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KYBERNETIKA — VOLUME 37 (2001), NUMBER 6, PAGES 703 -723

EXACT DISTRIBUTIONS IN THE MODEL

OF A REGRESSION LINE FOR THE THRESHOLD
PARAMETER WITH EXPONENTIAL DISTRIBUTION
OF ERRORS

VOLKMAR HENSCHEL

In this paper it is shown how one can work out exact distributions of estimators and
test statistics in the model of a regression line for the threshold parameter with exponential
distribution of errors. This is done on a test statistics which is related to a problem of
Zvéra [6).

1. INTRODUCTION

Zvéra [6] describes as an biological application where one should look for a “boundary
line” that separates real from non-real situations an example of Nitrovd and Nétr
[4] who search for the dependence of maximal possible grain yield of winter wheat
on the size of the phloem cross-sectional area.

For this situation the model

yi=0i+oz’i’ Hi:a-*'ﬂsi) 1:=1,‘..,Tl (1)

is considered where a, # and o are unknown parameters and the x; are independent,
identically, standard exponentially distributed random variables.

The maximum likelihood estimators for a, 8 and o are derived. Let be Y an
exponentially distributed random vector Y ~ Eg ,1,, where 8 = (01, ...,60,), the 6;
fulfill equation (1) and I, denotes the identity matrix. Y has the density

n n
}ln'exp{_%(Eyi_na—zsiﬁ>}aa+ﬂsi<yia i=1a"'an’
i=1

i=1
0, otherwise.

fx(y) =

With the notation

M, = {(a,ﬁ)’€R2 ra+ s <y, i=},...,n}



704 V. HENSCHEL

one gets for the logarithm of the likelihood function

—nlno - 2(y, —a—-35,.0), (a,B) € Mp,0>0
—0Q, otherwise.

Inl(a, B,0) = {

This implies that the maximum likelihood estimators @, 3 are solutions of the linear
optimization problem

a+ 35, — max
. a+ﬁsisyi1 i=1,...,n

and it holds
6=7,—a— B3,

Zvara gives a confidence band for the regression line with covers at least 1 — p,
0 < p < 1. Therefore he derives from the likelihood ratio for the hypothesis

HO:a'——-aOaﬂ:ﬂO
the test statistic

—y—’n_&_BEn

Y, —ao— BoSn

Ty =

Sl

In this paper the exact distribution of a test statistic closely related to T" is worked
out. Therefore a more heuristic but more visual description of the estimators & and
B is given by translating the linear optimization problem from the (8, a)-plane to
the (s,y)-plane.

Given the likelihood function with fixed (s;, y;), ¢ = 1,...,n, one looks for a line
described by 8 and a which maximizes the likelihood. Every line can be chosen for
which all points (s;,y;), i = 1,...,n, lie on or above this line. Such a line is called

permissible. A point is called permissible, if there is a permissible line which goes
through it. The likelihood is maximized, if 7,, — a — 83, = % Yo (yi —a— Bsi),
i.e. the sum of the differences in y-direction between the points and the line, is
minimized. This is realized by the line which goes through the permissible points
(si,y1) and (sy,y.) for which holds that s; < 3, < s, and there is no permissible
point (s;,y;) with s; < 5; < sy, i.€.

~ Y,-Y Y.-Y
f=T—2, a=Yi- 5.
Sy — 81 Sy — 81
Example 1.
i 1 2 3 4 | arith. mean
s; | -1.5]1-0.5]1.0]2.0 0.25
y; | 20| 1.5130{ 3.5 2.50
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S1 S2 0 S3 S4 s

Fig. 1. (s,y)-plane.

Figure 1 shows the (s,y)-plane belonging to the example. The point (s3,y3) is not
permissible, because there is no line through it such that all other points lie on or
above it.

For reducing the dependence of the estimator for the additive parameter of the
choice of the measuring points the model is reparameterized.

0,-=a'+,8(s,-—§n), i1=1,...,n

with
o = a+ B3,.
The considered estimator is now
. Y,-Y
& =Y+ 2" (3, 1)
Su — Si

and it holds 6=V, — &

For testing the hypothesis Hy the test statistic

~

& - o

Ty =

1]
is used where af, = ap + oS, and which is related to Ty by

1
T14 Ty

Ty

The considerations are restricted to the case of different measuring points s;, i =
1,...,n,8 < -+ < 8p.
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The class of handled distributions shall be enlarged. Let g be a function, g|R; —
Ry, which fulfills the condition 0 < f0°° ™~ lg(r)dr < oo. With the constant

c(n,g) = mrf ':g yar One gets the density of a random vector X ~ E,, as
V]
px(x) = c(n,9)g(lIx|h )R (x) where I denotes the indicator function and || - |1

the £;-norm of the R", g is called the density generating function. This allows to
influence the behavxour of the densities in the tails.

For example one has the class of density generating functions of Kotz-type,
gk (r) = r*~lexp{—tr*}Ig,(r), where s,t > 0, n + k > 1, holds. This class includes
the density generating function for the n-dimensional exponential law, k =s =t =1,
the only multivariate ¢;-norm symmetric distribution with independent marginals.

In Henschel and Richter [3] it is proposed to call this distributions regular sim-
plicial distribution, because the densities are constant on the simplicial spheres
St(r) = {x € R} : ||x||; =} and in analogy to the spherical distributions which are
generalizations of the normal law with constant densities on the Euclidean spheres
Sa(r) ={x€R" :[|x|l2 =r}.

Introducing threshold and dispersion parameters leads to a more general class of
distributions. The random vector W = 0+ %, X, where @ € R", ¥,, = diag(o1,...,0n),
o; >0,i=1,...,n and X regular simplicial distributed, X ~ E,,,, is called simpli-
cially contoured distributed, W ~ Eg 5 ..

In this paper simplicially contoured distributed random vectors W ~ Eg o1,,;4 are
considered, where the 6; fulfil equation (1).

2. DISTRIBUTION OF THE TEST STATISTIC

Theorem 2. Let be W ~ Eg ,1,;, with 6; fulfil equation (1) and s, < 3n <
Sm+1- The test statistic Tos has under the hypothesis Hy : @' = ag the cumulative
distribution function:

m—-1 m n
FTQ,(W)(t) =1- {Z Z Z (Su — s1)

k=1 l=k+1 u=m+1

r [ 5u—sn 1 ik l(s, —Sk) n—1
z‘ 1(.s..—-s.) Z (si—sk) 1+t n(3n—8k)

i=k+41

n—1
- gy (8i—5k+1) Do (si=sk41)
Sn—Sk41 i=k41 —
E—"’—- ——"’—r R __t=1___
i k+1(3' 3k+1) ( 1+t n(s,.—sH.l ) ] 0 S t < Ei=l (s,-—sk,H)
Zt—k 1(3'.—3,‘) -l

< Sa—s _t
Z;=1("’"”-)§ onp1(8i—5) (1 T+ n(Sa—sk) ) )

_E'f:’(s;-—uﬂ) <t< _E'.'__: (si—s%)

Z;_—.l("_‘k-ﬂ) 2‘.=1(8i—8k)

0 _E'.; (si—sk) <
L’ Z;=1(3‘_‘9") >

n-1 m k

+ 22 D (suma)

=m+1 =1 u=m+1
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k n—1
1 Fp—sk DN D))

EL,H_I(E,.-S;) [Sf=l(3i_3k) (1 T 1+t n(En—sk)
n—1
o Sn—Sk41 1_LZ (si—8k+1) ] 0<
Z._ (8;—8k+1) 1+t n(sn_sk+1) ’
4 an_3k+l (1 b Z (S-—'Sk+1)>
<t

Doy (si=sk)
Z. kg (56 75%)

—Z. k+1(8" S)E (8i—8k41) 1+ "(’"_s"“
_, (si—sk) _(si—5k41)

‘Ef (si—sx) Sf (si—sk+1)
i=k+1 i=k+1
0, —E—-—l———z o)y
\ g (Bimse41) T
T« 1 1 ]
+ Sy — - n - n
g Z * [21:1 (si—s1)  2izy(si —sn)

u=m-

[(1 il = D)

)"‘1} },for t>0,
Fr,(t)=0, for t<0.

Sketch of the proof. The proof orients on the working with the normalized
spacings for the order statistics in exponential sample distributions, see Sukhatme
[5]. The parts of the positive orthant R} are determined in which the indices [
and u describing the estimators do not change. Then it is standardized. Next
the transformed parts are put up again to the whole positive orthant. Therefore
the vectors describing the edges of the parts are transformed to the standard base
vectors describing the edges of the positive orthant. It is changed to a coordinate
system suitable to regular simplicial distributions. Variables which do not appear in
the indicator function are integrated out. The inequation of the indicator function
is applied to the limits of the integrals and the integrals are calculated. The proof
is given in the appendix. O

The distribution functions of the estimators &, [§, 6 and of the test statistic
I = L;g"— can be derived similarly, see Henschel [2]. The distribution function of

the estimator ﬁ simplifies to

Fp(t) =

MY pmi1 (ﬁ - %) %%I%l I g(r+ Zf__}l(si - sk)t—ié)dr, t < B,
1-z t=p,

1-(n-m) L, ,J—k—n—;—ﬂ)
TR g (r + T (si - se) ), t> B

and in the case of the exponential distribution to
Fp(t) =

m e (21— 3) exp{- TH (s — 1) 52}, t<p,
-m t=4,

1-(n-m)¥ i, (n_i_k _ ;_-}C?) exp{—E:':kH(s,- - sk)t—;g}, t>p.
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The distribution function of the test statistic T;g is under the hypothesis Hy : § = (o

Fran(d= 3 3 Y Gu-u
k=m+1 l=1 u=m+1
( 14+4(3n — k) LT (simsk) n-l
Zf=l(3i—3k)[tz:=k+l(§n—s'-)—-k] T+t(3n—5k)
— 14+t(Sn —Sk41) 1+ﬁz:=k+l(s.'—sk+1) n—1
E:;.(si_slwl)[tZ?=k+l(§n—s;)—k] T+t(sn—5k11) )

— N t t _ k_
S N CE ) <t<O,t# E ipg (Bn—si)

4 —’15 EE (sli—sk+1) - Ek (ls.'—sk):| [(Tl — 1) (1 — %)" %'f‘ (1 _ %)n ] ,
i=1 e " k
:=k+1(§"_3-')

— 1+4(Sn—Sk+1) 147 2, g1 (81 =8k+1) -1
Zle(si—sul)[tz‘ k+1(s“ 5i)— k] 1+t(5n—Sk+1) ,

- <t < = n
i=k+1(8i—5k+l) - E ;=k+1(s‘_s’¢)
0 P ga—

ni n__ S| — Sy 1 1 n—2
¢ im0 20 ] ( = ) . fort <0,
- Lz (5i = 5n) n\1+ 53, (si—sn)

m
F t)=1-— for t =
(W) () —, fort=0,

( 1+4(5n —sk) 1+¢ E:;l(si‘sk) n—1
Z?=k+1(s‘_s") [t Zf=1(§"—si)_(”—k)] 1+t(5n—sk)
k n—1
- 1+4(5n —set1) Lg D (si=sks1)
Yo Gim sk [t ) Ga—si)—(n—k)] ( T+t(5n—5k41) ) ,
n n—k
o<t< Z::=1(3;’—Sk+l),t 7 ZL;(E""S‘)

1 1 _ 1 _ 13 n—2 _k k n—1
4 n=k l: ?=k+1(3‘—sk+l) Z:=k+1(3i—sk)] [(n 1) (n) (1 n) + (n) ] bl

t = n—k

Zi=1(§n—3i)

14+4(5p —sk) 1+L Z:;l(s;-sk) !
PIMNCELD [‘ Zf=,(5,.—s.»)~(n-k)] 1+¢(8n —sk) ’
- - <t< —egp—t—
—
Yo (simski1) T i (si—si)
07 — n < t <
Ny Z"=1(s‘_s’=) - 0

1 Zl =1 Zu—m.H(su S[) 1 n—2 i :
) ( 31)) }a for t > 0.

TR Si(si— s T+Ly7 (si—
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Remark 3. A statistic is called scale invariant, if T(X) 4 T(aX) for all @ > 0.
A statistic is called robust, if its distribution does not depend on the choice of the
density generating function. A statistic is robust, iff it is scale invariant, see Fang et

al [1]. The test statistics To» and T are under the null hypotheses scale invariant
and hence robust.

APPENDIX

Proof of Theorem 2.

Fr,,ow)(t) = /:o"-/:oI(Tar(W) < t) C(:;f’)g (“w;"‘“) dw .. . dw,.

The domain of integration is partitioned into such parts that the estimators &' and
6 can be described by concrete indices ! and u.

Therefore every | = 1,...,m can be combined with every u = m + 1,...,n,
because then s; < 5, < s, holds.

The variables w; or w,,, respectively, integrate from 6; = a + 8s; to 00, 1 = [, u.

A line is determined by the points (s;, w;) and (sy,w,). All further points must lie
above this line, i.e. it holds

Wy — Wy Wy — W

wy — s+ 8; < w; < 00, i=1,...,n,i#u.
Sy — 81 Sy — S

Furthermore it must hold

0; = a+ Bs; < w;, i=1,...,n,1 #1,u,

where this condition is trivially fulfilled for i =1+ 1,...,u — 1. Hence it holds

FTQ,(W)("‘) = i Xn: /g?o /jo

=1 u=m+1

/00 /oo
max{&l,w,—%s,q.wh}

wy—w Wy —W

— max{el—l,wx—ﬁ_—,l‘-st+7:f;f51_1}
/°° /°°

Wy —w Wy —w Wy —w Wy —w
w—2 s+ s wi— s+ i =rtsu
/oo /oo
Wy =W Wy —w Wq — Wy — W

max{fu41,w— Ti=glar+ =T su s} max{fn,wi— J4=7l e+ Ti=5 sn}

Wy —wW (& !
I(w:+—s:j_—s,‘(sn—sz)—ao <t)

T — wi — 2= (5, — )

C(n,g)g (IIW — 6l

on = ) dwy, ...dwyp1dwy—1 ... dwi4dw;—1 - - - dwydwy, dw;.
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Now it is standardized.
_ w,~—9i _ wi—(a+ﬂsi)
- )

T; = i=1,...,n
o [0}

w; =o0zx; +0; =ox; + a+ Bs;

dwi=odzi.

With that one has

Wy — Wy Su — Sn -s_n_sl
wl+"——(3n_5l):‘7<s T+ Ty | +a

Su — Si u — Si Su — Si
— Wy — Wy ,_ — Su — Sn Sn — 81
Wp—wW) — ———(Bn—81) =0 [Tp — T — = Ty
Su — 81 Su — Si Su — Si

Wy — Wi Wy — Wy Ty — Iy Ty — I
wy — s1+ si=o |z — s+ si | + a+ Bs;
Sy — SI Sy — SI s

and it holds

(o] /00
max{0,z— 2¥=2L g 4 T2 gy max{0,z— 42 s 4 282y, )

syu—s; Su—3) su—3;
/ Z
Ty—3

/OO /00
max(O,z,—::—::{-s,-J»—:i‘::—:lLsu.,,l} max{0,z;— 2 —"Llg42u"%l, 1

8

/ )
— s,+1ﬂs,+, z|~-t—::—:"-s,+"‘_—ﬂsu_l

u
u—3 su—s] su—3;

sSu=—s; su—3;

Su—S1 Su—S81

<t

: o (ﬂ:imzl + mzu) +a' —al
T — Su=Sng. __ 3n=$]
g (.’L‘n PRy T Su—s1 .’Eu)

c(n,9)g(lIxll)dzy - . . dzyy1dzy-1 . . .dzip1dz— ... dzidzydy.

The maxima are resolved. It holds

Ty —I; Ty — T Sy — Sk Sk — 8y
O=z — S+ Sk = x; + Ty
Su — Si Su — SI Su — 81 Sy — Si
Su — Sk
<=>:Bu=u_l'1, k=1,...,l—1,u+l,...,n.
S| — Sk
With
80 := —0Q, Sn41 =00
holds

su_3u<su—su+1<'__ Su — Sn sujsn+l_1

S| — Su St — Su+1 S| — Sn St — Sn+1
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and
Su—80 _ Su—S1 Su—S8I_1 _ Su—8i
1=— <= <. < < = o0,
S1 — So S — 81 81 — S1-1 St — 81
i.c. the domain of integration of z, can be partitioned in dependence of z; into the
parts $=2hyy <z, < f;,‘:—:k:%lﬂfh k=wu,...,n0,...,1 —1, such that within these
parts the lower borders of integration of z441,...,z, or z1,...,2;-1, respectively,

are 0 or greater than 0.

Let [ and u be fixed. ‘
For z; with s € {1,...,1 — 1} holds for k € {u,...,n,0,...,i— 1} that Z‘,‘—::—k’jll <

2u=% and hence that z, < Ju"Sktl 4 < STSigy and from that with s; — s, < 0

S S1—Sk+1 — 81—S8i
Su — Si Si — 81 Su — 8; S;i — 81 Sy — Si
x + Ty > x; + z; = 0.
Su — Si Su — 81 Su — 81 Sy — 81 81 — 8¢

For z; withi € {u+1,...,n} holdsfor k € {i,...,n,0,...,l—1} that Suzth > fumh
and hence that x, > %‘iﬁ.’cl > 2u=Si g and from that with s; —s; > 0

1—sk "t = sp—sg
Su — Si 8; — 8y Su — Si S;i — S| Su — Si
2 L+ — Ty > ¢ L 4+ = z; = 0.
Su — SI Su — Si Su — SI Su — 8| 8] — S5
m n o JuT k41,
=9 kt+1
Fr,ow)(t) = E E E
0 uT kg
=1 u=m+1 k=u,...,n,0,...,1—1" 5;=3; %
/oo /oo
w—s 81 —s Su—3)_ sj_1—3;
(2=t ot =t o im0y (R) { :u_',llzﬂ- _,ul_,, TuH{u,...,n0,....1-2} (k)
oo oo
APy N,
rery Froe=rr FP—r FTT
./oo /oo
syu—s sy —s —s sp—
{ tn_';TIEH- ,:lallzu}l{u-l-l ,,,,, n,0,....,1—1} (k) {%’,‘;'_—,‘,"zl+“—_:f-1u}1(n,o ..... 1-1}(k)

Sy —S; Sp—3y r_ 0
' a(—“——lsu_s‘z;+su_s’a:u)+a Qg

<t

= . 3uy—Sn,. _ Sp—$
a(xn u=tag su—s,"’")

c(n,g)g(lIxll1)dzy - . . dzyp1dTy—1 ... dzi41dzi—1 - . . dz1dT, dy

The domain of integration is for each k a part of the positive orthant R’} . For each

k the whole positive orthant is put up again now.
The transformations are organized in such a way that the ¢;-norm of the vectors

does not change, T, = Up,.
Thecasesk=0,k=1,...,l-1,k =u,...,n—1and k = n are treated separately.

For k =1,...,l — 1 one has with the notations

Z(k) = Z (si —sk) and Z(k +1):= Z (8i — sk+1),

k+1 i=k+1 k+1 i=k+1
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where

0< i(k +1)< znj(k), @)

k41 k41
v, = Ty, i=1,...,k
Su — S S; — St . .
Vi =T — —— 1y — = Ty, i=k+1,...,n,i#u
Sy — 81 Sy — 81

_ (8u — Sk+1) E:H (k) _ (st = Sk+1) ZZ+1(k)w
T (sktr —s0)(Bu—50) (k1 — 58)(5u — 1)
_ (81 — sk) 224_1 (k+1) (5u — sk) Z:+1(k +1)

vl uy

“T G m s u ) Y (k1 — k) (su—s1)
For the inverse of the Jacobian one gets
it = ek k) s ( TS " T )
k1 (F) 2k (B +1) n—k \Xpu(k+1) r1(k)
_ Sy — 81 ( '§nn— Sk 31? — Sk+41 ) 3)
zle(gn - Si) Ek—}-l (k) Zk+1 (k + 1)

and for the estimators

Su_gnxl_'_gn_slx _ Sp — Sk v+ Sn — Sk+1 v
Su — 81 Su—51 ZZH("’) ZZ+1(k+l) “

For k£ = 0 one has

Su — S; Si — 81 . .
v =5 — T — Ty, i=1,...,n,i #,u
Sy — SI Su — SI
_ Su—3¥81 1 — 81
vuy=n Trr—n u
Sy — S Sy — 81
PRCY)
u = (T — T1).
Su — SI

For the inverse of the Jacobian one gets

- 1s,—si
gt = -t
0 n ) (1)
and for the estimators
Su—S Sn— S 1
Y a4+ = l:l:,,: = (v + vy).
Su — SI Su — SI n

For k = u,...,n — 1 one has with the notations

k k k k
Dk) =) (si—sk) and Y (k+1):=) (si—sk41),
1 =1 1 i=1
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where
k k
0> ())>> (k+1), (4)
1 1

v; = Zj, i=k+1,...,n

Su — Si 8 — 81 . .
Ui:xi_s:—s:m_s:,—s,zu’ i=1,...,ki#lu
k k
_ (su—sk41) o) (K) (st = sk+1) 224 (K)
v = T — uy
(k41— sk)(su—51)  (Sk+1 — k) (Su — 51)

_ (- s) Sik 1) (su—si) Dy 1)
T (ke = se) (5w =807 (ska1 — 88) (5w — 81)

For the inverse of the Jacobian one gets

(su—sz)(sk+1—sk)___su—s,( 1 1)
Eik) ik +1) EOAZIk+1) Tk

| =

Su — 81 Spn — Sk Sp — Sk+1

N D imk41(Bn — i) <Zf(k) - Z’f(k + 1))

and for the estimators

(5)

Sy — Sn Sn — 81 Spn — Sk Sn — Sk+1
T + Ty = E ] % Vy-
Su = SI Su = Si 2i(k) >i(k+1)

For k = n one has

Su — 8 Si — 81 . .
v =T — T — Ty, i=1,...,1n,1 #l,u,
Su — 81 Sy — 81

v = &%%(xu - 2‘[)

Sy —
Sy — Sn S| — Sn
Uy =N T — -
Su — Si Sy — Si

For the inverse of the Jacobian one gets

_ S;— 8y, 1
J=2__2uz
= S
and for the estimators
Su — Sn Sn — 81 1
T+ Ty = — .
Su — 81 ! Su—s n(vl+vu)
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For the cdf one gets on this way

Fr,w(®=>_ >

=1 u=m+1
Clsu—si (oxtv)+a —ap
- 7. <t|c(n, A4 dv,...d
./ / n El 1) ( o (Un - %('Ul + 'Uu)) ( g)g(“ ”1) n U1
(8w = 81)(Sk+1 — k)
DA
Z Y1 (R) Xy (B +1)
o 3"_8 v+ 3:_“ ! 'Uu) +a —al
(E:,,“(k) t ) NG 0
= _ _3p—$ _ _Sn—Sk41
7 (Un Z:H(k)vl Z:+1(k+1)vu)
= /Oo ® (8u = 81)(Sk+1 — Sk)
+ Z - k
k=u "0 o (k)X (k+1)

(in_‘-_sk_vl &k&ﬂ_ ) +a — o
(k) (k+1)
I > 2y ) <t|c(n,g)g(|vlh)dvy,...dvn

<t]|cn,g)g(v])dv,...dv

Sn—Sk41

7 (ﬁ" - i:,:::) S Fk)
81— Sul Lv+v)+a =
/ / Sin)n ( (On — 1w + 'Uu)) > < t) c(n, 9)g (IIvllr) dvy ... dvl}.

It is changed to simplex coordinates, analogues to polar coordinates, see Henschel
and Richter [3].

VAR = U+ Uy, v = oy,
v = ﬁ‘; vy =12(1 — 1)
Th—-2 = t-—!. Vi,
i#l,u . X
Wy = ,~=.~114..,.v.~’ i=1,...,n—-1i#u
FETRN
n—1
”‘]Z“” - 7.2,,-"—3 H (1 — o;)* 1l - (-1 -1y ()
i
Zy: T = T2 +Tp_2, T2 =19y, ”Jz,;ln =r
Yu = r2+rr,._2 Tn—2 =7(1 —ty)
¥i, i=1,...,n— 1,7 # l,u unchanged

For Z, the composition of Z; and Z,, one gets r = } ;- v; and

=1

”-IJ 1” = p— 1"/)14(1 -'wu n—3 H (1 _ n— —i—I, -1y () =1, u_l}(i).

t#l u
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For the estimators one has for £ = 0,n
1 1
_(vl + vu) = =Ty
n n

fork=1,...,1-1

Sn — Sk — Sk+1

Sk (k) ut Ek—f—l (k + 1) = (ZZH(’C) Vit

fork=u,...,n—1

Sn — Sk Sp — Sk+1

— Sk+1
Zk+1(k +1) (- 1'[}[))

zf(m"‘*zl(kﬂ) S (zlm’”’ S+ 1)

Taking into account, that

1 n—1

kil 1 "1/11)>

1 1 1 1 1
////// H(l_w)"l i—Ig1,. o 0-13() =11, w13 (9)
0 0 0 0 0 0

t#l u

dvn—1 ... dYy1dipy_y ... dprpdipi_y ...

one has

Fr,w)(t) = F(nl Z

=1 u=m+1

([ [ e (s <)

"y (1 — Pu)2c(n, g)g(r)didy, dr

-1 o) 1 1
(5u — 51)(Sk4+1 — S&)
i Ic:Zl/O /0 /0 ki1 (k) Xy (b +1)

Ty 3,:‘—3 + 3:-—81, 1 1 _ )+ a'—-aQ'
I< v (Ek+1(k) i Zk+1(k+1)( ) 4 < t)
1 _ Sp—S$, Sn—Sk41 _
(n ¢u (Z:H(k)"/}l + E:+1(k+l) (1 ¢'l)))

™y (1 — ¥u)"3c(n, g)g(r)deprdepudr
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n—1
(Su - 81) Sk4+1 — Sk)
+Z/ / SER) SE (k4 1)
o (Gt B —w) + 454 < t)

(5
(3o (e s s -w))
1y (1 — )" 3¢(n, g)g(r)depydip,dr

7L st (e <o)

rn_lir/)u(l - ¢u)n_3c(": g)g(r)dz[ndd)udr} s

where

I_ ’
aT%u+ 2270y

%T(l - wu) B 1- 'd)u
ru (zn—M::(k)zm + 2——*—32:& eyl G wz)) =
(& (g SEELa-w) )

n(Sn—sk 'n(s..—s;e 1 _

1, O

N e Sy
<§—(S:) i+ g; e du)) + 2o
T(" (%:_<sk)¢‘+_sf"77k+%( _¢'))>

’l,bu (n(s,.k—s;c)w +2 s,.—s;e+1) (1 _ ")[)l))
Hyp

> (k) Z (k+1)
1—1, n(s.l Sk) n(Snh—Sk41) 1- ) ’
o (sl + a1 - )

i.e. under Hj the indicator function does not depend on 7, i. e. the test statistic does
not depend on the concrete choice of g under Hy. The variable r can be integrated
out.

Fr,w®)=nm-1)n-2) >

=1 u=m+1

{/ [ |57 - s (2 <o) wat-woranan.
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L L S
(g )
<1 ~Yu ("‘S;:;;w 3 -w

DRI

(- (st + s - w)

1—1, (30 —5k) n(s,.—sk+1) 1-—
¢(z(k)¢l E(k+)( wl

The indicator functions are now applied to the domains of integration. Only ¢ > 0
are considered, because T, is nonnegative by the construction of the estimators.

) < t) Yo (1 — )" 2dyydep,,

< t) wu(l - "/}u)n_adwldwu}-
)

k=0,n:

R e

! Pu _3
[ (e <) va-varsav.,
= o ¢u(1 - ¢u)n_3d¢u
1 n—

TR [1 (I+t(n— 1))(1—_'_7) 1]

k=1,...,1-1:

T (8i—Sk+41)
Let 0< ¢ < —&ageatimos)
° N 2imy(sisr41)

n 3n_3k n(Sn—8k+1) 1— )
/1 /1 I( Yu ( o ¥t m( i) . t)
o Jo n .-x,.—s;c n(sn—skill _
1/)11 ( k+1 "p + k+1(k+l) (1 1/]’))

"abu(]- - ¢u)"—3d1/)td¢u

Ek O
_/01+t n(.,._.u.)/ W 1_¢u)n—3d¢ld¢u

¢ 1 _ n(Sn—sp41)

T+ 9
b k+1(k+l)
Ek 1( + n(sn—s) nEn—sk41)
1+t ﬂ(‘n—‘k+1) (k) (k+l) n—3
L Taa® /0 Xl X — )" e

"('n—-‘k)
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n%s:—sk) n 1
— 1 1-— k41 t Zk+1(k)
(n—1)(n-2) nGn—sk) _ é_" Sn=skp1) \© 1+ tn(S, — sk)
k+1(k) k+1(k+1)
% Sk L‘)‘l n n—1
+ k+1(k+1) (1 _ t Zk+1(k + 1)
n(sp—sx) _ n(in=sxt1) 1+ n(5n — sr
SNCRED N CEY n = Ske1)
ZT; (Si—8k+1) Z"= (S.’—sk)

Let —&jst——— <t< &t ——,
° Dima(simsnn) T Doy (si—sk)

n .9,.—5;e n(3n —Sk41 _
/1/11( o (S RCEIIY ")
0 0 1-

< t)
b (‘ L)

k+1 k+1(k+l)

Yu(l = )" dihdiy

L e ™
- /0 e / Bull = Pu)" i,

n(Fn—sk41)
TH Y E : LG

1 n(sn—sg) “(’n_’k 1)
Toaw / 2™ L (1 ) Sdyudy,

+! n(..,,_-ak)

i.e. the integrals one gets from the case 0 < t < ;L—L(fs—km by replacing

Et l(sl_sk
t Ekil(k+1) =1
1+t n(Sn—sk41) ~

1 [ i‘—_uf ( t zk+1(k>) ]

= n-—Dn-2) " n(Ga=sk) _ n(Sn—Skt1) 1+t n(Sp — Sk)

b1 (E+D)

(si

Let ——Zt—i——— < t. For the domains of integration one gets no restrictions.

TR
/1 /11( Yu (" k;(; Y+ %‘:ﬁ%( —wz)) <t>
* M (g - w)
PYu(l — Pu)" " 2dehrdepy,
1 1 . 1 1
= /0 /0 Pl = Pu)"2dypdp, = /0 Bl = )" = s
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k=u,...,n—1:

Let 0< t < —ZX—:-—M
g1 (8i—sk)

n(s,. sk) n(Sn—sk41) (1 _

/1/11( (o i - w) <t)

o Jo n(Fn—3k) n(Sn—sk41) (1 _

’(/)u( 1(k) U + E’:(k+l) (1 "/’l))
’([Ju(]. - l,bu)n—sd'(/)ldd)u
Z (b+1)
1+t n(an—«k+1) n-3
= "/)u 1 - "pu) d’l,/)[d'l/)u
0

1+t "(""_‘k) n(Gn—sk41 n—3
Z (k+1) /#@L _k_+_ "»bu(l—‘/)u) dypidipy

[ Ue1)
nGn=2s) "(""“’k+1)

Siw S

‘ "( n—sk41)

n(Sn—8k41) n—1
N 1 - S (k1) _t ik+1)
T (n=-1D(n-2) n(Sn—sk) _ 7(Sn—3k41) 1+tn(S, — Sk+1)

i) Y kD
S (1_ tYER) )"‘1]

— n(Fn—38k) _ N(En—38k41) 1+ tn(gn - sk)

Sik) YTk

(si—5k41)

o (si—sk)
> —E—‘—“—n = <t
et imgn (5 8K) ~ Z.-Hx(" sk41)’

n(s,. sk) 'n(sn—sk+1) _
/1 /11( < IO Vit S v (k+1) (1 1/)1)) <t>
o Jo n(sn—s‘e) n(En—sk41) (1 _
'/’“( o M S ey '/"))
Yu(1 — )" 2 dipydepy,

(k+1)

= / R / Pu(l — Yu)"2diudis,

/ Z (k+1) /T-‘F'EL n—(i—nk_(—':‘j;" ¢u(1_¢u)n—3d¢ld¢u:

1+t n(spn _‘k+l)

n(n—s;) mn(n—sp4q)

Siw o ey
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i.e. the integrals one gets from the case 0 < t < _EETiE%, by replacing
i=k41"

b 2aen®
1+t n(Sn—sk) ~

n(s, —Sk41)

n—1

_ 1 - 3oy (k+1) Lt ikt

= m—Dn-2) n(§nk—8k) _ n(E,.;sH.x) 1+tn(5n — Ske1)
2o, (k) Yo (k+1)

Let —ZZT‘E‘(S—(;—S—?I)—) < t. For the domains of integration one gets no restrictions.
kg (BT8R4

n(3n —8k) n(5n—Sk41) (1 _
/1 /11< w"( Zf_(k) o Zf_(k+1> . wl)) <t>
o Jo 1— ¢u (n(s"_Sk)¢l + n(sn—3k+1)(1 _ /d)l))

) 20, (k1)
"/)u(l - ¢u)n_3d¢ld¢u
[ — %)y dyp ‘/liﬁ(l—d’)”_sdd) S —
—A A 'd)u(l wu) 1 u — 0 u u u—(n_l)(n__z)-

For the cdf one gets hence

m n
Fr,ow)®=> >
=1 u=m+1

o (54 = 8)(sk41 = s1)
)k (k+1)

n —1
t Zk L (k+1) " S (si—sk41)
— — _ _7J’—_ __}‘:..L__
* Z—"—"L —E”:- ”(ck-:-l) (1 1+t n(5n=sk41) » 0=t D (si—skt1)
k k41

Z’"— (s‘_sk+l) zn__ (s.'—sk)
- & <t< -&=s——
DDA CEr e > Do, (si—sk)
" (si—sk)
1, . N
) Dy (sima) ~
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n—1
(8u = 81)(Sk+1 — Sk)
+
,; i) Tr(k+1)
’1+ ‘E"'::Hx) (
CH —*‘Lz" ey

_L
T+t

(k)
3, Spn—s ]-
'En Sk __ SnT%k41 (

1 t (k+1)
T T4t n(Sn—sk41)
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(k+1)
n(8n—8k+1)

(k)

- _.t_
1+t n s,.—sk

Z (si—sk)
) , 0<t< —z:‘ k+1(s,-—sk)

- Zﬂe= (si—sk) <t<-— > (si—sk41)
Ex‘=fe+1(s' — k) E:,_k+1(st—sk+l)
1 _EL’Q <t
\ ’ i=k+1(s"—s’°+‘)
Su — Si 1 1 |: 1 . 1:|
1-(1+tn—-1
M [z;‘u) y(n)] @+t —1)(37)
m n
=1- Z Z
=1 u=m+1
-1
{Z(Su - 3[)
k=1
(

™

_ §n~3ki1
D (BHD)

< 1 Fa—s (1
k+1(k

Zi:l(g"_s")

0,

\

36
k=u
(z k+1(s" si) [ (k)(
_ Sn—Skq1

>ree
Q4 1 Sn—Sk41

E:=k+l(§n—3i) Z;‘(k+1)

—Sl

. 1(13,.--3‘-) [ﬁ (1 —

(1_

n—1
t
1_+tn(§,.—-sk+l)) ]7 0 <t<

(1 k)

(1_

T+t n(En—sk)

n—1
_;_M) ], 0<t<—

2 ® 1<k))

E’.‘= (Si —Sk+1 )
Zf:l (Si—sk+1)

1+t n(5n—Sk+1)

-1
b 2 1())

T+t n(sn—sx)

_EL (si—sk41) t< _Zﬂ (8i—sk)
E.’=1(s}"sk+1) - Z E (s‘—sk)
. (S,—Sk)
F— <t
Zl 1(8.—8k) -

t
T I+t n(Sn—S8k )
Zk

Zk(k) )n—l

(k+1)

_ z'; (si—sk)
z;kﬂ(s""s")

1+t ﬂ(sn“3k+1) )

_ 2;~= (Sg—sk) S t < - Z"’; (s.'—-sk+1)
E :,-=,,+1(s.'—sk) g (5i=5k41)

Z" (8i—8k41)

—_ n': < t
Zi=k+1 (si—sk41) —
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and with rearrangements

n

m -1
o> D su-s)f(k) =

[zl O ) [0+t -

V. HENSCHEL

1}

Zf(k) Z Z (su—s1)

1))(1—+t "

=1 u=m+1 k=1 I=k+1 u=m+1
and
m n n--1 n—1 m k
> > (su—s1)f DY S (su-s)
l=1 u=m+1 k=u k=m+1 =1 u=m+1
one gets
-1 m n
{5 S e-w
k=1 l=k+1 u=m+1
4 1 5 : (k) n-—1
2 ica(Famsi) [Eul k) (l ~ THE G _s"))
—SnTSk41 __t Zk 1 (k+1) E (si—3k+1)
q 1 5,—s (I_LZ_: (k))
E.»:l(?""-‘) Hl(k) 1+t n(5n—sk) z Z
(5i—5k41) (si—sk)
- i< —&=—
E. 1('s _s"+1) - z E (8,—8;,)
. (s. 31:)
0, — &=l
. Z.-=1(’-'"'=) st
n—-1 m k
+ 22 > (su-a)
k=m+1 =1 u=m+1
1 Sp—Sgk E (k)
( S ::‘.=le+1(§"_3") [El(k) ( 1+t "(Sn—sk)
n—1
_ Bn—8k4a S5 (k1) Sor (si—sk)
ST ki1) (1 T R ) ] 05 S SN )
_ 3n“3k+1 Z (k+1)
E‘_k+1(s" 3;) Z (k+1) 1+t n('gﬂ_sk-{-l) ’
E‘= (si—sk) <t<-— Z'.‘z (si—Sk+1)
E :?=,,+1(3i—3k) - E :'=,B+l(-9«'—3k+1)
0, _ Z..L (5i—8k+1) <t
\ E imkgr (Fi—8k41) —
+Z Z (54— 51)— [ ! ] (1+t(n 1))( 1 >n_1
1 .
1=1 u=m+1 : I Xim) 1+t

O
(Received March 15, 2001.)
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