221 |,
4 1, 10
t 1712314 t 7 8 9 | 10
A fos] 1 15| 2 @) 1233167 1 033
y (0706|1324 Y 21 (18 109]| 05

In this case T = 6. Cf. also the following Figure 5.1.
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YA

2.9236 |

5.695 6 10
FIGURE 5.1.

With respect to the Section 2,
1-a=095, A=6.183, B=0.897, [A-B,A+B]=[5.286,7.080]

and

a

by - = 5.695, E(T)-T =0.007, 1/Var,(T)=0.43,

Hl)

B -

[T —1.961/Var, (T), T + 1.96y/ Var, (T ] [4.85, 6.54]

~

( 4/ Var, (T) is practically the same as 1/ Var; (fl:") ).
Further (with respect to the Section 3)
H, = (T;, -1, -T,) = (6,-1,-6),
H, = (,31,0 - ﬂa,o) =0.5-(-2/3)=35/3,
Lo(a,,A,,0) = (A, — A,)5.

(For the sake of simplicity the approximate values are chosen as the actual ones.)

Thus Cg";’;) = 0.116 and the ellipsoid A'CA < 26/0}1;&;) (¢ = 0.5) has
the semiaxes equal to A = 0.214, B = 0.033, C = 2.264. Since semiaxes
of the 0.95-confidence ellipsoid A’CA < 7.81 (= x32(0.95)) are a = 0.204,
b = 0.032, ¢ = 2.157, the linearization is possible, however, some caution is
useful, since the conﬁdence ellipsoid is almost so large as the linearization reglon

Nevertheless the values 7' = T,—H;'H,A = 6-0.283 = 5.717 and \/Var(d ) =
\/[HQ(HIC‘lH'l)—lHZ] = 0.43 are in a good agreement with the values T =
5.695 and 1/ Var, (T') = 0.43.

483



REFERENCES

(1] ANTOCH, J.—HUSKOVA, M.—JARUSKOVA, D.: Change point problem after ten
years. In: ROBUST 98, JCMF, 1998, pp. 1-42. (Czech)

[2] BATES, D. M.—WATTS, D. G.: Relative curvatures measures of nonlinearity, J. Roy.
Statist. Soc. Ser. B 42 (1980), 1-25.

[3] GEN, L.—DEVYATOVA, T.—IVANOV, V.: Some analytical aspects of the use of the
isobestic point, J. Anal. Chem. (USSR) 38 (1983), 147-157.

[4] KUBACEK, L.—KUBACKOVA, L. : Statistics and Metrology, Univerzita Palackého, Olo-
mouc, 2000. (Czech)

[5] PATNAIK, P. B.: The noncentral x?* and F-distributions and their applications, Bio-
metrika 36 (1949), 202-232.

[6] RAO, C. R.: Linear Statistical Inference and Its Applications, John Wiley & Sons, New
York-London-Sydney, 1965.

[7] SCHEFFE, H.: The Analysis of Variance, J. Wiley, New York, 1959.

[8] WELCH, B. L.: The generalization of Students problem when several different population
variances are involved, Biometrika 34 (1947), 28-35.

Received May 30, 2001 Katedra matematické analyzy
Revised October 2, 2001 a aplikované matematiky
PF Unuverzita Palackého
Tomkova 40

CZ-779 00 Olomouc
CESKA REPUBLIKA

‘E-mail: kubacekl@risc.upol.cz

484



		webmaster@dml.cz
	2012-08-01T16:00:15+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




