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GOODNESS-OF-FIT TESTS BASED ON K4,-DIVERGENCE

TERESA PEREZ AND JuLio A. PARDO

In this paper a new family of statistics based on Ky-divergence for testing goodness-
of-fit under composite null hypotheses are considered. The asymptotic distribution of this
test is obtained when the unspecified parameters are estimated by maximum likelihood as
well as minimum Kjy-divergence.
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1. INTRODUCTION

It is known that the problem of testing goodness-of-fit of statistical data with the
hypothesis that the law of distribution of the observable random variable belongs to
a given class of distributions, can be reduced by means of grouping observations to
the analogous problem for a discrete distribution. This is possible when we group the
model into m classes C1, Cs,...,Cp, with corresponding probabilities 7y, ma,..., 7. In
this case, the general goodness-of-fit problem reduces to testing a hypothesis about
the parameter ™ = (71, m2,..., )t from a multinomial random variable X = (X,
Xa,...y Xm)t of parameters (n, my, ma,..., Ty)t, ie.,

Hy:m=m = (71’01, ...,Wom)t eIl (1.1)

where IIp C Ay, = {P = (p1,..,Pm), pi >0 and Y v, p; = 1} is the null model
space of probability vectors. The null hypothesis may completely specify =, e.g.,
a simple hypothesis. Otherwise the null hypothesis is composite, specifying = as a
function of a smaller number of unknown parameters which needs to be estimated
from the experimental data.

To solve these problems Cressie and Read [5] and Read and Cressie [15] pro-
posed a generalized statistic which they called the power divergence statistic. This
family contains the Pearson’s chi-square statistic, the loglikelihood ratio statistic,
the Freeman Tukey statistic, and the modified likelihood ratio. Zografos et al
[17] proposed to use a family of statistics based on the Csiszir divergence fam-
ily [6] to solve this problem under simple hypotheses and Morales et al [9] un-
der composite hypothesis. This family contains the power divergence statistic for
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p) = pa(z) = MA+1) 7 (@M =M+ 1Dz +)A), AER, M # —1,0and it is
given for two probability distributions 7, and w3 by

m T
Dw(ﬂ'l,ﬂ'z)=27l'zi<p( ! ),
i=1

24

for a convex function, ¢ : [0,00) = RU {oo0}, where 04 (0/0) = 0 and 0¢ (p/0) =
Jim (p(u)/u).

M. C. Pardo [10] consider for this proposal a family of statistic based on the Ry
divergence introduced and studied by Rao [13], Burbea and Rao [4] and Burbea [3].
This family is deﬁned, for two probability distributions m; and w5, as
™ + 7r2> 1

5 — 5 (Hy (m1) + Hy (m2))

R¢(W1,W2)=H¢( 5

where Hy (7) is the ¢-entropy introduced by Burbea and Rao [4] so that Hy (7) =
=Y it ¢(mi) with ¢ : (0,00) = R being convex function. Some interesting proper-
ties of the ¢-entropies can be seen in Vajda and Vasek [16].

If any case we can observe that implicitly or explicitly the goodness-of-fit tests are
based on distances, dissimilarities, or simply divergences. For this reason, we can use
measures of divergences different from the ¢-divergences and the Ry-divergences.

There is an important family of divergences, the Kg4-divergence, introduced and
studied by Burbea and Rao [4]. This family is define for two probability distributions
m; and my as

m
Ky(my,m) = Z(ﬂ'li — ;) [—(b(W“) - —¢(7r21)]
=1

14 T2

where ¢ is a convex function defined in an interval I not containing the origin. The
convexity of the Ky-divergence is obtained if the following property holds

(6" (pi) — qi" (93)] x [¢"(0:) — pi" (¢:)] — [¢"(ps) + go'(Qi)]2 >0, i=1,2,..,m.

An important family of Ky-divergences, studied in Burbea and Rao [4], is ob-
tained if we consider the function

() = b (z) = zlogzx ifr=1

PEOEE oD@~ ) ifre (1,2
In this case the K4, -divergence is convex if 7 € [1,2].

On the basis of the K s-divergence between the observed proportions X /n and the
hypothec proportions g, one can introduce a statistic for the goodness-of-fit problem
which will be denoted by K4(X/n,m). Under the simple hypothesis, Pérez and

. _ ¢ mnKy4(X/n,mo)
Pardo [11] established, for mo = (1/m,...,1/m)* that o m)

¢(z)/z is asymptotically chi-square distributed with m — 1 degrees of freedom.

with ¢(z) =
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In the next section we obtain the asymptotic distribution formula of the statistic
nKg(X/n,7) under composite hypotheses. Here it is possible to estimate = by the
maximum likelihood method but we propose to use the minimum Kjy-divergence
estimate, analyzed by Pérez and Pardo [12], defined as # = arg min Ky(X/n, ).

2. ASYMPTOTIC DISTRIBUTION OF K4-DIVERGENCE STATISTICS

Let X = (X,, ...,Xm)t be a random vector with multinomial distribution M,,(n, )
and consider the null hypotheses

Hy:m= f(19) ellp C A (21)

where ITo = {f(9) : ¥ € O} with f(9) = (f1(¥), ...,fm(z9))t and 9 = (¥1,9,...,95)t €
©p C R* is an unknown parameters vector. To solve this goodness of fit problem
it is necessary to choose an estimate # € Il so that it is as close as possible to
X/n and we assume that the model is correct, i.e., exist a value ¥* € Oy with
f(¥*) = n* € Hp, where n* is the true value of the multinomial probability. The
most commonly way of finding the value of 7 is the maximum likelihood method, -

that it is equivalent to minimize over ¥ € ©¢ C R® the Kullback divergence given
by

D(X/n, f(9 ZX/nlog /)

In general, we can choose as estimator of ¥ the value ¥ verifying
D(X/n, f(9)) = inf D(X/n, f(9))
€690

where D is a given divergence measure. Depending on the chosen divergence mea-
sure, different estimators are obtained. On one hand, if

D(P Z (P fzfz

then the corresponding J is the well-known minimum x? estimator, studied in this
context by Fryer and Robertson [8]. On the other hand, if we consider the K-

divergence, the corresponding 9 will be called the minimum K y-divergence estima-
tor.
The following definition was given in Pérez and Pardo [12].

Definition 2.1. The minimum Ky-divergence estimator of ¥* is any 1§¢ € Qg (the
closure of @g) such that 74 = f(J4) and

Kg(X/n, f(Dy)) = inf Ko(X/n, f(9))-
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So the minimum K-divergence estimator is 94 = arg min K4(X/n, f(9)).

As it can be seen in Pérez and Pardo [12] in order to assure that 9, exists and
is consistent for ¥* it suffices, under (2.1) to satisfy regularity conditions of Birch
[1]. Moreover, if ¢ is a convex function and ¢(z) = ¢(z)/z is concave, we have the
following properties

(1) - 1 -1
Dy = 9" + (ApAp) ' AD (Dyr(n)) * (X/n = 7*) + 0p(nT) (2.2)

(2) The asymptotic distribution of \/n (1945 - 19*) is

N

- 1
N(o,(ADAD)—lAg, (D)) "2 (De = 77 (D i (o)) 2AD(AtDAD)—1) (2.3)

. o

with Ap = (AD,;]'), ADij = (%ETZ) (p'(ﬂ':)% 1=1,..,m; j=1,..,s,
J

where D(c, ......) = diag(ci,...,cm) for any (ci,...,cm) € R™.

If we want to use the statistic K4(X/n,74)) for testing (2.1) we need to know its
asymptotic distribution under the null hypotheses so that we can construct a critical
region.

Theorem 2.1. If ¢ is a convex function, ¢(z) = ¢(z)z is concave and 7y € Ilp
is the minimum K 4-divergence estimator of 7* = f(9*) then, under the regularity
conditions of Birch [1], W} = y/n(X/n — #) converges in distribution to a multi-
variate normal random vector W* as n — oo, with mean vector 0 and covariance
matrix

Tp(9*) =
= (D,,. —mrrtt— (D,,- —7r*7r*t) L'—L (D,,~ —7r*7r*t)+L (D,r‘ —7r*7r*t) Lt) (2.4)

where

N

-1 —
L= (Dy/(x+)) 2 Ap(ApAD) ' AD (Dyi(r+)) (2.5)

with 858"
Apij = (25ET) .
bi 89;

Proof. From Birch’s conditions we get

1) - 507 = (2552 (36 = 07) +0ptn7)
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since Hz% —9*|| = Op(n=%) by (2.3). Consequently by (2.2)

0f(¥)
89

f(g) = F(97) = ( ) (A Ap) ' Al (Dyrrey)? (X/n—7%) + 0p(n~ 1) =

o=

1 1
= (Dyr(ny) " * Ap(AbAp) LAY (Dyi(rey) * (X/n = 7*) + 0p(n~ 7).

We can write
(257 )= (L) omrrvanh o

with L defined in (2.5) and I the identity m x m matrix. As /n (X/n — 7*) has an
asymptotic normal distribution with mean zero and covariance matrix D . — w*7*t,
we get

X/n—n* L Do — m*m*t (Dye — m*m*t) Lt
— N |0, :
ﬁ( ftg — ) nvo ( ( L(Dge = w*n*t) L(Dge —m*n*) Lt |,

Using multinomial normal distributions properties we get that the asymptotic dis-
tribution of the vector

Vi (X/n = %) = Vi (g — 1) = Vi (X/n — )

is normal with mean zero and covariance matrix Xp(9*) defined in (2.4).

Theorem 2.2. If ¢4, ¢p are convex functions and pa(z) = ¢a(z)/z, p(z) =
¢B(z)/z are concave, then

N L . *
nKg, (X/n, 745) n‘_;)O Z&(ﬂ )Zzz
i=1

where £;(19*) are the nonzero eigenvalues of D, (r+)Zp(J*), with £p(J*) defined in
(2.4), r = rank(Zp(9*) Dy, (r+)Ep(9)) and Z; are independent standard normal
variables.

Proof. Define

F(z) = (z — #tigy) [ﬂi”l _ M] .

z Tign
Taylor series expansion of F(X;/n) around 74, yields

(Xi/n = figp)

2
F(Xi/n) = F(figs)+F'(ftig)(Xi/n—tigp )+ F" (igp) 3 +o,(n7Y) =

= ¢’(7Ari¢s)(Xi/n - 7?1'435)2 + Op(n_l)w
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so that

m

Kg(X/n,ft95) = Y (Xi/n = Rigp)*0 (Rigs) + 0p(n7").

i=1

Therefore
nKys(X/n,75) =W, Dy, s ) Wa + 0p(1)

where W \/‘— X/n - 7r¢5) and D W(feg) = diag ((IOA(Tr1¢B)’ ’W:Q(ﬁm¢a)) .

Since 7y, is the minimum Ky- dlvergence estimate, it is consistent in the sense
Tgs = T + 0p(1) (see Pérez and Pardo [12]). This implies that

nK¢A(X/n,7“r¢B) W D‘PA(""¢ )W +Op() W D¢ (,,.)W

where W* = /n(X/n —n*).

From Theorem 2.1, we know that W* has the multivariate normal distribution
with mean vector 0 and covariance matrix X p(9*) defined in [2.4]. So the distribu-
tion of W”D%(,,.)W' is 3.1, &(9*)Z? where &;(9*) are the nonzero eigenvalues
of Dy, (x+)ED(V*), r = rank (2p(9*) Dy, (r-)Ep(9*)) and Z; are independent stan-
dard normal variables. O

Corollary 2.1. If ¢(z) = ¢1(z) = zlogz, then
" L
nK¢1 (X/n’7r¢1) n:o)o X?n—s—l'

Proof. In Theorem 2.2 we have proved that

. L. w .
nKtﬁx (X/n’ ﬂ'¢1) n:zo X; 61(0 )Z12
. 1=
where r = rank (Zp(9*)D(z+)-1Zp(9*)) with £ p (%) defined as in (2.4), Z; are in-
dependent standard normal variables and &;(¥*) are the nonzero eigenvalues of T' =
D(z+)-1 (Dy» — w*7*t — (Do — w*7**) L* — L (Dye — 7*7*t) 4+ L (Dgv — w*w*t) LY).
The eigenvalues of T are the same as the eigenvalues of

™ = D(”')_éD"* _ ,n_*,",*t _ (D"‘ _ ﬂ_*ﬂ,*t) Lt _
— L(Dg - 7r*7r*t) + L (Dye — m*n*t) LtD(ﬂ‘)_Jz.
- . *t _ . — * __xt t
= D("‘)_%(D". )D( - D( ‘)_% ( - T )L D("‘)_%

- D(".)_éL(D,,' —m*n*) D -3 TP ’)_LL( o — ) LD

Since 7*t = Va*tD (xry} V€ have
— _ * *t
S = D .4 1 (D m*t) D . -

— * %l — T — * *t
= D( - 3 Dre D( - D(”.)_%ﬂ'ﬂ' D(r‘)_% I—-vm*vn

()%

1 =
2
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and
_ %, it —
B = D( ‘)_LL(D,,. T )D("‘)_%_
— _ * ki _
= D( .)_lLD( o} D("‘)_%L(ﬂ' ™ )D(n‘)_% =
= D,y-1LD (I - vVm V) = SK
with
K = D4 IDy =
= D(pey-t (Do) Ap(ApAD) ™ Ap (Dizeyrsa) D, 1y =
= AD(AtDAD)—lAtD.
Hence

T* = S—-Ap(ALAp)~1ALS ~
— SAp(AHAp) 1AL + Ap(ALAp) 1AL SAp (AL Ap) AL =
= (I - Vr V) — Ap(AbAp) T AL (I — Vav/at) —
- (- \/—\/_)AD AL Ap) 1AL +
+ Ap(ALAp) ' AL - VarVrt) Ap(AL Ap) AL,
As it is verified that V7*tAp = 0 we get
T* =1 - Va*Vat — Ap(AAp) ' AL,
Now we are going to prove that T* is idempotent
(T*)? = I-VoVrt— Ap(AbAp) AL —
— VIVt + VoVttt + VeVt Ap (A Ap) LAY, —
— Ap(ALAp)T AL + Ap(ALAp) AL VIVt +
+ Ap(ALAp) 1AL Ap(ALAp) AL,
As AD(AEAD)‘IA’I’)\/F\/F= 0 and Vm*tva* =1, we get
(T*)? = I — Va*v/mt — Ap(ALAp) 1AL = T,
Since T* is idempotent, its eigenvalues are either 0 or 1. The number of nonzero
eigenvalues is equal to
Trace(T*) = Trace(I) — Trace (Va*Vm*t) — Trace (Ap(AhHAp)~14L) =
= m—1—Trace(Ap(A5Ap) 1AL) =m —1—3s,
since (A% Ap) 1AL Ap = Ik, )

Now we consider the maximum likelihood estimate, 7 instead of the minimum
Ky-divergence. In the next theorem we calculate the asymptotic distribution of

nKy(X/n, 7).
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Theorem 2.3. a) Under Birch’s regularity conditions, if # € Iy is the maximum
likelihood estimate of 7* = f(J*), then

W, = Va(X/n - 7)

converges in distribution to a multivariate normal vector W* as n — oo, with mean
vector 0 and covariance matrix

Y0(9%) = Dpv — Tt — (D(ﬂ,t)l/2) AL(AtLAL)_lAtL (D(".)l/z) (2.7
afi(v* 1
5O eyt

- j
b) Let ¢ be a convex function and p(z) = ¢(z)/z concave. Then

where Ay, is an m x s matrix so that (AL)i; =

- L . (n*\ 72
nKy(X/n,@) = ;@(0 )Z;

where 7 = rank (XL(9*) Dy (r+)EL(9%)) with Xp(9*) defined as in (2.7), Z; are
independent standard normal variables and ;are the nonzero eigenvalues of

D(pl(ﬂ.t) (Dﬂ.. - 71’*7T*t - (D(".‘)l/2) AL(AtLAL)_lAtL (D(.,r‘)l/z))

c) For ¢ = ¢, with 7 = 1, the statistic

- L
nK¢1 (X/TL, 71') n::o X?n—s—l'

Proof. Using the asymptotic normality of the BAN estimate 7, it is straightfor-
ward to parallel the results given for the minimum K-divergence estimate.
a) See Theorem 14.8-4 of Bishop et al [2], pp. 511.

b) In the same way as in Theorem 2.2 we write

m
- . - wt - L wt -
nKy(X/n,#)=>_ n(Xi/n - #:)2¢' (#:) =W, Dy (myW, + 0p(1) =3 W Dygr(any W
i=1
since # = 7* + 0,(1) because the maximum likelihood estimate is BAN. By a) we
know that the asymptotic distribution of W* is normal multivariate with mean
vector 0 and covariance matrix X (9*).
So the distribution of W"Dw(,,.)W' is equal to Y"I_, &(9*)Z? wherer is given
by r = rank (XL (9*)Dyi(x+)XL(9*)), where Z; are independent standard normal
variables and &;(9*) are the nonzero eigenvalues of

Dyy(aey (Dre = 57t = (Do)} A (A A1) A (D)}

c) It is straightforward from Corollary 2.1, since the maximum likelihood estimate
equals the minimum Ky-divergence estimate when ¢ = ¢,, with 7 = 1. O
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3. APPLICATIONS TO TESTING COMPOSITE NULL HYPOTHESES .

Using Theorems 2.2 and 2.3 for large n and significance level a, we reject the null
hyphotesis given in (2.1) if nKy, (X/n,7) > to where t, satisfies the condition

sup P (ZE’ 9)Z? >ta> <a

DISCH) im1

for independent standard normal variables Z;, r = rank (X(J)D o, (x)2(0)), and
nonzero eigenvalues £;(9) of Dy, (r+)E(9), where E(9) = Zp(d) if @ = g, is
the minimum Ky-divergence estimate or (W) = Zp(v), if # = 7 is the maximum
likelihood estimate.

From a practical point of view we have two ways to carry out the test:
a) Given 9 fixed we can find the value t,(9) verifying

(Z@ 9)Z2 > t4f )) <a

and then we can compute ta = sup tq (V).
JEBg
b) Given a value of the statistic we can calculate for each 9

=P (zr:fz(ﬂ)zf >nK¢A(X/"’7~r)>

and if sup p(¥) < o the we have evidence to reject the null hypothesis.
Y€Bo

In the above theorems we have obtained the asymptotic distribution of all mem-
ber of the statistic family Ky, under composite null hypotheses, which has been
necessary to built the corresponding test. Now we calculate the asymptotic distri-
bution of nKy,(X/n,#f¢,) when null hypotheses is not true so that it will allow us
to determinate the asymptotic power of this tests.

Theorem 3.1. Let m; = f(¥9!) be the point in which we want to determinate the
power. Assume that there exists 7* = f(9*) such that 74, — 7*,

(9 = avemins (79,500 £ # 56))
and that under alternative hypotheses
N , L
VA ((X/n,g5) = (m1,7) o N(O,E)
Eﬂ'l '212

with ¥ =
Yo oo
‘matrix ¥, which depends on the model under consideration. Then

Vi (Kpa(X/n,776g) = Kpa(m1,7%) = N(0,0%(m))

) for £, = D — mnt, Ta1 = T2 and for one unknown
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with 02(m;) = Ty STy + Ty SooTs + 2T, £12 T, where

0K 4(p,q)
Ty = (1,...,t5)4 /th = (—————
6[71: (m1,m*)

Ty = (£, .., 82 /12 = (M)
d (m1,7*)

Proof. Expanding in a Taylor’s series Ky, (X/n,#4,) around

*\ * * *
(1, ") = (T11, T1200ey T, T Ty eeey Ty

we have
Koo (X/n,Tgp) = K, (m1,7%) + E (t; (Xi/n —m1s) + 8 (Rigy — 7F)) + 0p(n™)
i=1
where t! = (M and 2 = 9K 4(p,q) .
6Pi (m1,m*) aqi (m1,m*)

Denoting T1 = (¢}, ...,t1)t and Tp = (82, ...,12)t, we get
Koo (X/n,7i95) = Kou(m,m*) + Ty (Xi/n = m03) + Ty (Rp = 7°) +0p(n 7).
So the asymptotic distribution of the random variables
\/E(K¢A (X/n,figp) — Kga(m1,m"))
and ) )
Vi (T (Xi/n = m00) + T (o — 7))
is the same. As

VA ((X/n, i) = (m1,7%) =5 N(0,5)

Y Y12
n=( In
( Yo oo )
we have that

Jn (T{ (Xi/n—m15) + T (frgp — 7r*)) Ly N(O, T Sn, Ty + Ty 22Ty + 2T, $12T).
n—o0 D

with

From Theorem 3.1, the asymptotic power in m; is given by

:Bﬁ(ﬂl) = Pm (nK¢A (X/n’ﬁ'tﬁ‘s) > ta) =1- FN(0,1) (ta — :l/lr_f;z?f’llr)l,w*)>

where t,, is the critical value such that

sup P (Z &i(0)22 > ta) <a.

JEO i—1

Besides as 3.(m) — 1, the contrast is consistent in Fraser sense [7].
n—o0



Goodness-of-fit Tests Based on Kg-divergence 749

Remark 3.1. 1In order to apply the above test, we have to calculate a probability
of a linear combination of chi-squared distributions. These probabilities can be
computed using the methods given by Rao and Scott [14]. These authors suggest to
consider the following approximate distributions of y_|_, & (9*)Z2,

i) £(9*)x% where & = Y7_) &(9*)/r.
ii) £€*(9*)x? where £*(9*) = max {&(9*), ..., & (9%)} .
r (67) - €0)°

see ey * T
9 640 whore v = L ant 0= £ B0

4. NUMERICAL EXAMPLE

We consider a genetic problem in which each individual only can have one of six
different genotypes and we want to test the probability of all of them. We collected
information from 600 individuals and we classified them according to its genotype
so that we build 6 classes. A

We test the following hypotheses
Ho:m=f(V) =
= (92,92, (1 — 91 — 92)%, 20192, 20, (1 — 9 — 93),202(1 — 91 — 95))" (4.1)
where ¥, >0,93, >0 and 9¥; +9; < 1.

Table 1 shows the observed frequencies in each class '

Table 1.

Genotype 1 2-3 4 5 6
Observed Frequencies | 30 90 94 98 89 199

Firstly we have to estimate two parameters using the minimum Kg-divergence
method. In order to test the hypotheses (4.1) we are going to use the statistic

6
nKg(X/n,7g,) = > n(Xi/n— ;) with ¢p =2® -z

=1

. Y
and ¥y, = (191, 192) are those values which minimize

6
an’z(X/_n’W) = Zn (Xi/n— f(ﬁ))z :

i=1

Then the minimum Kjy-divergence estimates are 9 = 0.197, dy = 0.402, the
probability vector 74, = (0.038, 0.16, 0.16, 0.158, 0.158, 0.322)* and the statistic
takes the value 0.288.
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In order to determinate the size a critical region it is necessary to calculate the
critical value t, such that

P (Z &9 22 > ta) =a.
i=1

Particularizing in Theorem 2.2 for ¢ = ¢2 we obtain that &;(9*) are the nonzero
eigenvalues of

I (Dpe = 7*1*t = (Dpw — 7*7*) Lt = L (D — 7*7*%) + L (Do — 7*7*t) LY) T

with L = IAD(AiDAD)'lADI, Ap is an m X s matrix such that

_ (85:(¥) . _ i
Ap,; = ( a9, for 1 =1,2...,6; j =1,2.

Replacing 7* with 7y, we get

(Do, =Ro27, = (Digy =R4aTg,) L' = L (Divy, =74, ) + L (Diy, = fpaty,) L) =

0.046 0.022 0.022 -0.019 -0.019 -0.048
0.022 0.068 0.039 -0.042 0.020 -0.075
0.022 0.039 0.069 0.019 -0.054 -0.077
-0.019 -0.042 0.019 0.075 -0.053 0.024
—-0.019 0.020 -0.054 -0.053 0.075 0.024
—0.048 -0.075 -0.077 0.024 0.024 0.117

and the eigenvalues are
&1 ("94)2) = 0'9400; 62(19¢2) = 0.248; 63(19452) = —0.0075; 54(19¢2) = 0.1635; 55("9¢2) =
0.0057; &g(Yg,) = 0.00014.

From Remark 3.1 it follows that the distribution of 3 &;(8*)Z? can be approxi-
i=1

mated by
i) The distribution of £(94,)x2 where £(d4,) = 37—, &i(94,) /7

f_(‘%z) = 0.075; X%,o.os = 12.6; E_('gqbz)xg,o.os = 0.945.
if) The distribution of £*(9g,)x% where £*(9,) = max {£&1(J,), crbr(Dg)

€ (9g,) = 0.248; X 0,05 = 12.6; €(Dg,)X5,0.05 = 3-12.

iii) The distribution of £(J4,)(1+ A?)x2 where v = and

T
1+ A2
(6:Der) — &(0s2)”
2 _ r i\Y¢2) — 2
P P T
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N2 = 1.665; v = 2.25; X3 0,05 = 599 £(Jy,)(1+N)x = 1.27.

Besides we have computed 6 samples with sample sizes equal to 1000, from a x?
distribution and multiplying each one by the corresponding eigenvalues, we obtained
the critical value of size a = 0.05 for Y0, £(J4,)x?, being equal to 1.2711.

If we compare these values with the statistic nKy,(X/n,@g,) = 0.288, in all
cases we get the same conclusion, there is no statistic evidence to reject the null
hypotheses.
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