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ABSTRACT. In this paper, using the nonlinear alternative of Leray-Schauder
and the Gronwall-Bellman-Bihari-type integral inequalities, we study the initial
value problems of the second order Volterra integrodifferential equations with

deviating arguments.
1. Introduction

In this paper, existence results are presented for the solutions of second order
Volterra integrodifferential equation with deviating arguments

() (1)) = f (t,U(gl(t)), of k(t,s,u(g,(s))) ds, p(t)U'(t)) ,

(1.1)
0<t<T,
with u satisfying the initial value condition
u(t) = o(t), te[-n0], w(0)=4, (12)

where p € C[0,T], p(t) > 0, f € C([0,T] x R x R x RR), k €
C([0,T] x [0,T] x R,R), A € R, g,,9, € G (see Section 2), ¢ € C([-r,0],R)
and

= —mi i i t 0.
= minf i 00 g 0,0} >

Here «'(0) means the derivative on the right «'(0%).
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By using the nonlinear alternative of Leray-Schauder and suitable a priori
estimates, we prove the global existence of a solution to (1.1)-(1.2) on the
whole interval [0, T].

The global existence of solutions for ordinary differential equations has been
considered by many authors. By employing the topological transversaly theorem,
D.O’'Regan [4],and J. W. Lee and D. O’'Regan [3],and Huaxing Xia
and T. Spanily [6] have established global existence results for differential
delay equations. We continue these consideration to a global existence prob-
lem (1.1)-(1.2) for the second order Volterra integrodifferential equation with
deviating arguments. Since the application of the nonlinear alternative of Leray-
Schauder involves a priori bounds of solutions, and the estimate of such bounds
is more difficult for Volterra integrodifferential equation with deviating ar-
guments, we use Gronwall-Bellman-Bihari-type inequalities ([1]) to establish
a priori bounds.

Our paper is organized as follows. In Section 2, we present some prelimi-
naries. The general global existence results are discussed in Section 3. Finally,
in Section 4, we obtain some results on a priori bounds of solutions.

2. Preliminaries

Let C,, r > 0, be the space of all continuous functions u: [—r,0] = R. For
¥ € C, we define the norm

1%lli—r0) = OES[UP ’ ()]

-7,

For convenience, we introduce the following notations and definitions:
lully = sup fu()], -
te[-r,0]
|ul, = max{]lully, lpu'lly} ,
C[—T, T] = C([—-T, T]vR) )
K'[-r,T) = {u € C[-r, TINC'[0,T]; u(0) =¢(0) and |u|, < co}.

DEFINITION 2.1. Denote by G the class of continuous functions g: R — R
satisfying g(t) < 't.

DEFINITION 2.2. H belongs to class G, if H(u) is nonnegative, continuous,
and nondecreasing for v > 0, H: [0,00) — [0,00), H(u) > 0 for u > 0,
H(0) =0, and t"'H(u) < H(t 'u) for t > 1 and u > 0.
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LEMMA 2.1. (NONLINEAR ALTERNATIVE OF LERAY-SCHAUDER) ([2])
Assume U is a relatively open subset of a convez set K in a Banach space E. Let
G*: U — K be a compact map, p € U, and let N, (u) = N(u,A): Ux[0,1] = K
be a family of compact maps (i.e., N((7 x [0, 1]) 1s contained in a compact subset
of K, and N: U x [0,1] = K is continuous) with N; = G* and N, = p, the
constant map to p. Then either

(i) G* has a fized point in U ;
or

(i) there is a point u € U and A € [0, 1] such that u = N,u.

By the solution of the IVP (1.1)—(1.2) we mean a function u € K'[—r,T]
which satisfies the integrodifferential equation (1.1) and the initial value condi-
tion (1.2).

3. An existence principle

In this section, we present the general global existence result of a solution of
the IVP (1.1)-(1.2).

THEOREM 3.1. Let f: [0,T]xRxRxR— R and k: [0,T] x[0,T] xR = R
be continuous functions, p € C[0,T], p(t) > 0, and assume g,,9, € G. Suppose
that there is a constant M , independent of A\, such that |u|l;, < M for any
solution u to '

(p(t)u’(t))l = ’\f(tau(gl(t))a ({tk(t,s,u(gz(s))) dS, p(t)u,(t)) )
0<t<T, 0<A<1, (1.1)y

u(t) = p(t), te [—T) 0] ’ ul(o) =4, (12)
for each X € (0,1). Then (1.1) -(1.2) has at least one solution u € K'[-r,T)
with
(pu') € C[0,T].
Proof. Solving (1.1),~(1.2) is equivalent to finding a u € K'[—r,T] such

that satisfies
t

u()) =90+ [ L (Ap(O)
0

+ /\O/f(r,u(gl(r)), ‘Zk(r,x,u(gz(a:))) dz, p(r)u'(r)) dr) ds,
(3.1)
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where
u(g;(s)), 9:(8) 20
u(g;(s)) =
0(9:(s)), gi(s) <0.
Define the operator N, : C§[0,1] = Cg[0, 1] by
¢

(Nyu)(t) = 0(0)+ | ==
/

+/\/f(r,u(gl(r)), ofk(r,x,u(gz(x))) dz, p(r)u'(r)) dr) ds.
0

Here C3[0,T] = {u € C[0,T]NC[0,T]; u(0) = ¢(0), u'(0) = A}. Of course,
(1.1), - (1.2) is equivalent to the fixed point problem u = N u. Certainly, N,
is continuous since f and k are completely continuous by the Arzela-Ascoli
theorem. To see this, let © C CE[0,7] be bounded, i.e., |u|; < k* for all
u € 2, where k* > 0 is a constant. Let K = max{||gll|_, o) k*}. First N,Q is
uniformly bounded. This follows from the inequalities

T

INyu(®)] < ()] + |A1p(0) / Ge

o

and
Ip(®)(Nyu)'(8)] < |Alp(0) + M, T,
where M, = sup |f(t,u;, Uy, u3)|, where the supremum is computed over [0, 7] x
[-K,K]x[K,,K;]x[-K, K]. Here K, = sup |k(t, s, w)|T, where the supremum
is computed over [0,7] x [0,T] x [- K, K].
We next show the equicontinuity of N,Q on [0,T]. For v € Q and t,,t; €
[0,T] we have

|N,\u(t ) = Nyu(ty)l

l/(p(s 4p(0)

+)\/f(r,u(gl(r)), (j:'k(r,a:,u(gz(z))) dz, p(r)u'(r)) dr) ds|.

0
slAlp(0)|Zf(—§3 +M|/tz_)(‘i_=)"

(3.2)
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and

|p(t1)(N)‘u)'(t1) - p(t2)(N)\u)'(t2)|

= l )\/lf(s,u(gl(s)), ofsk(s,r,u(g2(r))) dr, p(s)u'(s)) ds (3.3)

5M1|t1‘t2|-

The equicontinuity of N,Q on [0, T] now follows from (3.2) and (3.3). Thus the
Arzela-Ascoli theorem implies that N, is completely continuous. Let

M* = max{M, |loll_.o} 5
and set

U={ueCg[0,T]: |ul, < M*+1},
Q = C[0,T],
E =C[0,T]nC"[0,T],

t
Nou(t) = 9(0) + 4p(0) [ 455
0

Note that N (U x [0,1]) is contained in a compact subset of Q. To see this,
let N(u,,),) be any sequence in N(U x [0,1]). Then, as above, N(u,,\,) is
uniformly bounded and equicontinuous on [0,T], so the Arzela-Ascoli theorem
again yields the same results.

Apply Lemma 2.1 to deduce that N, has a fixed point, i.e., (1.1)-(1.2) has
a solution u € K'[—r, T)]. The fact (p(t)u'(t))l € C[0,T] follows from (3.1) with
A=1.

The proof of Theorem 3.1 is complete. O

4. A priori bounds

In this section, we deal with a priori bounds for IVP to second order
Volterra integrodifferential equations with deviating arguments. We shall use
the Gronwall-Bellman-Bihari-type integral inequalities to derive a priori bounds
to fulfil the conditions imposed in Theorem 3.1.
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To simplify the notation, in the sequel, we will define

t 14 zhz(r) exp(rjh2(x) d:c) dr
P = / p(s)

W(t) = llgll_o + P(O)|A| P(2)..

THEOREM 4.1. Let f: [0,T]xRxRXR — R and k: [0,T] x [0,T]x R = R

be continuous functions, p € C[0,T], p(t) > 0, and assume that g,,9, € G.
Suppose that for every t,s € [0,T] and u,v,w € R

|k(ta S,“)' S hl(S)l’U,| and (H)
|£(t,u,v,w)| < h(t)(|u| + [v] + hy(t)|w])

where h, h, and h, are continuous nonnegative real-valued functions on [0,77.
Then the IVP (1.1) - (1.2) has at least one solution u € K'[—r,T| with

(pu') € C[0,T].

ds,

Proof. By Theorem 3.1, the IVP (1.1)-(1.2) has at least one solution in
K*'[—r,T] if there is a priori bound for solutions to (1.1),—-(1.2).
Let u(t) be a solution of (1.1),-(1.2). Then we have

t
p(t)u'(t) = p(0)A + Aff(s,u(gl(s)), Ofk(s,:r,u(g2($))) dz, p(s)u’(s)) ds.
0

(4.1)
Applying (H), we obtain from (4.1)
(e (1)) < p(0) |A] + / h(s>(|u(g1(s>)|+ / by (@)]u(g,(2))] dx) s
0 0 (4.2)

+ [ ha(o)p(o) ()] ds.
0

Applying Theorem 1 in [5] to the above inequality (4.2) we have

t t
(e (1)) < (1+ / hy(s) exp( / hy(z) dm) ds) -
0 ]

: (P(0)|A|+jh(3) (‘u(g1(3))|+]hl(x)lu(gz(x))ldx) ds).

’ (43)
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Multiplying inequality (4.3) by 1/p(t) and integrating on [0,t], we obtain
lu®)] < llelli—r.0p + P(0)|AIP(¢)

<

+

o .

(P(t) - P(s))h(s)(lu(gl(s))l +/h1(x)|u(g2(w))| dx) ds.
0

(4.4)
Using a similar method to that of the proof of Theorem 1 in [1], we get

lu(t)] < W(t) exp (/ (P(t) = P(s))h(s)W (g,(3)) + hy (s)W (g,(s)) ds)

J W(g,(s))
T
W T)er ( JLEBOIRICIOR hy &)W (55(5)) ds)
=N.
(4.5)
From (4.3) and (4.5), we have
T T
P (b)] < (1+ / hy(s) exp( / hy () dz) ds)-
0 s
(4.6)

: (p(O)IAI +N /T h(s) (1 + / h, (@) d:c) ds)
0 0

=N,.
So we obtain
lul, < M = max{N,N,}.

Therefore, by Theorem 3.1, IVP (1.1)-(1.2) has at least one solution u €
K'[-r,T) and (p(t)u'(t)) € C[0,T). o
THEOREM 4.2. Let f: [0,T]x RxRxR— R and k: [0,T] x[0,T] xR - R
be continuous functions, p € C[0,T], p(t) > 0, and assume that g,,9, € G ..
Suppose that .

(i) f is as in assumption (H) of Theorem 4.1 and q € G, .

(ii) There ezist a continuous nonnegative functions h* on [0,T] and n such
that n: [0,00) — [0,00) is nondecreasing nonnegative submultiplicative
for uw > 0 with w(0) =0 and

l/k(t, s,u(gy(s))) ds| < h*(t)n(|u(gz(t))| ).
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Then the IVP (1.1) -(1.2) has at least one solution u € K'[—r,T] with
(pu')' € C[0,T].

Proof. Let u(t) be a solution of (1.1),—(1.2). Then we have

t t

Ip(E)e ()] = <1+ / hy(s) exp( / hy(2) dx) ds)-

0 s

: (p(O)IA! +/h(8)Q(IU(91(S))|) ds+/h1(5)n(|u(gz(8))l) dS)-

(4.7)
Multiplying inequality (4.7) by 1/p(t) and integrating on [0,t], we obtain

()] < l¢ll—rq) + P(O)|A|P(2)
t

+ / (P(t) — P(s))h(s)q(|u(g,(s))| ds

0

+ [(P) - P&)my(oIn(lu(a(@)]) ds
0

4.8
< max{||p l=r0) + P(O)|A|P(T), 1} 8

t

+ [(P@) - PE))a(|u(aa(a))]) ds

0
+/(P(T) — P(s))hy(s)n(|u(gy(s))|) ds.
0
Applying Theorem 6 in [1], we get
lu(®)] < Q7' Q1) + [ (P(T) - P(s))h(s) ds ) -
(a0 | )

N1 [N(max{ugou[_,m +p(0)|AIP(T), 1})

+ j (P(T) - P(s))h,(s)n (Q‘1 (Q(l) + j h(r)(P(T) — P(r)) dr)) 2:1),
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where

v

Q(U)=/%, ’UZ’UOZO,

Vo

N(r)=/7—:-i£j), r>r1920),

To

and Q! and N~! are the inverse of Q and N respectively. Clearly, @~! and

N~1 are increasing functions. Using the hypotheses (i) and (ii), we see clearly
that the right side of inequality (4.9) is bounded, which proves that there is a
constant M, > 0 such that

[u(t)] < M. (4.10)
From (4.7) and (4.10), we know that there is a constant M, > 0 such that
lp(t)'(t)] < M,.

So we obtain
lu|1 <M= ma‘x{MlyMz} .

Therefore, by Theorem 3.1, IVP (1.1)-(1.2) has at least one solution u €
K'[-r,T] and (p(t)u'(t))" € C[0,T]. o
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