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(Received December 7, 2005, in revised version May 21, 2007)

Abstract. We consider a tree-shaped network of vibrating elastic strings, with feedback
acting on the root of the tree. Using the d’Alembert representation formula, we show that
the input-output map is bounded, i.e. this system is a well-posed system in the sense of
G. Weiss (Trans. Am. Math. Soc. 342 (1994), 827-854). As a consequence we prove that
the strings networks are not exponentially stable in the energy space. Moreover, we give
explicit polynomial decay estimates valid for regular initial data.
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1. INTRODUCTION

During the last years various models of multiple-link flexible structures have been
given and developed. The structures which we have in mind consist of finitely many
interconnected flexible elements like beams, plates, shells which represent trusses,
frames, solar panels, antennae deformable mirrors; for more details concerning the
models see [9]. The analysis of such models has in addition to its own mathematical
interest applications control or stabilization problems, see [7], [8], [9] and [14].

First of all, we introduce some notation, which is simply that of [5], and refer
to [5] for more details that are needed to formulate the problem under consideration.
Let A be a tree. We call the root of A the exterior vertex and we denote it by R.
Moreover, we denote by ez and Oz the remaining edges and vertices, respectively,
where @ = (a1, ..., ax) is a multi-index, possibly empty, of variable length k.

We choose the empty index for the edge containing the root R. That edge is
denoted by e and its vertex different from R is denoted by O.
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Assume there are mg edges, different from ez, that branch out from Oz. We
denote these edges by eaos, 5 = 1,...,mg and the other vertex of the edge esop
by Oaop, i.e. the interior vertex O, contained in the edge ez, has multiplicity equal
to mg + 1.

We denote by M the set of the interior vertices of A and by S the set of the
exterior vertices except R and define

IM:{@: 056./\/1}, Isz{&: 0568},

which are the sets of the indices of the interior and exterior vertices except R,
respectively.

We admit the empty multi-index in this notation, which corresponds to the ver-
tex O and belongs to one of the sets Iy or Is. We denote also by I = Inq U Is the
set of indices of all the vertices, except that of the root R. We call the sets

As ={ego5: @opel}

for @ € Inq, sub-trees of A, where @ o 3 denotes the multi-index of length k + m
defined by @o 3 = (ay, ...,k B1,-- -, Pm), with @ = (a1,...,ax), 8= (B1,-- -, Bm)-

We study the one-node stabilization properties of the vibrations of a planar tree-
shaped network of N strings, where N > 3, see [9] and [5] as concerns the model.
That is, we analyze the possibility of quieting the motion of the tree shaped network,
caused by a feedback deformation of its strings, by means of feedback applied through

the nodes. More precisely, we consider the following initial and boundary value

problem:
62’11/5 aQU(y
1.1 —_— - — = = acl
(1.1) 52 (z,t) 52 (,)=0, O<z<lg t>0, acl,
ou ou

1. —_— —_ — = : ~(l= = o I
(1.2) 8t(0’t) &C(O,t) 0, t>0; wug(lsz,t)=0, aels, t>0,
(13) ’U/aog(o,f) :’U/a(la,t), t>0, =1,...,mg, @€ I,

J& aUaoﬁ aUa
1.4 t) = —I(5,t), t , @€ I,
(149) EE0(0,0) = S (1m,t), >0, @€ Ly

B=1

0 8'&& 1 —

(1.5) uz(z,0) = ug(x), W(I,O) =uz(z), O<az<ls acl,

where ug: [0,l5] x (0,+00) — R, @ € I, is the transversal displacement of the string
with index @ and of length /5. With this notation the remaining elements related to
the system (1.1)—(1.5) are defined exactly in subsection 2.2.2 of chapter 2 in [6] or
in [4].
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Figure 1. A tree-shaped network.

In the present paper we prove that the input-output map is bounded. As a con-
sequence we show that the solutions of (1.1)—(1.5) are not uniformly stable in the
energy space, thus, we give explicit decay estimates for regular initial data.

Our approach is based on the methodology introduced in Ammari and Tucsnak [3],
where the exponential stability for the closed loop problem is reduced to an observ-
ability estimate for the corresponding uncontrolled system combined with a bound-
edness property of the transfer function of the associated open loop system, and on
the d’Alembert representation formula.

The plan of the paper is as follows. In Section 2 we give precise statements of
the main results. Section 3 contains the proof of the main result and the weighted
observability inequality needed in the following sections. The proof of decay esti-
mates results is given in Section 4. The last section is devoted to some comments
and related questions.

2. STATEMENT OF THE MAIN RESULTS

The skew-adjoint operator corresponding to (3.2)—(3.7) can be diagonalized over
the orthonormal basis of eigenvectors ®,, n € N Let \p, = iwg, k& € N be the
associated eigenvalues.

Let A5z be a sub-tree. We consider the eigenvalue problem inherited from the
eigenvalue problem for the whole tree 4 with homogeneous Neumann boundary
condition at the new root Og. This eigenvalue problem is similar to that for A. Its
spectrum will be called the spectrum of the A5 subtree.
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The tree A is called a non-degenerate tree if the spectra of any two sub-trees Ago;,
Agoj of A with the common root Og are disjoint.
We define the energy of 4 = ug of (1.1)—(1.5) at an instant ¢ by

(2.1) Z / (a““ x,t‘ +’a““ )‘2> dz.

We show that a sufficiently smooth solution (1.1)—(1.5) satisfies the energy identity

(2.2) E(O)—E(t):/ot‘%(o,s)rds, Wt >0,

The wellposedness space for (1.1)-(1.5) is E =V x X, where

V= {QDE HHl(O,la)Z (P&(l&) =0, a€ls,
aecl

0aos(0) = pa(la), B=1,...,mg, @c IM},

and

X =[] £%0,1%)

ael
The wellposedness and strong stability properties are summarized in the result below.

The existence and uniqueness of finite energy solutions of (1.1)— (1.5) can be obtained
by standard semigroup methods. For the strong stability see [5].

Proposition 2.1. The following assertions hold true:
1. If (u° u') € V x X, then the problem (1.1)—(1.5) admits a unique solution

o =ug € C0,T;V)NCY0,T; X)
such that u(0,-) € H*(0,T) and

(2:3) (0, M F 0.7y < CN@, @) x

where the constant C' > 0 depends only on T'. Moreover, u satisfies the energy
identity (2.2).

2. The estimate tlirgo E(t) = 0 holds true for any finite energy solution of (1.1)—
(1.5) if and only if the tree A is non-degenerate.
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We consider the open-loop problem associated with (1.1)—(1.5)

621)& 62’0& —
2.4) 52 (z,t) — 52 (,t) =0, O0<z<lg t>0, ael,
(25) ’Ua(la,t) =0, t>0, a€ls,
(26) Uaoﬁ(o,t):’l)a(la,t), t>0, B=1,...,mg, a@c I,
o av&oﬁ av& —
2.7) 0 (0,1) = S(lm, 1), V>0, &€ Lu,
5=1
(2.8) 0.8 = k(t), t>0
- 8:17 ) - ) )
6’0& _
(2.9) vz(z,0) =0, ﬁ(x,O):(), O<z<ly ael.

By using the transposition method, see [11], and the observation that the control
operator satisfies an admissible condition, i.e. (3.9), we prove that for k € L?(0,T)
the problem (2.4)—(2.9) admits a unique solution having the regularity property

(2.10) 7 =wg € C0,T;V)NC(0,T; X).
Our main result can now be stated as follows.

Theorem 2.2. There exists a constant C > 0 depending only on T' such that for
k € L*(0,T) and for a solution v € C(0,T;V) N C(0,T; X) of (2.4)~(2.9) we have

(2.11) 10(0, Wm0,y < Cllkll L2001y, Yk € L*(0,T).

Corollary 2.3.

1. The system described by (1.1)—(1.5) is not exponentially stable in the energy
space.

2. Let A be a non-degenerate tree. Then for allt > 0 we have

C
(2.12) Et) < — I’ ul)]Z, V(@ a') e Z,
t+1
where
_ — 1
Z= {<u0 = ar®y, @' = Zb@k) EVXX: > d—2(|wkak|2 + |b]?) < oo},
k>0 k>0 k>0 K

1
(@0, a3 =Y = (wear® + |ouf?), ¥ (@°,a') € 2,
k>0 dj;
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dy, is a sequence of strictly positive real numbers and C > 0 is a constant

depending only on lg, & € 1.

Remark 2.4.

1. The tree where Iny = 0, Is = {1,...,N}, mgz = N, is non-degenerate if and
only if ;/l; ¢ @, for all 1 < i # j < N, see [2], where Q denotes the set of all
rational numbers.

2. Concerning the size of the set of non-degenerate trees, see [5].

3. In the case we are able to establish uniform lower estimates of d,,, for all n, we
obtain an explicit characterization of the space Z. So, in the case when A is
a simple tree (see [2] for details) corresponding to Iy = 0, Is = {1,...,N},
ms = N, we have Z = D(ANTY/2)if [,/1; ¢ Q, for all 1 < i # j < N and

lz/JXV: l; €S foralli=1,..., N, where
i=1

7

D(A) = {(u,ul,...,uN,v,'Ul,...,vN) e [Vm (H?(O,l) X ﬁHl(O,li)” XV

i=1

The corresponding operator A is defined by

A (Z) _ (drzﬂjdxrz), ¥ (a,7) € D(A).

Also in the case of the star-shaped network we can characterize the space Z.
This has been done in [1] (see [1] for more details). However, it is unlikely to
expect similar results in the case of general trees.

1S is the set of all numbers g such that o ¢ Q and if [0,a1,...,an,...] is the expansion
of o as a continued fraction, then (an) is bounded. Let us notice that S is obviously un-
countable and, by classical results on diophantine approximations, its Lebesgue measure
is equal to zero. Roughly speaking the set S contains the irrationals which are “badly”
approximable by rational numbers.
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3. PROOF OF THEOREM 2.2 AND OBSERVABILITY INEQUALITY

Proof of Theorem 2.2. We consider the following equation:

2 2
%(x,t) - %(x,t) =0, t>0, z€(0,0),
u(0,¢) = h(t), u(l,t)=0, t>0,

ou

U(I,O) = Oa E(xvo) = Oa T e (07l)7

where h is a regular function which vanishes in (—o0,0). Our purpose is to determine
an operator R; such that
Ju

%(O,t) = R;I(t).

By the d’Alembert formula there exist F'; G such that
u(z,t) = Fx +1t) + G(x — t).
The equation Ou/dz(0,t) = R;h'(t) can be written as F'(t) + G'(—t) = R;h/ (),

u(z,0) =0, 0<x <l {F(:E)+G(l‘)=070<$<l
—

a—u(gc,O):O7 O<a <l Fl(x)—G'(x) =0, 0<x <,

ot

which implies
F't)=G'(t)=0, YOo<t<l.

On the other hand,

u(0,t) =h(t) = F'(t) - G'(—t)=h'(t) Vt>0

and
u(l,t) =0= F'(2l+t) - G'(-t) =0 VYt >0.

Thus

F'(t)=F'(t —2l) — W' (t — 21),
SO 3

u

—(0,t) =2F'(t) — B/ (¢t t )

o, (0.1) = 2F/()) =W (1). Vt>0

An explicit computation proves that R; is given by the formula

q
Rif(t) = =2 f(t—2il)— f(t), VYqeN and Vte (2ql,2(q+ 1)])

i=1

0
with the convention > = 0.
i=1
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We consider now the problem

0%u 0%u
W(t,x) o () =0, t>0, z€(0,1),
ou
U(l,t) - h(t)v %(Oat) - k(t)a t> 07
ou
U(J:?O) = Oa E(xv()) = 07 T e (Oal)a

and the same computation yields

2 0,0) = Quk(r) + Mil'(1) >0
and 5

aZ(z t) = Mik(t) — Qih'(t) V>0,
where

q
Quf(t) Z z+1f —2il) — f(t), VgeN and Vt e (2q¢l,2(q+ 1))
and
q
Mif(t) Z z+1f — (20— 1)), VqgeN and Vt e ((2¢—1)I,(2¢+ 1)I).

Operators of type 7

Definition 3.1. An operator P is of type 7 if there exists a sequence m =

(my)ken strictly increasing and such that my = 0, i lim my = 400, and a complex
— 400

sequence o = (v )gen such that
q
Pf(t) = Zaif(t —m;), a.e. t€ (mg,mgr1) and Vg e N.
i=0

The sequences (m,«) are the parameters of P and we write P = (m,«). The
number « is called the coefficient of P and we denote coef(P) = ay.
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Remark 3.2. If P = (m,«) is of type A and if a € Ry \ m, then there exists
io € N such that m;, < a < m;,4+1. We denote by (7, &) the sequence defined by

m; =m;, &; = oy if i <o,
Mig41 = G5 Qig41 =0,

m; =mi_1, &; = a;_1 if 7 >i9+ 1.
Then P = (m, &).

Examples. The operators R;, Q; and M; are of type 7 with coef(R;) =
coef(Q;) = —1 and coef(M;) = 0.

Proposition 3.3. If P is an operator of type 7 and T > 0, then there exists a
constant C = C(P,T) > 0 such that for all f € L*(0,T)

IPfllz20,m) < Cllfllz200,7)-

Proof. Let P = (m,«) be an operator of type A and let T > 0. Let ¢ € N be
such that my <T < mg41. Then

/0 CprpRa < ;
g Mmrk+41 k k
< (; o] )(Zu(tmm )dt

k

= (04 DS 0y

k=0 7=0
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Proposition 3.4. Let P = (m, «) be an operator of type T and let g be a function
defined a.e. in [0, +00). Then the equation

Pf(t)=g9(t), ae t=0

admits a unique solution f if and only if coef(P) # 0. In this case f = P~ g, P! is
of type T and coef(P~1) = 1/coef(P).

Proof. We construct by recurrence sequences (r, 3) satisfying

k
(3.1) f) = Zﬁig(t —r;) ae. t€(ry,rg+1) and VgeN
=0
as follows:
1
To = 0 and 50 = —
Qo
for n e N*, v, =min{m; +r; >rp_1: j<n}, By ={(4,4): mi+r; =ry}
1
and ﬁn = —— Z Oziﬁj.
Q0 (i,5)eBn,

It is easy now to verify that f given by (3.1) is a solution of the equation Pf = g.
To prove uniqueness, it suffices to consider the sequence r = (7, )nen constructed
above to show that the unique solution of the equation Pf = 01is f = 0 a.e. More
precisely, for the solution f of Pf =0 (coef P = ap # 0) we prove by recurrence in g
that f(t) =0, a.e. t € (0,mg) for all ¢ € N*.
For ¢ = 1 the result is true because

Pf(t) = aof(t), ae. te(0,mi).

Suppose now that f(t) = 0 for a.e. ¢t € (0,m,) and let us prove that f(¢) = 0 a.e.
t € (mgq, mgt1).
Let

F = {Zk‘zml mg < Zkzmz < Mg+, k; € N},

then F is a finite set of cardinality k,. We denote by (1) the elements of F' such
that ro =mg <ry <ro <... <71, <Mgy1 =:Tk,+1. We have

Vrj <t <rjyr, 0<j<kg PfE)=aof(t)+arft—mi)+...+agf(t—mg) =0,
and
Vrg <t<ry, Pf(t)=aof(t)+arf(t—mi)+...4+a.f(t—mg)=0.
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Or,
Vi<i<gqg, ro—m-—i<t—m; <r;—my,

and 71 — m; < my because if no 1 — m; > mg, then mq < m; + my < r; which
contradicts the construction of the sequence (Tk)1<k<kq- Thus according to the
hypotheses of recurrence

flt=m;) =0, VI<i<qg= f(t)=0, Vrg<t<r.

Suppose that f(t) =0ae. ro <t <r;, 1 <j <k
Let r; <t < rj41, then for all 1 < ¢ < g, t —m; < rjp1 —m; < r; because if no
Tj+1 —m; > 0, then r; < r; +m; < rjy1, which contradicts the construction of the

sequence (7%)1<k<k,- LThen
flt—m;) =0, V1<i<g= f(t)=0 ae r; <t<rj.

O

Example. We consider the operator P = —R; of parameters (m, ) given by

my =2kl VEkeN,
ap=1and ap =2 Vk>1.

Then the solution of the equation Pf = g is given by

Ft)=g(t)+> (~1)g(t —2jl) V2ql <t <2(q+1)l and Vg€ N,

j=1
i.e. f = —Qg, which proves that Rl_l = Q.

Proposition 3.5. If P and Q are two operators of type 7, then P + @ and PQ
are of type 7 and

coef(P + Q) = coef (P) 4+ coef(Q) and coef(PQ) = coef(P) - coef(Q).

Proof. We suppose that P = (m,a) and Q = (n, ).
1. For the sum it suffices to consider the sequence »r = mUn, then P = (r, &) and

Q= (r, B) where

B Qa ifri:ijm, ~ ﬁj ifn-:njEn,
Q= . and G; =
0  otherwise

0  otherwise,
which implies P + Q = (r,& + [3).

337



2. For the composition, we consider sequences defined by recurrence as follows:

ro =0 and o = apfo,
for n e N*, r, =min{m; +n;: m; +n; >r,_1, 0<4,j <n},
B, ={(,7): m;+nj; =rp},

and v, = > a;fj;
(4,5)€Bn

then PQ = (r,7). O

Case of a generic tree (i.e. a simple tree)

We consider the problem

2 2
(’)ui aui

52 (x,t) — axQ(x,t)zo, Vi>0, 0<x<l;, 1<i<n,

8%u 8%u

W(x,t)—ﬁ(x,t):(), \V/t>0, O<l’<l7

" Qu; ou

— (0,1t [t Vit >0,

3 200 = Sho),

ui(li,t)zo, Vt>0, 1<e<n,

u;(0,t) = u(l,t), 1<i<n,
Ou; .

ui(x,0) =0, 6_11(17’0):0’ Ve (0,l;), 1<i<n,
ou

u(z,0) =0, 5(95,0):07 Ve (0,1).

Proposition 3.6. There exists an invertible operator U: L*(0,T) — L?(0,T) of
type 7T satisfying
ou ou
—(0,¢ U 0,t
)
Proof. We denote h(t) = u(t,l) = u;(¢,0) (1 < i< n)and k(t) = Ou/0z(0,1).
Then we have

ou
E(tv 0) = Qik(t) + Mh'(¢),

du
which implies that for all 1 < ¢ < n, Ou;/0x(0,t) = Ry,;h'(t) and the condition

zn: Ou;/0x(0,t) = Ou/Ox(l,t) can be rewritten as

(Z )0 = Mik(0) - Quk' () (Z i+ Q1)1 (6) = Mik(o).
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The operator (Z Ry, + Ql> is of type 7 and with the coefficient equal to —(n + 1),
i=1

thus it is invertible and

(1) = (Z R+ Ql)_leka),

hence )
ou - -
760 = [Qz + M, (Z R, + Ql) Ml] k(t) = Uk(t).
i=1
The operator U is of type 7 and coef(U) = —1, thus U is invertible. O

Case of a general tree

Suppose we construct Ugo; (1 < i < ng) satisfying coef(Uzo;) = —1 and
Ougo; OUgoi
0,t) = Ugo; — (0,
254 (0, 1) 41 (0,1
then
6’U/a 6”@ aua
0,t) + M- l3,1),
ot 5 (0.0) = Quiz = (0,1) + Miz—~ ot (la,t)
Jug aua Jug
t,ls M. t) — lg,t
O (1) = Miz 3 2(0,) — Qi o U 1),

Using the condition i Ougo; /0x(0,t) = Quz/0x(l5,t), we obtain by the same argu-
i=1
ment as that used for the generic tree case

(@ +Z k) G imt) = M 0.1,

The operator (Qla + i Ugl) is of type 7 and with the coefficient —(1 4+ ng), thus
i=1

it is invertible and

3”& _ la 1 -1 8’[,&& o Uy
W(tvo) = |:Qla + Mla (Z U&oi + Qla) Mla:| a—x(ta 0) = U&E(tvo)'

i=1

The operator Ug is of type 7 and coef(Uz) = —
Conclusion: If @ is a solution of (1.1)—(1.5) then there exists an operator U of

type A such that

ou ou
at(Ot) Uz (0.8), >0,

which is exactly (2.11).
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We consider the initial and boundary value problem

32505 8290& _
(3.2) 92 (z,t) — 92 (,t) =0, O<z<lg, t>0, ael,
33) (pa(la,t) =0, t>0, aels,
(34) gﬂaog(o,f):@a(la,t), t>0, ﬁ:l,...7m&, @GIM,

= &P&oﬁ Ova _
3.5 0,t) = —(g,t), Yt>0, I,
(3-5) g:l 5y (00 =5 ~(la) >0, a€lm
dp
3.6 —(0,t)=0, t>0
(36) 20,6)=0, t>0,
0 Opa 1 _

(3.7) va(x,0) = uz(z), ot (x,0) =uz(z), O0<z<ls a@el.

The following result, besides showing that the above problem is well posed in the
natural energy space, gives an inequality for the trace of ¢ at the root of the tree. It is
easy to see by the semi-group method [13] that the problem (3.2)—(3.7) is well-posed
in the energy space. For the proof of the inequality (3.9) see [10] and [12].

Lemma 3.7. Suppose that (u°,u') € V x X. Then the initial and boundary
value problem (3.2)—(3.7) admits a unique solution

(3.8) ¢ e C0,T;V)NCH0,T; X)

satisfying
@(Oa ) € Hl(oa T)

Moreover, there exists a constant C' > 0, depending only on T, such that

(3.9) (0, )1z 0,7y < CHNE, AT x-

Observability inequalities concerning the trace, at the root of the tree, of the
solutions of (3.2)—(3.7) can be stated as follows.

Proposition 3.8.

1. For alllz, @ € I and for all T > 0 there exists no constant C' > 0 such that the
solutions ¢ of (3.2)—(3.7) satisfy

T 2
(3.10) / “Z—f(o,t)‘ at > O)(@, aY)|2, 5, V(@) eV x X.
0
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2. There exist T' > 0 and positive numbers dy, k € N, such that the solution ¢
of (3.2)— (3.7) satisfies

T
e [0 ez, v ey,
0

where

Y = {<'&02akfbk, alzbk®k> eV x X,

k>0 k>0
Zdﬁ(|wkak|2 + [bx]?) < oo},
k>0
(@, a3 = di(lwsar* + [bx]), V¥ (a%,a") €,
k>0

and C' > 0 is a constant depending only on lg, & € I.

Proof. The first assertion is proved in [6]; for the sake of completeness, we give
a proof. For the tree Is = {1,2}, Iny = (), mgz = 2 there exists no constant C' > 0
such that

l;
i o > * ':
sm(krtL)’/C, VkeZ* i=1,2,

where L = [ +1; +12. So we get the existence of a sequence (p,,) CN, lim p,, = co
m—0o0
such that

l
(3.12) lim sin[pmnﬂ = 0.

If we denote by ¢; », the solution of (3.2)—(3.7) with the initial data

om(z,0) = cos(wp,, x),

— COS(wPWLl) _
30177”(‘%70) - SlIl(’LUp ll) Sln(wpm (:E ll))v
cos(wp,, 1) B
©2,m(x,0) = ~Snw, B) sin(wy,, (z — 12)),
0 i,m .
%Cﬂ?o):o’ VI€(07Z1), 7’:1527
Oom
%(LO):Q Voe (Oal)a
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a simple calculation using (3.12) implies that

Jo 10m /040, 1) dt

lim
m—oo || (@m (2, 0), 0 /Ot(x, 0))|13, x
= lim SinZ(wpmll) = lim sin (%ZO =0,

so (3.10) is false for any I, Iy, lo.

From [5] we obtain that for all T > 2 > 5 there exists a constant C7 > 0 and a
ael
sequence (dp, )nen Of real numbers such that

(3.13) /O ’g‘f(o ) ’ CTZdZ‘ w2a? + b2,

which is exactly (3.11). The weights d,, depend on the lengths Iz of the strings and
the choice of the root. |

We note that (3.13) holds for all trees, regardless of whether they are degenerate
or not. Moreover, if the tree A is non-degenerate, all the coefficients d,, are different

from zero.

4. PROOF OF COROLLARY 2.3
According to Theorem 2.2 in [3] the solutions of (1.1)—(1.5) satisfy the estimate
(4.1) E(t) < Me “'E(0), Vt=>0

where M,w > 0 are constants depending only on l5 if and only if the solution @
of (3.2)—(3.7) satisfies

T 2
/’g—f(o,s)‘ ds > CE©), v@,a)evx X

The above inequality clearly contradicts assertion 1 in Proposition 3.8. So the as-
sumption (4.1) is false. We complete in this way the proof of the first assertion of
Corollary 2.3.

We pass now to the proof of the second assertion of this corollary. Let A be a
non-degenerate tree. By Proposition 3.8, the solution @ of (1.1)—(1.5) satisfies the

T ap 2 0 -
[ 500] a= mija 3.
0

The conclusion (2.12) follows now by simply using Theorem 2.4 in [3].

inequality
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5. COMMENTS AND RELATED QUESTIONS

Simple examples illustrating the meaning of these results are investigated in [1]
concerning the star-shaped networks case of strings and in [2] concerning generic
trees.

A question related to the problem studied in this paper is the stabilization problem
for nonlinear dynamic networks of strings, see [9] for the models.
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