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MULTIPLICATION, DISTRIBUTIVITY
AND FUZZY-INTEGRAL IIT!
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Based on the results of generalized additions, multiplications and differences proven in
Part I and II of this paper a framework for a general integral is presented. Moreover it is
shown that many results of the literature are contained as special cases in our results.
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11. A GENERAL FUZZY-INTEGRAL

We assume that the reader is familiar with the notations and results in Part I and
II. In these two papers we introduced the necessary preparations for a framework
for a generalized integral which we will call fuzzy integral.

Let us start by agreeing that in this paper now [4, B] = [0, B], 0 < B < co. Thus
the assumption “Let A be a pseudo-addition and let ¢ be a pseudo-multiplication”
always means: let “A : [0, B]? — [0, B] be a pseudo-addition and let ¢ : [0, B]?> —
[0, B] be a pseudo-multiplication”. Moreover, we agree on some notations.

(X, A, p) is a fuzzy measure space, where (X, .A) is a measure space and p : A —
[0, B] is a fuzzy measure (see Section 2). .

This is a general assumption in all following definitions and theorems.

For a simple function f: X — [0, B] we always assume the representation

n
f=)aila, a=0<a<--<a,<B, (88)
=1
where Aj,..., A, € A are pairwise disjoint. Moreover, we define for a right unit e
ea=c¢e-1gu, Aec A (89)

We want to define the integral for simple functions. To do this we first show different
representations for simple functions (see Section 2).

1This paper is a continuation of our papers Multiplication, Distributivity and Fuzzy-Integral I
and II in Kybernetika No.3,4/2005. We continue the enumeration of formulas, definitions, lemmas
and theorems.
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Lemma 6. Let A,II be pseudo-additions, and let ¢ be a pseudo-multiplication
satisfying (DL*), (RU) and (Z). If a simple function f has the form (88), then we
get

(@) f=IL,[a;i0ea] (90)

(b) f=U,[(ai —a ai-1) oep,], where B;= U Aj. (91)

©  f=)_(ai—aai_1)1g]. (92)
i=1 .

Proof. First we note that A = II by Lemma 3 (b). Let m € {1,2,...,n} and
let z € A,,.

To prove (a) we use (RU) and (Z) to get f(z) = am = amoe =11, [a;0ea,(z)].

To prove (b) we use (RU), Theorem 11(d) and (Z) to arrive at f(z) = am =
amoe=17"[(a; —a ai—1) o €] = I ,[(a; —a ai—1) o ep,(z)] (note that ep,(z) =0
for i>m). -

For the proof of (c) choose A =11 := +, o := -, the usual addition and multipli-
cation and @ —a b=a —u b=0V(a — b) (which is a special case of Example 2):

aAB=allb=(a+b)Aoco, aob=(a-b)Aco=a-b,
a—-pb=a-ub=0VvV(@->), a—ab=a-ub=0Vv(a—0>)
(if a = b= oo then a — b :=0)).

Using part(b) we get (c). O

We now define the integral of a simple function (here no right unit is needed).

Definition 7. Let A,II be pseudo—additions, and let o be a pseudo-multiplication
satisfying (DL*) and (Z). Then the fuzzy-integral of a simple function f (see (88))
with respect to u is defined by

©) [ Fauwi= () [ faui=T0uil(e —a aims) o w(BL (93)
(see (90) for the sets B;). If U C X,U € A, then we define

(o) /U Fdu =" [(ai —a ai_1) o u(Bi N U)]. (94)

Note that the fuzzy-integral is defined exactly like the t-conorm integral.
Because of the last statement in Theorem 11, the fuzzy integral for simple func-
tions is well-defined: '

— If a; = ai4 for some i € {1,2,...,n — 1} then the (¢ + 1)th summand can be
omitted (using Lemma 5 (e) and (Z)): (ai+1—a ai)opu(Bit1) = 0op(Biy1) = 0.
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— Ifa;n =0 for somem € {1,2,...,n} thena; =0foralli € {1,2,...,m}. Again
by Lemma 5 (e) and (Z) we arrive at (a; —a ai—1)opu(B;) = 0,1 € {1,2,...,m}.

— If A; = 0 for some i € {1,2,...,n} then we consider two cases:
If i = n then (an —A @n-1) o #(Bn) = (an —a an-1) o u(A4,) =0.
If i < n then we get (because of p(Bi+1) = p(B;) and Theorem 11 (a))

[(ai+1 —a ai) o p(Biy1)] U [(ai —a ai-1) o p(Bi)] = (ai+1 —a @i-1) o p(Biy1)-

The following result shows that the fuzzy integral satisfies some expected prop-
erties.

Lemma 7. Let A,II be pseudo-additions, and let ¢ be a pseudo-multiplication

satisfying (DL*) and (Z). Then the fuzzy-integral of a simple function f with respect
to p satisfies

@ Ued=@© [ rau=e) [ rioan (95)
6)  UeAnwD)=0)= () [ rau=o. (96)
) f<g=(o) / fdu < (<>)' / gdp. (97)
@) (LU)A(M e A) = (o) / &1ardp = p(M). (98)

Proof. (a) Let f have the representation (88), so that the representation (90) is
valid, too. Using 1y - f = 31, @i - La,nu we get

n

o, [(ai —A Gi-1) 0 “( U(AJ' n U))]

j=i

© [ f1udu

I (0 =0 i) ou(Bi VD) = ) [ o

Using that p is isotone and (Z), we get (b).
To prove (c) we prove first the following statement:

(1) Amealflne =a€[0,B]Ab€ [a,B] = (0) [ fdu < (o) [[f + (b—a) 1n]dp].

W.lo.g. let f # 0 (otherwise (1) is trivial)).
Thus we have for f a representation of the form (88) with ap := 0 < a; <

az < -+ < ap £ B := an4+1 and where A; € A are pairwise disjoint and B; :=
U?=iAj,Bn+1 = 0, 1 S i _<_ n.

Since f|a is constant there is k € {1,2,...,n} satisfying a = ax and M C A;.
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Since the case b = a is trivial we may assume that b > ax. Then there exists
exactly one l € {k,k +1,...,n} with a; < b < a;4+1. Thus we have f + (b —a)ly =
k-
Tist aila, + aklagm + Ticgqr @il +bla + S0y aila,

By Definition 7 and (Ax \ M) U Ui=k+1 A;UMU U?=t+1 A; = Bj, we get

() / [F + (b — )1pr] dps = (I, (s — Gamy) o p(Be)]) II

H(H£=k+1 [(@ai —a @ai—1) o p(Bi U M)]) L [(b—4p a1) o p(Br41 U M) LT
{(ar41 —a b)o pw(Bra1)] T (U745 [(ai —a ai-1) o u(Bs)))

(f k=1orl>n—1 then the corresponding * ‘empty sums” are defined to be 0. If
l =n note that pu(Biy1) = u(0) = 0).

Using the last equality, the monotonicity of 42 and ¢ and Theorem 11 (a) we arrive
at ‘

(©) 17+ (b= a)Lael du > (U (s —a as-1) o p(BIN I
(I iy [(ai <o aim1) o pu(By)]) I
T[(b-a ar) o u(Biy1)] 1 [(ars1—a b)  i(Buyr)] T (g (2 —a ai_1) © u(B2))
> (I, [(a: —a as-1) 0 u(Ba)]) I (Il y1[(2s —a a-1) 0 (B I
O{(a141 —a ar) o p(Biy1)] T (I 5[(ai —a ai-1) o u(By)])
= (0) / fdu.

In a next step we show that we have for all a;, b; € [0, B] satisfying a; < b; and
forall ;€A 1<i<n,neN:

o)/[Za,lA dp<(o)/[Zb 1a,+ Z a,lA.]

mG{l 2,..,n} i=m+1

Denoting the last statement by A(m) we prove by induction on m € N.
To prove A(1) we use (1) with f:= 3}, a;la,, M := Ay,a:=ay,b:= b; to get

(o) / zn:a,-l,;idu < (o) / [iailm+(b1—a1)1m] dp = (o) / [b11A1+§_:a¢1A.-] dp.
i=1 i=1 =2

For the step A(m) = A(m + 1) we use again (1) with f = Y%, bila, +
Z:;m“ a;la,, M := Ap41,0 := amy1 and b := by 41 and arrive at

(o)/ :Za,u‘] du<(o)/[2b 14, + Z aila,|du

i=m+1

< (o)/ ZbilAi + Z aila; + (bmy1 — am+1)1Am+x] dp
=1 i=m+1
m+1

= (o)/:zblA‘+ Z a,lA‘]du

i=m+2
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Finally let f, g be arbitrary simple functions with f <.g. Then there is (using
that the collection of the intersections of two measurable partitions of X is again a
measurable partition of X) a representation

n n
f=Y ala, g=) bla,
i=1 =1

where the A; € A, 1 < i < n are pairwise disjoint. Because of f < g we have
a; < b;, 1 <i<n. Using A(n) we get (o) [ fdu < (o) [gdp.

Proof of (d):
(o) / &1pdu = &0 u(M) = p(M).

This finishes the proof of Lemma 7. O

Now we define the fuzzy integral for arbitrary measurable functions in the usual
way (see Section 3).

Definition 8. Let A,II be pseudo-additions, and let ¢ be a pseudo-multiplication
satisfying (DL*) and (Z). Then the fuzzy-integral of a measurable function f with
respect to p on U C X,U € A is defined by

Lfdu:(o)[}fdu :=sup{(<>)/usdu:ssf,ssimple}. (99)

It is clear that (because of Lemma 7 (c)) the integral for measurable functions
extends the integral for simple functions. Using Definition 8 we get again (95)- (97),
but now for measurable functions (only (DL*) and (Z) are needed). Note that for the
definition of the fuzzy integral only a fuzzy measure is needed. Additional properties
of a fuzzy measure are necessary if additional properties of the integral are proven.

Our first nontrivial result is the Theorem on monotone convergence if p is con-
tinuous from below.

Theorem 12. Let A,II be pseudo-additions, and let ¢ be a pseudo-multiplication
satisfying (DL*) and (Z). Let u : A — [0, B] be a fuzzy measure which is continuous
from below, and let (f,) be a sequence of measurable functions f, : X — [0, B]
satisfying fn, < fnt1,7 € N and f :=1lim f,. Then we have

Jim @) [ fadu=() [ £

Proof. The inequality limy,—,00(¢) [ fndp < (0) [ f du follows from the property
(97) for measurable functions.
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(2)
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To prove the reverse inequality we assume:

L:= nler;o(o)/fndu < (o) /fd,u.

By Definition 8 there is a simple function s satisfying
s< f, (o)/sdu > L. (100)
By Definition 7 we have s # 0 and thus s has a representation

n
3=Zai1A,-a ap:=0<a;<ay<---<ap < B,

i=1

m
A; € A pairwise disjoint, B;:= U Aj, 1<i<m. (101)

j=i

We now define a sequence of simple functions (s,,) by

/\ /\ Qp,i = [(a,- - %) \Y; %] An, /\ Sp 1= Xm:an,,-lm (102)

neNie{1,2,...,m} neN i=1
and get: A, cn@no :=0<an1 <an2 < - <apm < B, an; T a; and thus
sn T s.
Let us now prove

=) A A UF@ >0=s.(2) < f(z)] :

neENzeX
Case 1. If Vie(1,2,...,m) T € Ai then (using (102), (101), (100)) we get sn(z) =
[(a; — %) \Y; %1] An<a; =s(z) < f(z).
Case 2. If Aje(1,2,...,m} T ¢ Ai then (using (102)) sp(z) =0 < f(z).

We show limp_,00(0) [ spdp > L :

The function II72, : [0, B]™ — [0, B] is continuous and isotonic in each place,
and thus II7*,; is continuous on [0, B]™ (see [10]). Using this fact and the
properties of (an;), Definition 7, (102), the monotonicity properties of —a
and the fact that

( sup )\(m)) ® c= sup (A\(m) ®c), where ® € {0,—a}
meM meM

(here M is a set, A\ : M — [0, B] is an arbitrary function; see also (87)), we
arrive at

lim (o) / sndu
n—oo
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nli_.néo(ugll(an,i -A an,i—l) Oﬂ(B;)])
Ji_{go(uﬂl[(an.i —a ai—1) o pu(Bi)))

112, Jim [(ans —a ai-1) 0 4(B1)])
1172 (supl(ans —a ai-1) o u(B)])
= L7, ([i‘ég(an,i -a a,-_l)] 3 H(Bi))
= 122 ([(supans) —a oimr] oni0)
= IZ,([ai —a ai-1] o u(Bi))

= (o) / sdp> L.

v

Il

(4) Because of (3) there is N € N with (o) [ sydp > L.
Let us define \,cnUn = {z € X : fu(z) > sn(z)}. Then U, € A,n €N
because we get for all z € X:
fn(x) > sn(@) & (falz)Vsn(z)) > sn(z)
& hn(z) := (fu(z) V sn(z)) — sn(z) > 0.
Thus h,, is measurable, U,, = h;l(O,B] € Aand U, C Upy1, n€N.
Moreover, we prove Aic(1,2,...m} Unen(Bi NUn) = Bi:

The inclusion C is obvious. To prove the inclusion D, let z € B;. Because of
B; = Uj; A; thereis j € {i,i+1,...,m} such that = € A;. Thus we have 0 <
a; = s(z) < f(z) and using () sy(z) < f(z) = limp—co fn(z) which implies:
Ve fn(z) > sn (). Therefore z is in U, and we get = € U, en(BiNUn). Using
that p is continuous from below results in: A;c(y2.....m} SUPneN w(BiNUy,) =

1(Bs).
Finally the above considerations in (1)-(4) and the fact that

co( sup A(m)) = sup (coA(m)),
meM meM

(where M is a set and A\ : M — [0, B] is an arbitrary function) leads to the
contradiction

L = lim (o) / fadp > lim (o) / ly, fadp
n—o00 n—oo
> lim (0)/1U"3Ndu2 lim (0)/ sydup
n—o00 n—oo U"

= lim (I, [(an,i —a an,i-1) © w(Bi NUn)))

= IZ, (nli_lgo[(aN,i —aan,i-1)op(BiN Un)])
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= 17, (ilég [(an,i —a an,i-1) ;N(Bi n Un)]) .
= I, ((G'N,i —A GNi-1)© [:‘ég w(BiN Un)])

= 17 ((an—a ani1) o 4(B2)) = (0) / sndu> L.

This finishes the proof of Theorem 12. 0O

We remark that in [15] the t-conorm-integral was defined by (23) and (24), but
(24) is only well-defined if y is continuous from below. In this case their definition
coincides with our definition (because of Theorem 12).

For further nice properties of the fuzzy integral so-called decomposable fuzzy mea-
sures are needed. So we present in the following additional integral representations.
As a new result we show that we can replace the usual strong distributivity by the
weak distributivity, if we require that the fuzzy measure is not only decomposable
but also subtractive.

Definition 9. Let L be a pseudo-addition, and let —; be a L-pseudo-difference.
The fuzzy measure p is called L-decomposable iff

Unv=0, U,VeA= pUUV)=puU)LuV). (103)
The fuzzy measure p is called L-subtractive iff

UcV, UVeA=uU)=uV)—1uV\U). (104)

There are two connections between these two notions:

(a) pu L-subtractive => p L-decomposable. (Let U,V € A withUNV = .
Because of Lemma 5 (h) we have p(UU V) = (p(U U V) —1 u(V)) L u(V).)

(b) p L-decomposable => [U Cc V,U,V € A = u(U) > p(V) —1 w(V\U)].
(Let U,V € A with U C V. Then Lemma 5 (k) implies p(V) —1 u(V\U) =
WU UVNU)] =L w(V\U) = [w(U) L p(V\U)] =L p(V\U) < u(U).)

In (b) we have equality only in special cases: for example for u(V) ¢ D, with
p(V) > w(V\U), (see Lemma 5(q)).

Example 5. Independently of the pseudo-addition L there are fuzzy measures
which are | -decomposable, but not L-subtractive:

Let L be arbitrary, choose X := {0,1}, u(0) := 0, u{0} :=a € (0, B], {1} := B,
1{0,1} := B. Then u is a fuzzy measure which is L-decomposable (u{0} L p{1} =
a L B = u{0,1}) but not L-subtractive (u{0,1}—, pu{1} = B—1 B =0 < a = p{0},
see Lemma 5 (e)).

As announced, we present in the following two results integral representations for
simple and measurable functions, respectively. Here only a fuzzy measure space is
required (but the fuzzy measure need not to be continuous from below).
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Theorem 13. Let (X, A, 1) be a fuzzy measure space, let A, L and II be pseudo-
additions, and let ¢ be a pseudo-multiplication satisfying (DL*), (DR") and (Z).
Then we have for simple functions f (see (88) and (91)):

(©) [ £ =I0iloso (u(B) ~L w(Busa))), where By =0.  (105)
If (1 is L-subtractive) or (if (DR) is satisfied and p is L-decomposable) then:
(@) [ £ =2 fos o (0] (106)

Proof. In a first step we show by induction on i:
M A A Uadao @(Be) 1 im(Bes)] =ao (B :
i€{1,2,...,n} a€[0,B]
If i = n then we use Lemma 5 (a):
a0 (u(Br) —1 #(Bny1)) = a0 (u(Bn) —1 0) = a o u(Bn).

For the step ¢ — i — 1 we use an analogous result of Theorem 11 (b) to get
Mici_1lao(u(Br) =L 1(Bi+1))] = [ao(u(Bi-1) —1 p(B:))| Ulaopu(B;)] = aopu(Bi-1).
We now apply (1) and Theorem 11 (d) and arrive at

) (0) [ fdu=1L,[(ai —a ai—1) o u(Bs)]
21 OE=; [(ai —a ai1) © (w(Bk) —1 #(B1))]

Ip_; 5, [(ai —a @i-1) © (u(Bk) — 1 p(Bk+1))]
= }_s[ak o (u(Bx) —1 #(Br+1))]-

We first consider the case that p is 1-subtractive. Because of B; = A; U B;+1 we
get u(B;) —1 p(Bit1) = u(Ai), 1 < i < n so that (2) goes over into (106).

Let us now assume (DR) and that p is 1-decomposable. Then the associativity
of I and Theorem 11 (d) imply

(o)/fdﬂ—_-H?:l[(ai A a"‘l)o“(g_Aj)]

= I, ((ai —a ai-1) 0 (L] u(4;))] = Ui, U7 [(ai —a ai-1) o u(4;)]
= I, I, [(ai —a aim1) o p(4))] = I}y [a; o p(4;)].

Thus Theorem 13 is proven. O

In the next results we denote by MP the set of all measurable partitions of X.
Thus M € MP means that M is a measurable partition of X, that is, M is a finite,
pairwise disjoint family of measurable sets whose union is X.

We show two results: An integral representation for measurable functions, and
the decomposability of the integral over the union of two disjoint measurable sets.
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Theorem 14. Let (X, A, 1) be a fuzzy measure space, let A, L and II be pseudo-
additions, and let ¢ be a pseudo-multiplication satisfying (DL*), (DR*) and (Z).
If (u is L-subtractive) or (if (DR) is satisfied and p is L-decomposable) then:

(@ ([ fdu=swppmemp (Dnem |(infrer f(2) on(dn)]),  (107)
(b)) UNV=0,U,VeA= () fyyy fdu=((o) fy £du) I (o) J,, f du) (108)
Proof. (a) “>”: Let M € MP and choose the simple function
5= D MeM (infxeM f(:c)) -1pr < f. Then Definition 8 and (106) imply
©) [ 1au (@) [sau=tmem[( jnf, 1)) o uo0)

and thus we get

o) [fauz sup (Wem [( inf 1@) o).

MeM

“<”: Let s be s}mple with s < f. Then there is a representation s = Z:;l a;la,
where M := {A1,A,,...,An, X \ U;_; Ai} € M. Moreover s < f implies a; <
infzea, f(z), and (106) yields

(©) [ s =102y las o (4] < Ware [ inf, £(@)) o w(21)].
This leads to
© [raus sup (Uner ( inf, 1)) o uan)]).
(b) We first prove (b) for a simple function f = Y - ; aila, where a; € [0, B]

and A; € A,1 < i < n are pairwise disjoint. Now U NV = 0 implies 1yuy - f =
S ailanu + X aila,nv so that we get from Theorem 13 (b)

© [ sdun=) [ 100 fa
(I [ai 0 p(A; N U)]) T (74 [a; 0 p(A:s N V)
((0)/){ 1deu) I ((°)/X 1vfdﬂ)

(@ [ £au)m (e [ raw).

Now we prove (b) for an arbitrary measurable function f by showing first the fol-
lowing equality (where £ denotes the set of simple functions):

(¥)  sup (o)/ sdp H((oj[/sdu)]

s<f se&
= sup (<>) / s du sup ((o) / s du)]
s<f SEE s<f,s€£ \%4
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The inequality “<” follows from the monononicity of II in each place. To prove the
reverse inequality we assume in contrary

S = s<S}1£)€£ [((o)/ sdu I_I ((o)/vfd,u)]
< sup (o)/ sdu sup ((o)’/vsdp.)]

s<f sEE s <f,s€€
Then the monotonicity and continuity of II in each place implies
\V Vo os<() / sudu) 11 ((0) / svdp).
su<f,sU€E sv<f,svEE v v

We define 5 := (sy V sy) € €. Then we have sy, sy < 5 < f, and we get (using (97)
for measurable functions) the contradiction

S < ((o)/UsUdu o)/ svdu (o)/ sd,u /sdu)

< sup [((o)/usdu I.I (o)/vsdu =S

s<f,s€€

Now (b) follows from (*) and (b) for simple functions:

(0) /U = s (@) sd

s< f,s€E vuv

s<s}lspes (o)/sdu I_I (o)/sdy
s<‘°‘}“£’eg CYRD ”L:;?eg(° o)
[ [ a1 [ce) [ sau]

This proves Theorem 14. O

Example 6. We show that the condition (DR*) A (i isL-decomposable) is not
sufficient for the decomposability of the integral:

We overtake A, L, II and o from Example 2 with B < co. Then (DL*) is satisfied,
and thus (DR"), too (because of the commutativity of ¢). Now we choose X and
p from Example 5, and let us put f = llx € &,U = {0},V := {1}. Then we get
(using the remarks before Lemma 7)

(o)/UUVfdu= lou{o,1}=1oB=1B< —;—(a+B)= (%a)H(%B)

= (zomo) u(Genty) = (@ [ ran)n (e [ rau).
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We remark that statement (a) of Theorem 14 gives a connection with the so-called
integral based on t-norms and t-conorms (see [11]). '

The additivity of the classical integral can be generalized for fuzzy integrals,working
with real-valued comonotone functions f, g, defined on X:

f, g are called comonotone on X iff (f(y) — f(z))(9(v) — 9(2)) >0, y,z € X.

We remark that the following equivalence holds:

f,g are comonotone on X <= A, zeX[f(y) < f(z) = g(y) < g9(2)].

We first prove the following result, which is interesting in itself, and which will
essentially be used in the proof of Theorem 16.

Theorem 15. Let A be a function which is monotone increasing and continuous
in each place (no further assumptions). Let X be a sét, and let M be a nonempty
subset of X.

If f,g: X — [A, B] are comonotone, then the following two statements hold:
@ jpff@8e(E) = [ jnf f@)]|A] inf o@)]- (109)
(b)  sup[f(z)Ag(@)] = [ sup f(=)]A[ sup g(=)]. (110)
TEM TeEM TEM

Proof. We only prove (a) since (b) can be proven similarly.
The inequality “>” is clear because of the monotonicity of A.
To prove the reverse inequality we assume in contrary

I:= inf [f(@)0g(@) > [ inf f@@)|A[ inf, 9(a)]-

But then there exist y € M and z € M such that I > f(y)Ag(z). We define F :=
{zeM: f(z) < f(y)}, G:={z € M:g(z) < g(z)} and get FNG # O (If otherwise
FNG =0 then we have 2 ¢ F Ay ¢ G (since by definition z € G Ay € F). This
implies f(z) > f(y) and g(y) > g(z) which contradicts that f,g are comonotone).
But F NG # 0 implies \ ¢ (f(z) < f(y)) A (g(z) < g(2)) so that we get the
contradiction:

I'> f(y)Ag(2) 2 f(z)Dg(2) 2 inf [f(z)Ag(2)] = 1.
Thus Theorem 15 is proven. O

Theorem 16. Let (X, A, n) be a fuzzy measure space, let. A, L and II be pseudo-
additions, and let ¢ be a pseudo-multiplication satisfying (DL), (DR) and (Z).

If p is 1-decomposable and if f,g : X — [0, B] are measurable and comonotone,
then the fuzzy integral is comonotonic additive:

© [a9au= (@) [raw) 1 () [9au). (111)
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Proof. (1) In a first step we' prove

o, (1w (35,79 < 400]) 1 s, s) e 0]

= s (Ures [( inf f(z)) on(F)] 1 s (ees [( int, 9(2)) on(G)]).

The inequality “>” is clear because of the monotonicity of II.
To prove the reverse inequality we assume in contrary

§:= sup(Mwen [( jnf £(2)) o w(M)] I e [( inf 9(a)) o u(M)])

< jsup_ (HFEJ-' [(Iilelfpf(w)) <>u(1"‘)] I Sup (Hceg [(ggfcy(w)) o u(G)])-

But then the monotonicity and continuity assumptions of II imply

V< (trer [( 15 10) 0] 1 (s [ s 7))

FEMP GEMP

Now we choose the measurable partition M := {FNG : F € F,G € G} €
MP and use (DR), the monotonicity and associativity of II together with the L-
decomposability of 1 to get the contradiction

5 < (trer [( 1) (Y 1))
5t |8 o) o U 1))

FerF
(Urer Ueeg[( int £(z) o u(F N G)))

1( Ugeg Ures|( inf, 9(x)) ou(FN G)])

(Ures Uoes|( , inf 1)) on(FnG)])

1( Ueeg Ure|(_ inf _ 9(x)) on(FNG)])

(Unmen [(inf £@)) o n(d)]) I (arenm [( inf 9(@)) o u(a0)])

J5up (e [( jaf, 7)) o w00 U lhirere[( inf, 9(2)) o u(a)]) = 5.

IA

IA

By using the above result together with Theorem 14 and 15 we arrive at the
desired result:

© [0 = s (Unem [( jnf @A) oudr)])

= s (Unem [([inf, 7@]A[ f o(2)]) o n0)])
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sup (Uarem [( inf, £(z)) o u(a)] I (HQGM [([int, 9(@)) o n(a0))

MeMP
- ;;;2 (ttrer | (g 1) en®)] ) 1 v (Woes [ fnf o) 0 (6]

I

(@ [ £au) 1 (e [ gdu).

Example 7. Let us show that the fuzzy integral is not longer comonotonic additive
if we replace (DL), (DR) by (DL*), (DR*). Even if we assume, that the fuzzy mea-
sure is subtractive (instead of decomposibility), the fuzzy integral is not comonotonic
additive:

We choose B = 1,A :=1:= +}, o =" (see Example 2). Moreover let X := [0,1],
and let A be the Borel sets of [0,1], and let y be the Borel measure on [0,1].
Then ¢ satisfies (DL*), (DR™) (see Example 2). By Example 4 and using that u is
finite, p is subtractive: If U,V € A satisfying U C V then
p(V) =1 p(V\U) = p(V) — u(V\U) = u(U). But then p is — | -decomposable (see
the remark (b) after Definition 9).

Now let f:=g:= % 1o, 1)) SO that f, g are comonotone. Using Example 2 we get

o)/fdu)u((O)/gdu) = (%W[O’%DH(%"“[O’%D
(E-Duced)-3

3
8y = (387) Non =1

and thus

© [agan=1eufo.3] =3 < (@ [raw)u (@) [oa).

l\DI

Finally we want to present a characterization theorem for the fuzzy integral,
which is similar to Theorem 2 in Section 3 (note that F is defined in Section 3).

Theorem 17. Let (X, A, 1) be a fuzzy measure space, let A, L and II be pseudo-
additions (on [0, B]), let ¢ be a pseudo-multiplication satisfying (DL), (DR), (Z) and
(LU), and let I : F — [0, B] be a functional.

Then there is a fuzzy measure p, which is L-decomposable, continuous from
below, and which satisfies I(f) = (¢) [ f du for all f € F iff

I(aly) =ao0I(€la),a€[0,B],Ae A, (weak Homogeneity) (112)

N\ [f<g=1(f)<I(9)], (Monotonicity) (113)
f9eF
I(fog) =I(f)UI(g), f,g € F, f,g  comonotone, (Additivity)(114)

unv =90,
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UVeA=I(Elyoy)=I(E1y) 1I(ély), (Decomposibility) (115)
(fRYSFA(faT )= Jim I(fn) =I(f)  (Continuity from below). (116)

Proof. Using (DR), (LU) and the asymmetric version of Lemma 3 (b) we get
1=T1I

The implication “=” is nearly already proven: (113), (114), (115) and (116) follow
from Lemma 7 (c), Theorem 16, Theorem 14 (b) and Theorem 12, respectively. To
prove (a) we use (LU):

(o)/(alA)du=a<>p(A) —aoléopu(d)]=ao ((o)/élAdu).

To prove the reverse implication “<=” we put Ay, 4 p(M) := I(€1pn).

We now show that u is a 1-decomposable fuzzy measure which is continuous from
below:

At first u(0) = I(é1p) = I(01x) = 00 I(é1x) = 0. Moreover y is isotone and
1-decomposable because of the definition of 4 and (113) and (115), respectively.
Now let (Up) C A satisfying A,cyUn C Unt1. Then (116) implies (because of
ély, €1y, u.)

Jim () = lim 1E10,) = 1@y, ) = (U U0)
neN

Thus p is continuous from below. Now we prove

® AL =) / fdu.

fe&€

W.lo.g we assume that f # 0 (because of I(0) = I(01x) = 00 I(€lx) = 0).
Then there is a representation f = E?=1 a;lg, withap=0<a1<a2<---<a, <
B, A; € A are pairwise disjoint, B; = U;_; 4j, 1 <i<n.

We now show (93) by induction on n € N.

n=1:I(a;1a,) = a10I(€1la,) = a19u(A1) = (a1 —a a0) o u(A;) (here we have
used (112) and Lemma 5 (a)).

n—n+1:Let f:= :‘:11 a; 14, (with the usual assumptions on a;, A;,1 <4 <
n+1) and put g := A’ [(a; —a a1) 14;) € F and h:=a; lU}'Ll 4, €F.

Then we have gAh = f. To show this we distinguish three cases.
Case 1: If z € A; then g(z)Ah(z) = 0Da1 = a1 = f(z).

Case 2: If Ve (23,..nt1) T € Am then (by Lemma 5 (h)) g(z)Ah(z)
= (am —a a1)Da; = apy = f(x).

Case 3: If Ajpeqa,3,....n41) T & Am then 9(z)Ah(z) = 0= f(z).
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Moreover, g, h are comonotone since h|U',+11 is constant and we arrive at (using (114),
i= :
Lemma 5 (i) and a3 —a a3 =0)

n+1

1( Zj aila,) = I(f) = I(gAR) = I(g) LL (1)
n+1
= (2 (oo o] = [([ocs —a ) (U 4)))

n+1

(oo ([ )
= () [(ai -2 aimr) ou(B)]) 1 (a1 —4 a0) o u(B1)] -

Finally we show A;cI(f) = (¢) [ fdu : Let us take a sequence (fn) C £ with
fn T f so that we get by Theorem 12

1) = Jim 1(f) = lim (0) [ fadu= ) [ 7 du
n—oo n—oo
Thus Theorem 17 is proven. (]

We mention that this result improves earlier characterization theorems of the
Choquet- Sugeno- and the Choquet-like integral, for example the result in [13].
Because of the flexibility of fuzzy measures also characterization theorems for discrete
fuzzy measures like in [5] are covered.

12. EXAMPLES

The fuzzy integral introduced in Section 8 covers many known integrals of the litera-
ture, for example, the generalized Sugeno integrals (cf. (25)), the Choquet integral,
the Weber integral, the t-conorm integral, the integral of Sugeno and Murofushi,
based on pseudo-additions and pseudo-multiplications in [20], the Pan integral of
Wang and Klir in [21], the integral based on t-norms and t-conorms in [11] and the
Shilkret integral in [18].

These results can be deduced from the following key Lemma which gives the
representation of the fuzzy integral for Archimedean t-conorms using the Choquet
integral

(C) /fdu = /000 p{z € X : f(z) > t})dt.

Lemma 8. Let A and II be continuous, Archimedian t-conorms on [0, B]? with
generators k : [0,B] — [0,00] and h : [0,B] — [0,00], respectively. Moreover
let o : A — [0,B] be a fuzzy measure which is continuous from below, and let
F:={f:X — [0,B]| f is a measurable function}.
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(a) If
V A\ aoz=hD(k(a)g())
GLOBI-0, ol SO0, @:7€[0,B]
then
() [ fdup=hrC ” C) k(f)d(gop)).
Ao f / )
(b)

\V A© [ 1au=h0(©) [ k) dgon).

9:[0,B]—(0,00],9(0)=0, fe]-'

91,9 continuous on (0,B

Proof. (a) Let g : [0, B] — [0,00], g(0) = 0, and let g be isotonic and continuous
on (0, B] satisfying A, ,c(0 a0 % = h(= 1)(k(a)g(az:))

Then g o u is a fuzzy measure which is continuous from below:

Obviously, g o u(@) = g(0) =0 and g o u is isotonic.

Now consider (U,) C A with A,cnyUn C Unya-

If (Unen Un) = 0 then limp—oo 9 © #(Un) = g 0 p(U,en Un) = 9(0) =

If (Unen Un) > 0 then gla(Unen Un)] = g(limnosoo a(Un)]) = limn—cog o

w(Un).

Consider again a simple function f with f #0 and f = Y -, a;i 14, with
a =0<a; <ay < - < ap, < B, where A; € A are pairwise disjoint, and
B¢=U;=iAj,1$iSn. ’

Because of (f > t) = Y1y u(USs 45) Lias_y.00)(t) we get
[rau= [ ws>0a =3 u(Ua) [ tecseo®a
0 i=1 j=i

=" u(Bi)(ai — ai-1)-
i=1

Let us now prove:

n

(@) A reY( i RhCD(e)) =AY &)-

01,62,...,Cn€[0,B] =1 i=1

Case 1. If Ajc(1,9,...,n) Ci < h(B) then we have Niet1,2,...n} R (e;) = h™(a).

Case 2. If /¢ (12,..m} G = h(B) then both sums in () are greater or equal
to h(B) so that both sides of the equality in (c) result in B.
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Now we prove the statement in (a) for a simple function f using (53) and Lemma 5 (c):
(0) / fdu =10, [(a; —a ai-1) o u(Bi)] = Wiy [k~ (k(ai) — k(ai-1)) © u(By)]
Iy [hC D ([k(as) = k(aim1)] glu(Bi))]

= p-D ( > hhED([k(a:) — k(ai-1)] Q[M(Bi)]))

i=1

h“”(fj(lk(ai) — k(ai-1)l g[u(B)))) = hD((C) / k(f)d(go ).
i=1

Now let f € F and choose a sequence (fn) € £ with f, T f. Then k(fn) T k(f)
and we arrive at (using Theorem 12, that the Choquet integral is continuous from
below, and that A(-1) is continuous):

(o) / fau= Jim (@) [ fudu=lim KI((©) [Kf)dlgon)
= K ( lim (©) [ k() dlgom) =hD(€) [k d(gom).

(b) Because of remark (IV) following Theorem 6 there is an isotonic and contin-
uous function g : (0, B] — [0, 00] with A, ,¢ (0,580 % = RV (k(a)g(z)).

We extend g by g(0) = 0. Using (Z) we get A\, ;¢[0,530 T = RV (k(a)g(x)).
Applying now part (a) we get (b). This proves Lemma 8. O

We give three examples. The first example shows that the t-conorm integral is a
generalization of the Choquet integral.

Example 8. Let B := 00, A :=1I:= },0 = (see Example 2).
If p: A > [0,00] is a fuzzy measure which is continuous from below, then

Nser @) [ fdu=(C) [ fdu.

Proof. A generator of + : [0, B]> — [0, B] is given by k(z) = z (see Exam-
ple 4). Because of B := oo we have A [, k-D(z) = k~1(z) = = and thus

Aa,zE[O,B] aoz = a'z = k(- (k(a)k(z)). Thus Lemma 8 results in /\ff ) [fdp=

KD((C) [ k() d(ko ) = (€) [ £ d. .
The next example leads to the Weber integral (see [22]).

Example 9.
1. Let B := 1, let L be a continuous Archimedean t-conorm with generator

g :[0,1] — [0,00], and let p be a L-decomposable fuzzy measure which is
continuous from below. Then there are 3 possibilities: (S), (NSA) and (NSP)
(see [22] and the explicite description after (26) in Section 3).
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2. We define A\, ,c(0,52°2 =g (a- g(z)).

Then ¢ is a pseudo-multiplication which satisfies (Z) and the weak left-right
distributivity law with respect to (+, L, L). By Lemma 8 we get

A\ (O)/fdu 9= 1’ (C /fd gon

feF

In the cases (S) and (NSA) we arrive at a Weber integral:

N\ ©) [ fdu=g" ” fd(you)
Ao (f

3. In the case (NSP) Sugeno and Murofushi already investigated the connections
of the t-conorm integral with the Weber integral (see [15]).

The last example shows that the t-conorm integral is a generalization of the
Quasi-Sugeno integral.

Example 10. Let 0 < B < 00,A =1l =V, let ¢ : [0, B]2 — [0, B] be a pseudo-
multiplication satisfying (Z), and let u : A — [0, B] be a fuzzy measure (it is not
required that p is continuous from below ). Then we have:

NE [san=(® [1an:= s [acntsz e

feF a€[0,B

Proof. First we note that ¢ is a pseudo-multiplication which satisfies the left
distributivity law with respect to (V, V). By Definition 8 we have to show:

sup (<>)/sdu= sup [aou(f>a).
s<f,s€& a€(0,B]

To prove “>” let a € [0,B] be arbitrary and choose the simple function s :=
al(s>q) < f. Then we first get

aou(fza)=(°)/sdus sup (°)/sdu

s<f,s€&

and then
sup [aou(fzal< sup (o) [sdu

a€[0,B] s<f,s€€

Now we show the inequality “<” and take s € £,s < f.
Again, let s # 0 with a representation s = Z;;l a;la, withao =0< a1 <az2 <
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-++ < ap < B, where 4; € A are pairwise disjoint, and B; = Jj_; 4;,1 < i < n.
But then Lemma 5 (d) yields '

(o) /sdu =1, [(ai —a ai—1) o u(B;)]

= Vision(f >a) < eslt)r‘)B][aOp,(f > a)]

agl

=1
so that .
sup (0)/,Sdus sup [aopu(f > a)). O
3Sf»3€£ aGIO’B]

Looking at the the many examples, given in [2], we see that, starting with a
concrete ordinal sum representation of the pseudo-addition A the corresponding
pseudo-multiplication ¢ can be presented by using the generators of the pseudo-
addition. And then the corresponding integral can be presented with the aid of the
generators of the pseudo-addition, too.

We remark that all pseudo-multiplications, which are presented in [2] have the
form (79) of Theorem 6. Since we have only required the weak condition (DL*) in
Theorem 6, we get (of course) the representation of the pseudo-multiplication ¢ only
on ‘Archimedean intervals’. By additional assumptions we have more information
and get more ‘complete results’. By applying Lemma 8 we can evaluate the fuzzy
integral on “Archimedean intervals”.

Finally we here want to give an outline of a more general result, which is based
on the paper [20].

We say that a fuzzy measure p satisfies ccc (countable chain condition) if it is
continuous from below and if there are at most countably many, pairwise disjoint
measurable sets of positive u-measure. We refer to [20] for further explanations and
characterizations.

For a l-decomposable fuzzy measure u satisfying ccc there exist disjoint sets
Wi, Wi € A, k € K, satisfying

@ u(X\[ U wmumi])=o, (117)
kGKJ_
® A A e e{0}Ueh,b] and (:18)
k€KL MEAMCW,
(c) /\ u(M) idempotent of L . (119)
MeAMCW;

Using the theorem of monotone convergence and Theorem 14 we get, supposing
(DR), the following decomposition theorem:

© [ fen=(Ueex. ) [ fau) (o) [ sam). (120)
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Using (106) in Theorem 13 we get exactly the generalized Sugeno integral (see Ex-
ample 10) .

© [ =) [ fau= swp fwou(fza)nWnl, (121

Wi Wi CIG[O,B]
and if A and II are Archimedean then we get a representation loke in Lemma 8 (a).
@ [ fau=r(0) [ Kpd@ow), (122)

Wi Wi

where gi(z) := gr(x), Gx(0) :=0.
For the representation of non-Archimedean A and II, Theorem 10 can be applied.
For another decomposition theorem we refer to [4].

13. SUMMARY

We have presented here our idea of a fuzzy integral, but perhaps the time is ready
for collecting all results on fuzzy integrals in a unified framework for at least two
reasons. First, to have them in a handy form, and not distributed in publications
coming from all over the world. And second, to get a starting point for new ideas
and new results.

In our three papers we have undertaken some steps into this direction, but some-
times it is still difficult to compare different results in the literature. For example,
results of Section 3 can sometimes not be compared directly with our results: in
Theorem 2 we have the assumptions A = II and the continuity from below of u is
assumed, whereas in Theorem 17 the decomposibility of u is required.

We have the feeling that the introduction of weak distributivity seems to be of
some advantage because we get rather general results.

Of course, still many problems are left. Let us mention only two problems:

— The extension of the integral with values in the interval [—B, B]. We refer to
the remarks in [2].

— It would be nice to have further results like Radon-Nikodym-like theorems (see
for example [20]).

Finally we would like to thank Sugeno and Murofushi for their pioneering work
in [15] and [20]. Based on their papers, we were able to contribute to this topic.

(Received October 27, 2004.)
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