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Abstract. The paper deals with homogenization of a linear elliptic boundary problem
with a specific class of uncertain coefficients describing composite materials with periodic
structure. Instead of stochastic approach to the problem, we use the worst scenario method
due to Hlavaéek (method of reliable solution). A few criterion functionals are introduced.
We focus on the range of the homogenized coefficients from knowledge of the ranges of
individual components in the composite, on the values of generalized gradient in the places
where these components change and on the average of homogenized solution in some critical
subdomain.
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0. INTRODUCTION

A lot of mathematical models use data (coefficients of equations, right-hand sides,
functions from boundary conditions, etc.), which cannot be easily determined. These
data are usually obtained from experimental measurements and from the subsequent
numerical solution of the inverse problem. Both of these steps are loaded with errors
and therefore we know the data in certain bounds only. From this point of view we
speak about problems with uncertain data.

Homogenization is a mathematical method which helps to model the behaviour of
composite materials with periodic structure. In such materials it is possible to deter-
mine effective parameters from the knowledge of the microstructure. In other words,
homogenization means a replacement of the periodically heterogeneous material by

* This research was supported by grant No. 201/03/0570 of the Grant Agency of the Czech
Republic.
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a homogeneous one which has “equivalent” properties from the macroscopic point of
view. The topic is discussed in many papers and monographs (for introduction see
e.g. [3), [5], [16], [19)).

In this paper we shall consider a linear elliptic problem with a specific class of
uncertain coefficients. Instead of the stochastic approach, the deterministic worst
scenario approach introduced by Hlavacek (see [9], [10]) will be used. The main idea
consists in defining a suitable functional in the given set of data. This functional
can be dependent on both the data and the solution of the model problem and its
values are the criterion determining “good” or “bad” data from a certain point of
view. This approach seems to be new in homogenization theory.

The paper is organized as follows. After introducing the necessary notation, the
model problem is set in Section 2 and its homogenization is presented in Section 3.
Section 4 is devoted to the worst scenario method, where some criterion functionals
are introduced. Section 5 deals with the finite-dimensional approximation of the
given problems. The methods are demonstrated by examples in Section 6. Conclud-
ing remarks in Section 7 close the paper.

1. PRELIMINARIES

Throughout the paper, Einstein convention on summation over repeated indices
is used. In order to save space, partial derivatives of a function v are also denoted
by O,,v, i = 1,..., N (similarly the derivatives of higher orders). The symbol v
stands for the unit outward normal vector. A sequence of positive parameters {e,}

such that e, — 0 for n — oo is considered. As usual, the subscript n is omitted.

The space of all symmetric real matrices is denoted by [RSA;IXHN (its dimension is
%N(N +1)). Spaces of continuous functions C', C>°, Lebesgue spaces L?, L> and

the Sobolev space W12 endowed with the usual norms are used.

1.1. Y-periodic functions

Definition 1.1. Let Y = (0;1)" be the unit cube (the so-called unit period).
A function v: RY — R is said to be Y-periodic, if v(y + k) = v(y) for all y € RV,
for all k € ZN. If the function v has more variables, we say it is Y-periodic in y.

The spaces of Y-periodic functions will be denoted by X4 (Y). A function v €
X4 (Y) is Y-periodic and v € Xjoc(RY), i.e. v € X(Q) for every compact subset
Q c RY. For example, in the case of C;S(Y), all derivatives coincide on the opposite
sides of JY. In the case of v € W;f(Y), the traces of the function v coincide almost
everywhere on the opposite sides of Y. The norm in the Banach spaces X 4(Y) is

given by || - ||X#(Y) = ||X(Y)'
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Lemma 1.2. Letv € W;&Q(Y). Then

ov
dy = 0.
/y Jy;

Proof. According to the Gauss-Ostrogradski theorem we have

Ov dy:/ vy; dS =0,
y 0y oYy

since v is Y-periodic and the normals on the opposite sides of dY have inverse

orientation. O

Remark 1.3. The proposition holds even for integrable periodic functions hav-
ing traces on JY, where the derivatives are taken in generalized sense defined by
functionals giving the values on the elements of the space W#z (Y), ie., if a is an
integrable Y-periodic function, then its derivative 0y, a is defined by

da / / ov / ov
vdy = avv; dS — | a dy=— /[ a dy,
/Y Jy; Y )% y Oy Y y Oy Y

since the integral over dY is zero due to the periodicity of both functions and the

orientation of normals on the opposite sides. Taking v = 1 we have

/ da ldy:—/QOdy:O.
v Oy Y

The spaces of Y-periodic functions with zero mean value are denoted by X4 (Y),

i.e.

Xuo(Y) = {U € Xu(Y): / v(y)dy = O}.
Y
Lemma 1.4. Letv € W;&g(Y) Then
Wlwiz ey < Iollwizey < Clolwie -

Sketch of proof. The first inequality follows directly from the definition of
the norm and seminorm, the second inequality is a consequence of Poincaré inequal-
ity. ([
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The following spaces of abstract functions are used:

o C3°[8Y; O35 (Y)]—the space of functions u: © — C35(Y) such that the mapping
z € Q — u(z)() € CF(Y) is infinitely differentiable with compact support
in €;

o L2[Q; C4(Y)]—the space of functions u: Q — C4(Y) which are L? integrable
and ||U||2LZ[Q;C#(y)] = /o ||U(17>H2(j#(y) dz < o0;

o L2[Q; W;g (Y)]—the space of functions u: Q — W;g (Y) which are L? inte-
grable and ||u||iz[Q;W;&’02(Y)] =/, Hu(w)”?/@g(y) dz < cc.

Let us remark that every function from these spaces can be identified with a func-

tion u(x,y) defined on Q x RN via u(z,y) = u(x)(y). More details can be found

e.g. in [13].

2. MODEL PROBLEM

Let us consider a linear elliptic 2nd order problem

0 ou )
(21) _a_l'l'(aij%j) = f m Q,
u=up on I'p,
Ju

Qi 7 Vi =wWN On FN,

6Ij
where € is a bounded domain with Lipschitz boundary 092 = TpUT'y (measy_1Tp >
0). This problem describes e.g. stationary heat conduction, electric circuit, diffusion,
a;; € L>(Q), is sym-

etc. Let us assume the matrix of coefficients A = (aij)ﬁfj:l,

metric and positive definite, i.e.
a;5 = Qji, aijfjfi >0 fora.a €, £#0.

For anisotropic materials in principal directions we have a;; = aj; =0, ¢ # j and for
isotropic materials the diagonal elements coincide.

We will consider periodically arranged composite materials which consist of a finite
number of homogeneous components. Let us assume the material properties of these
components are not known exactly but in certain bounds only. So, in what follows,
the coeflicients a;; are periodic piecewise constant functions with uncertain values
from the predefined intervals. For the sake of simplicity the other functions (right-
hand side, boundary values) are considered to be fixed.

Since the coefficients are not continuous, the problem (2.1) cannot be solved in
the classical sense—we proceed to a weak formulation. Let us define the space V by

(2.2) V={veW"Q): v=0 on I'p (in sense of traces)}.
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Then WO1 2(Q) € V. c WH2(Q) holds. Multiplying formally the equation by an
arbitrary function v € V' and integrating by parts over {2 leads to

ou Ov
ii——dz = fode + ds,
/ Qij 996]- I x / vdx /FN wyvdS

where the Neumann boundary condition and the assumption v = 0 on I'p were used.
Denoting

ou Ov
a(u,v) = /Qaija_wjﬁ_xidx’
b(v) = /fvd:z:—i—/ wyvdsS,
Q Iy

the weak formulation reads:

(W) Find a function u € W?(Q) such that u — up € V and the equality
a(u,v) = b(v)

holds for all functions v € V.

The following well-known result on solvability of the problem holds:

Theorem 2.1. Let f € L?(Q), up € WH2(Q), wy € L?(T'y) and let there exist
a > 0 such that the coefficients a,; € L>()) satisty the ellipticity condition

(2.3) aij&i& = al€]?, VEERY, aa xze€.
Then problem (W) has unique solution. Moreover, this solution satisfies the estimate
(2.4) lullwr29) < C,

where the constant C' depends on «, Q, I'v, |[upllwr.2(), lwnllz2ry), @il o)
and | fl|r2(0)-
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3. HOMOGENIZATION

In this section we give a summary of some homogenization results, especially we

focus on two-scale convergence approach.

3.1. Basic idea

As mentioned in Introduction, homogenization deals with a replacement of the os-
cillating data by constant ones that approximate the original material in the macro-
scopic sense. The first homogenization attempts fall into the 19th century, when
authors used some averaging methods. Since a universal criterion preferring one
method against another one was not available, the authors often approximated the
data in different ways.

The homogenization technique went through the biggest development during
the 70’s of the last century. Babuska proposed a procedure where the model prob-
lem is not considered separately but as a one element of a sequence of problems of
the same type, where the period ratio decreases, see [2]. Then the limit problem is
called the homogenized problem. This idea is straightforward, but it does not say
how to determine the homogenized problem. A few concepts were introduced in the
past. Besides the asymptotic expansion and local energy methods (see e.g. [3], [8]),
G and T' convergence (see e.g. [4], [7], [20]), two-scale convergence is probably the
most powerful tool for homogenization.

Let us proceed to our model problem. Considering the Y-periodic coefficients a;;
we can construct the sequence of coefficients with diminishing period & defined by

a;;(x) = ajj(w/e). This sequence defines a sequence of problems

,i( . 5%) —/ ma

af. —=
1
(9:171' J@xj
us =up on I'p,
as %I/' =w on T
ija i — WN N-
Lj

The weak formulation reads:
(W.) Find u. € WH2(Q) such that u. —up € V and
(3.1) a®(ue,v) =bv) VoveV,

where

. . Ou Ov
a®(u,v) = /Qaij%ja_widx'
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3.2. Two-scale convergence method

Two-scale convergence is a special weak convergence which stands between the
usual weak and strong convergence in Lebesgue spaces. It was developed for the
homogenization theory in order to simplify the proofs. It overcomes the difficulties
resulting from the properties of weakly converging sequences of periodic functions.
In such sequences the weak limit does not keep the “information on oscillations” of
the original functions. In some cases, the two-scale limit is able to conserve this
information and thus, it makes limit procedures possible.

The concept was first introduced by Nguetseng [15] and then developed by Al-
laire [1] in early 90’s. In the case of L? the definition reads:

Definition 3.1. A sequence {u.(z)} C L*(12) is said to be two-scale convergent
(denoted =) to a function ug(z,y) € L2(Q x Y) if

(3.2) lim ng(x)@/)(:r, g) dx:/ﬂ/}/uo(x,y)w(z,y)dxdy

e—0
holds for any test function ¢ € L2[Q; Cx(Y)].
This definition is useful in applications due to the following main results.
Theorem 3.2. Let {u.} be a bounded sequence in L?(2). Then there exists

a function ug(x,y) € L*(Q x Y) such that for an extracted subsequence {u.} we

h 2;5
ave Ugs Uug.

Theorem 3.3. Let {u.} be a bounded sequence in W12(§)). Then there ex-
ist functions ug(z) € L*(Q), wi(z,y) € LQ[Q;W;’OQ(Y)] and an extracted subse-
quence {¢'} such that uz — ug in W2(Q) and Vuo = Vug + Vyu;.

Remark 3.4. The test functions from the space L?[Q2; Cx(Y')] form the so-called
admissible test functions. Such functions are Carathéodory which is a sufficient
condition for measurability of the composed function ¥ (z, 2/¢). Moreover, they are
regular enough, so that we have

tim o (= 2]

[#(=2)

These two properties are necessary in the proof of the two-scale compactness property

L2(Q) = H“/’(z,y)HL?(QxY),

< Yz, Y)l L2004 v))-

L2(Q)
(see Theorem 3.2). Elements of the two-scale convergence theory can be found in [1],

[11], [13].

Let us apply the previous results to our problem.
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Lemma 3.5. Let a;; satisfy condition 2.3 with some o > 0. Then the sequence
of solutions {u.} to Problem (W.) is bounded in W?(Q), i.e.

luellwiz@) < C

holds.

Proof. Since the coefficients af; have the same L*°-norm (the transformation
y = x/e changes the speed of oscillations only, it does not change the norm), the
proposition follows immediately and the C is the same constant as in (2.4). O

Since the sequence of solutions {u.} is bounded in W12(Q), according to Theo-
rem 3.3 there exist functions ug and u; such that an extracted subsequence {u.:}
converges weakly to ug in W12(Q2) and {Vu./} two-scale converges to Vug + Vyu;.
From the form of the limits one can expect that the solution u. can be expressed as
a sum ug(z) + euy (z, x/e).

According to this, in the equality (3.1) we choose the test function in the form
vo(2) + evi(x, x/e), where vy € C°(Q2) (vo =0 on I'p), v1 € CF°[L CH(Y)], ie.

freo Dl (e ) r e D))
= /Qf(:c) {vo(fﬂ) +ev (:E, g)} dz + /FN wn () [Uo(fﬂ) +eu (IE, g)} ds.

avl:l

Taking the expression a;; [8“0 + as a test function, for ¢ — 0 we can pass to

63 [ [ a)[FR + G )] [Fae + G)] dedy

= [ s@u@do [ () (r)ds,

which is the integral identity corresponding to the system of equations

(3.4 (@ [few + Gren]) =0 maxy

_6ii</yaij( ){ggj( )+%(m y)} dy):f in Q,
up(z) =up on I'p,

ou ou
/Yaia( )[(')w(;( ) + ayj(%ﬂ)} dy-v; =wny on I'y.

This system is called the two-scale homogenized system (the equality (3.3) can be ob-
tained by the following steps: multiplying the first equation by the function vy (z,y),
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multiplying the second equation by the function vg(z), integrating by parts with
respect to the appropriate variable, summing both results).
Let us introduce a Hilbert space W = V x L2[Q; W;g (Y)] endowed with the norm!

e[S L (8T ]

where the space V' is defined by (2.2). Thanks to the density of smooth functions
in W, equality (3.3) holds also for each function (vg,v1) € W. Thus, Theorem 3.3
makes it possible to pass to two-scale limit in the sequence of the problems (W.) to

the weak two-scale formulation:
(W2) Find a function u = (ug,u1) € WhH2(Q) x L?[; W;&OQ(Y)] such that ug —

up € V and
az(u,v) =ba(v), Vv=(vg,v1) €W,
where
(3'11,0 ouy 6’00 ovy
— dxd
)= [ [ o[ 526 + 5] - (G0 + S ey

- /Qf(]:z:)vo(x) d:c—i—/FN wy (z)vo(z) dS.

Theorem 3.6. Problem (W2) has a unique solution (ug, uy).

Proof. Let usdenote ug = uf+up and u* = (ug,u1), v = (vo,v1). Then (3.3)

can be rewritten as

az(u”,v) = b;(v),

(9’U,D (9’1}0 81}1
O e R %

We solve the problem: find u* € W such that as(u*,v) = b3(v), Vv € W. Thanks
to the property (2.3) and Lemma 1.4 we have

6’1}0 8’1}1 (9’1}0 8’1}1
(91)0 (3'1)1
O‘Z/ / o, o)
61} 61}
o3 5 a3 [ f (5 aes) =i

In fact, it is a seminorm, but according to Friedrichs inequality and Lemma 1.4 it is
equivalent to a norm.

where
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Thus, az(v,v) is W-elliptic. Since the forms as(u,v) and b5(v) are bounded in
W x W and W, respectively, the assumptions of the Lax-Milgram lemma are fulfilled,
which yields the existence and uniqueness of the solution (ug,u1). O

Corollary 3.7. The whole sequence {u.} converges weakly to ug in W12(Q)
and the whole sequence {Vu.} two-scale converges to Vug + Vyu; ase — 0.

3.3. Comparison with the classical approach
Now, let us compare the results introduced above with the classical homogenized
problem (see e.g. [3])

82u0 .
(3.5) —ay; =f in Q,
(9:171'(9:17J
ug = uUp on FD,
ou
0 0
ajj5—Vi=wN on Iy,

where the coeflicients a?j are given by the formulas

X
0 - o ZAd
(3.6) ap; = /}/(a” Qi 5yk> dy

and the functions x; € W;g (Y') are Y-periodic solutions of the local problem

O (020 = 0%
(8.7) dyi (alk 8yk> Oy

0

The homogenized matrix Ay = (aij)ij has the following properties:

Theorem 3.10.
(i) If the matrix A = (ag;)}; is symmetric, then the matrix Ag is also symmetric.
(ii) The matrix Ag satisfies the ellipticity condition

afiéi& > alef?, VEeRY

with the same constant « as in (2.3).
(iii) If the matrix A is diagonal and the elements are even functions with respect to
the planes of symmetry y; = %, then the matrix Ay is also diagonal.

The weak formulation of the homogenized problem (3.5) reads:
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(WH) Find a function ug € W12(Q) such that ug —up € V and
ap(uo,v) =bu(v), veV,

where

ou Ov
0
= S — d
aH(u,v) /a” o x,

bH(v):/vad:ch/F wyvdS.

The weak formulation of the local problem (3.7) reads:

(WL) Find a function x; € W;g (Y) such that

ap(xj, 1) =} (n), Ve Wye(Y),

where

o\ Ou
a5 4y,

aL(A,u):/aik

Lemma 3.11. The two-scale homogenized problem (3.4) can be separated into
a global and local part (3.5)—(3.7) through the relation

6’11,0

(3.8) ui(z,y) = —87j($)><j (y)-

Sketch of proof. The proofis technical—substitution of the expression (3.8)
into the system (3.4) and the following averaging with respect to y yields the desired
result. (]

Lemma 3.12. Problem (WL) has a unique solution.

Sketch of proof. The proposition is a consequence of Lemma 3.11 and
Theorem 3.6—a direct proof can be obtained by help of the Lax-Milgram lemma
and the zero mean value of the right-hand side of (3.7), see Remark 1.3. 0

The two-scale homogenized problem contains double number of variables but it
is of the same type as the original periodic problem. From the numerical point
of view, it is obviously better to have the problem separated. Let us remark that
the separation to the global and local part is not always possible or can yield too
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complicated forms. Here, it is possible due to linearity and relative simplicity of the
problem. The main advantage of the two-scale convergence method is the processing
in one step, i.e. by the derivation of the homogenized problem we prove also the
appropriate convergences of the sequence of solutions.

3.4. Correctors
Let us consider the solutions wug, u; from Subsection 3.2. The expression
euy(z,z/e) is called the corrector and the function

ul (x) = ug(z) + euy (:17, g)

is called the solution with the corrector. According to Lemma 3.1 we have

Oug T

uf (@) = wole) = e 5 (2)-

Theorem 3.13. Let ug € C?(Q)). Then the difference of solutions u. — ul

g
converges to zero strongly in W12(Q) as ¢ — 0.

Remark 3.14. The solution with the corrector improves the approximation of
the original solution u,., but it violates the Dirichlet boundary condition, i.e. uEC #up
on I'p. This can be “repaired” by means of the so-called cut off function; for details
and proof of the previous theorem see e.g. [3].

4. WORST SCENARIO METHOD

A deterministic concept of solving the problems with uncertain data was intro-
duced by Hlavadek in [9], [10]. We assume that the main goal of computations is
to find the critical values of a certain functional which depends on both the data
and the solution of the model problem. This functional is a criterion for “bad” or
“good” data and is chosen with respect to the technical requirements; it can rep-
resent e.g. the temperature or the heat flow at some crucial places of the material
etc. Once the functional is set, we can formulate the appropriate maximization or
minimization problem over the set of admissible data. This approach was named
the worst scenario method or the reliable solution method. The terms are natural,
since the method is looking for the “worst” data even if the probability of their oc-
currence is small. If such data are too “dangerous” one can proceed with adjusting
the technological process to obtain a more secure case—we talk about a “reliable”
solution.
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Let us remark that the approach mentioned works as an “anti-optimal” control,
so we can use the techniques used in optimal design theory.
The general principles of the method are described in [10].

4.1. Specification of uncertainties in coefficients

Now, let us specify the uncertainties of the coefficients more precisely. Let the
unit cube Y consist of a finite number of disjoint subsets Y, C Y, k=1,...,m and
their complement Yy in Y. Let us introduce sets %?d by

3

%dd ={a € LF(Y): a=const. on Y, aly, € [ij7k,C7§,k], k=0,...,m},

where C’” r < Cf ) are given constants (lower and upper bounds) such that each
combination of functions a;; € %3¢ satisfies the ellipticity condition (2.3). Natural
assumptions are ij7 = C ;. and C = C7; .- The set of admissible coeflicients is
defined by

d _ {A = (aij)f\szli Qij = Qji, Q55 € %?d .

Overall, Y-periodic coefficients a;; form a symmetric matrix function A € % ad they
are constant on every set Y and these constants are from the given intervals.

Remark 4.1. The ellipticity condition £A¢(T > a¢|? is equivalent to positive
definiteness of the quadratic form £A¢7T i.e.

CAET > al¢P VA e U™ = AT >0 VA e w™.

In the case of symmetric interval matrices, a sufficient condition for positive definite-
ness of the forms £ A¢T was introduced by Rohn, see [18]. For our purposes it can
be formulated in the following way:

Each quadratic form £A¢T, A € 24, is positive definite, if

)‘min(%[cék) + C(“k)]) - Q(%[ka) - Cék)]) >0,

where C’(k) (ij,k)%‘:l, Cliy = (C k)” 1, k= 0,...,m, are matrices of lower
and upper bounds, A\pin(M) (0(M)) is the minimal elgenvalue (the spectral radius,
respectively) of the matrix M.

4.2. Choice of the criterion functionals
Here, a few criteria will be set. The existence of a solution of the corresponding

maximization problems will be proved.
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Homogenized coefficients. The first problem deals with the “badness” of the
homogenized coefficients. A natural question is: do the extremal values of the original
discontinuous coefficients attain also the extremal (maximal or minimal) values of the
homogenized coefficients? Therefore, for this problem the criterion functionals ®;;
are defined by formulas (3.6), i.e.

B %
(4-1) Dy (A7X> = /}/(azj - azka—yk) dy,

where x = (x1,...,Xxn) is the unique solution of the local problem (WL). The
appropriate maximization (minimization) problem reads:

(P1) Find A € % (A € %) such that

(4.2) S(AX(A) VAeu™,

) )X
(A, x(A) VAeu™, respectively).

(A4, x
A, x(4))

(D4 (

VA%

d
d

NN

(

Lemma 4.2. The set %>! is compact in LEY; RNXN] (the space of all sym-

Sym
metric essentially bounded periodic matrix functions).

Proof. The proposition follows from the fact that the set %24 is represented
by a closed bounded subset of a finite dimensional space. Indeed, every %j}d can be
represented by the cartesian product of (m-+1) closed intervals, and thus %2 is the

cartesian product of 1(m + 1)N(N + 1) closed intervals, which is a closed bounded
set in RMTDUN(N+1)/2, O

Lemma 4.3. Let A, € %* and A, — A in %*. Then x;(A,) — x;(A) in
Wg (V).

Proof. First, we prove that functions x;(A) are bounded in W;g (Y) for each
A€ 2. Lemma 1.4, the ellipticity condition (2.3), (WL) and the Cauchy-Schwarz
inequality yield

a .
E”Xj”?/[/;g(y) < a|Xj|?/V#02(y) < aL(Xj?Xj) = b]L(Xj)

< max \\ainL;o(Y)\/N|Xj|W;§(y) < max[|agj || g (v) \/NHXJ'HW;O?(yy

Since max [|a;; || o (v) < max{max |C% |, max|C}, .|} = C,Vaij € %2, we have
i # ik D ik D J

< VAew,

C%/NC
HXJ'HW;g(Y) ST
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Let us denote x} = x;(A,) and x; = x;(A4). According to (WL) for all y1 €
W42 (Y) we have

#0
n OXF ax;\ Ou n A
/ ( Yk Dy, " 5yk)5yz dy = /y(aij - a”)ﬁy d-

In the equality let us put
p=X1 - xa-
Then

oxt  Oxi\/Ox? O9xi / Ox1(0xt  9xa
n ZALYTXL d no_ d
/y ik ( oYk 3yk) ( dyi Oy ) vt y(am ik )5yk ( Ay Oy ) Y
ox™ 0Oxa
- no_q _ d
/y(a” ¢ 1)( dyi Oy )
Lemma 1.4 and the ellipticity condition yield

Qg2 n_ o \Oxaoxt  oxa
S = la, /Y (@ — ) 3 (G - 20 gy

oxy  Oxa
< o ai - dy.
/Y(CH al)((r)yi 5yi> Y

Both integrals converge to zero, since ajj; — a;1 in L (Y') and the derivatives d,, x7,
dy;x1 are bounded in L7 (Y') for each n € N. Thus

X1 — Xl“?/{/#[f(y) —0
holds, which is the desired result for j = 1. Similarly one can proceed with conver-
gence for xa2,...,XN- (]
Theorem 4.4. Problem (P1) has a solution.
Proof. Let {A,} C %* be a maximizing sequence of the functional
D, (A4, x(A)), ie.
(4.3) lim ®;;(An, x(An)) = sup 0;;(A4, x(4)).

n—oo Aedl[ad

Due to Lemma 4.2 there exists an element A and an extracted subsequence A, — A
in 774, Lemma 4.3 yields x;(A,/) — x;(A) in Wg&g (Y). Since both the convergences
are strong, we obviously have

nlgnoo (I)ij (An/, X(An’ )) = (I)U (A (A))
Together with relation (4.3) we have

P4 X(A) = sup @4, x(4)

The existence of the minimizing element can be obtained analogously. (]
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Generalized gradient (heat flow). The second problem deals with auxiliary
functions x;. According to Subsection 3.4, these functions play the essential role in
the so-called solution with the corrector uf. For a sufficiently smooth homogenized
solution g the strong convergence |ju. — u||w1.2(q) — 0 holds. In other words,
the function u¢ approximates not the only values u., but also the derivatives 0, ..
In technical applications the so-called generalized gradient of the solution (it can
represent e.g. heat flow in the coordinate directions) plays an important role. Since
the coefficients a;; are bounded in L;S(Y), also the convergence

o

holds. Thus, for € small enough, the expression afjﬁmjug represents a reasonable

c
. Oue . Oug

K 6$j K 6$j

—0 ase—0
L2(Q)

approximation of the generalized gradient a;0,;u.. We have

i1y =00 (i (e~ on) )

=0 () [t - <G () et~ (D) s @)

Let us neglect the expression exy(x/ 5)83”], uo(x) and let us introduce a vector w

having components

i = 00 [G240) — () G2 ).

We see that the expression contains local functions a;;, 0., xx and global func-
tions Oy, uo. Let us eliminate the influence of the global functions by the constrained
condition |Vug(z)| = 1. It is natural, since then the vector function w plays the
role of the generalized gradient under the assumption of the unit vector of deriva-
tives Oz, uo. In other words, w does not depend on a position in the domain €2, but it
does on the microstructure only. Since we are interested in maximal (critical) values
of the generalized gradient (heat flow), we define the criterion functional ® in the
following way:

1/2

1 N )
(4.4) ‘1>(A7X(A))=m[ / SCERENEY I

where
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and Y is a suitably chosen subset of the basic period Y (usually at the places of
a “sharp change” of the composite components, where the values of the derivatives

are high). Functions w; are linear in the variables 0,,uo of the type Z b( )5 By

the method of Lagrange multipliers one can observe that this linear functlon has the

maximal value /b7 + ...+ b% and the minimal value —y/b%? + ...+ b3, on the set

|€] = 1. Thus,

N N 9
P Ox1 ox1 ox1 ox1
;wz ;{{cu( 6y1) a28y2 a38y3 aN(?yN
[ Oxe dx2 dx2 21>
1= tap(l—=—"") —a3=—= —...— a;N———
+_ a1ay1+a2( 6y2> a38y3 aN(')yN
[ Oxw XN XN Oxn ]2}
o Moy T P oy, “N< am)

Remark 4.5. Obviously, the “smooth” gradient Vuy does not affect the values
of the generalized gradient w so strongly as the rapidly oscillating gradient V5.
Thus, we eliminate its influence to get the microstructure description only (in the
variable y). Since we find the maximal values on the set |Vug| = 1, we get an upper
estimate of w for a.a. x € Q.

The elimination by the constrained condition |Vug| = 1 is carried out for each
component w; separately. It would be more natural to use this constrained condition
for the (squared) length of the gradient |w|?. However, it would lead to a much more
complicated form.

The corresponding maximization problem reads:

(P2) Find A € % such that
(A, x(4) = (A, x(4) VAew™.

Theorem 4.6. Problem (P2) has a solution.

Proof. Let {A,} be a maximizing sequence of a functional , i.e.

(4.5) lim ®(A,,x(An)) = sup P(A4,x(A4)).

n—oo AEdZ/ad

Due to compactness of % 24 there exists A € %2 and a subsequence such that A, —
A in . According to Lemma 4.3 we also have X?l = x;i(Aw) — X; = x;(A)
in W;&OZ (Y). The integrand of the functional ® can be transcribed as a sum of three
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function types: b2, bdy, i, b?(dy, )2, where b corresponds to the coefficients a;; and
Oy, 1 corresponds to the derivatives 0y, x;. Thus, b, — b in L (Y) and 9y, =
By, in L% (Y). The convergence b, — b in L% (Y) holds, since LF(Y) C L% (Y).
Further,

JACE

o O /‘ Opin o '
b — b dy + b ——)d
/Y( ) age U )y ( Yk 5yk> Y

_ Oty
< by — b”Li(Y)H al;k L2v)
- Opn O
0300 | G = el oy — 0
In a similar way we can show that
f G -Gy Jav—o
Altogether,
Tim B4 x(An) = B(A, x(A).
According to (4.5), A is the maximizing element. O

Homogenized solution ug. Now, let us define the functional ® by the relation
1
(16) Bl An(4X(AD) = - [ wolAo(Ax(A) o

where A is the matrix of the homogenized coefficients defined by (3.6) and ug is
the solution of problem (WH). It represents the average value of the homogenized
solution uo on a subdomain Q C Q. Thus, the question is, how the matrix of
coefficients A influences homogenized solution o (temperature) at some (critical)
places of material.

(P3) Find A € %! such that

D (uo(Ao(A, X(A))) > B(uo(Ao(A, X(A))) VA€ %™,
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Lemma 4.7. Let A, — A in %*. Then Ag(An,x(An)) — Ao(A, x(A)) in
RN

Proof. Let us denote x} = x;(An). Since A, — A in %>, Lemma 4.3 yields
XP = X; = x;(A) in W3 (Y). Thus,

6)(" 6)(" 8Xn
On _ (n.fn_ﬂ>d:/n,df/._ﬂd,/ O A |
a a a a a; ajy, — G
i /Y i zkayk Yy v i Yy v kayk ) Y( k k)ayk )
ox;j 0
— Gij — Gip =) dy = a;;.
/y< ’ kayk) Y ’

Overall, Ay — Ag in RYXN. O

Sym

Theorem 4.8. Problem (P3) has a solution.

Proof. Let {A,} be a maximizing sequence of the functional ®, i.e.

lim ®(ug(Ao(An, x(A4n)))) = sup ®(ug(Ao(A, x(A4))))-

n—oo AEdZ/ad

Since % ®! is compact, there exists an element A and a subsequence {A,} such that
An — Ain 24, Thanks to Lemma 4.7 one can verify that ug(Ag(Anu, x(A4n))) —
up(Ao(4, x(A))) in WH2(Q) (in a similar way as in Lemma 4.3). Thanks to continuity
of the functional ®, we have

lim @ (ug (Ao (An', X(An')))) = ®(uo(Ao (4, x(4))))-

n’/—oo

Thus, A is the maximizing element. ]

5. FINITE DIMENSIONAL APPROXIMATION OF THE PROBLEM

This section deals with the approximate solutions of the problems mentioned in
the previous section. The situation is simplified due to the fact that the set % 2? can
be represented by a closed bounded subset of a finite-dimensional subspace—thus,
we do not carry out the approximation of this set.

Let W;g 1»(Y) be a finite-dimensional subspace of W;g (Y). The Galerkin approx-
imation of the problem (WL) from Subsection 3.3 reads:

WL;,) Find a function " € W2, (V) such that
J #0,h

(5.1) ar (X, mn) = b7, (n)s Y i € Wi, (V).
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Theorem 5.1. There exists a unique solution X? of the Galerkin approxima-
tion (WLy,). Moreover, there exists a sequence of subspaces {W;gh(Y)} such that
the sequence of approximate solutions {x?} converges to x; strongly in W;g (Y) as
h — 0+.

Sketch of proof. Taking a suitable base in the space W;’(ih(Y), the equal-
ity (5.1) yields a system of linear algebraic equations. Since the bilinear form ay (x;,
) is an elliptic bounded form on Wg&g (Y) x Wg&g (Y) and b} (1) is a bounded lin-
ear form on W;g (Y), the above mentioned system has a unique solution. The
space W;&OQ (Y) is a Hilbert separable space and thus there exists a sequence of finite-
dimensional subspaces which approximates? this space. By this property we can
easily obtain the strong convergence of X;'l to the exact solution y; in W;g V). O

The approximation of the problem (P1) from Subsection 4.2 reads:
(P1y,) Find A, € 724 (A, € %) such that

P (An, xn(An))
(P(Ay, xn(Ar))

(I)z](AaXh(A)) VA € %ada

=
< B(A, xn(A) YA, respectively),

where the functionals ®;; are defined by the relation (4.1).

Theorem 5.2. Problem (P1;) has a solution.

The above statement can be proved in the same way as Theorem 4.4.

Lemma 5.3. Let {A,}, h — 0+, be a sequence of approximate solutions of
problems (P1y,) such that A;, — A in %24, let X? (x;) be the solution of prob-
lem _(WLh) ((WL), respectively) and let {Wégh(Y)} approximate W;g(Y) Then
XE(AR) = x;(A) in W3 (Y) as h — 0+.

Proof. For a fixed h we have
X" (An) — Xi(Dllwie ey < X (An) — X?(A)HW;(?(Y) + X3 (A) - X5 (Dllwizvy-

Convergence of the first term on the right-hand side can be proved in the same way
as Lemma 4.3, i.e., taking up = x%(An) — x¥(A) as a test function, the definition

2'We say that a sequence of finite-dimensional subspaces {V}, } approximates the space V
if for each element v € V' there exists a sequence {vy, }, vy, € V}, such that ||v, —v|ly — 0
as h — 0+.
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of (WLp) yields

/(a B2 (4~ a2 ) (P - D)) a

o) (=i

Using the ellipticity condition (2.3) and Lemma 1.4, we get

o - 1 }11 1 1
SN ) XA, + [ = a5 (5 ) - T ) ay

. ot - ox1
< h—a L(A,) — A))d
/Y (ah — o) (L () - 22 ()

Since all derivatives are bounded in Li (Y), the integrals obviously converge to zero
as h — 04. Thus,

Xt (An) — xi’(A)H?/V;g(y) — 0.

Theorem 5.1 yields the convergence ||x"(A) — x; (A)HW#OQ(H — 0. O

Theorem 5.4. Let {A,} ({4,}) be a sequence of solutions of problems (P1}),
let A (A) be a solution of problem (P1) and let the sequence of finite-dimensional sub-
spaces {W. #0 2. (Y)} approximate the space W;g (Y). Then there exists an extracted
subsequence {Ap'} ({4, }) such that

P (Ap, xn (Aw)) — @45(A, x(A))  as b — 0+,
(4 (Apry xnr (Ap)) — Pii(A, x(A)) as h — 0+, respectively).

Proof. By definition we have
(5.2) @4 (An, xn(An)) = (A, xn(4)) VYA€,

Since % is compact, there exists an element A € %> and an extracted sub-
sequence {A;/} such that A, — A in %> as b’ — 0. Using Lemma 5.3 and
Theorem 5.1 we can pass to the limit on both sides of the inequality (5.2):

Jim @i (Apes X (A) = @i (A, X (A)) 2 @454, x(A)).

Thus A is a maximizing element. Since A is also a maximizing element, we have
®;;(A, x(A)) = ®;;(A, x(A)), which is the desired result. The minimizing element
can be obtained analogously. O
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Remark 5.5. Generally, A # A, since the uniqueness of A;, (A) of the problem
(P1x) ((P1), respectively) is not guaranteed.

The approximation of problem (P2) reads:
(P2;,) Find Aj, € 2! such that
O(Ap, xn(An)) = ®(A,xn(A)) VAew™,

where xp, is the solution of the problem (WLj) and the functional ® is
defined by the relation (4.4).

Theorem 5.6. Problem (P2;,) has a solution.

Proof of this theorem can be obtained in the same way as in Theorem 4.6.

Theorem 5.7. Let {A,} be a sequence of solutions of problems (P2y), let
A be a solution of problem (P2) and let the sequence of finite-dimensional subspaces
{W;g »(Y)} approximate the space W;g (Y). Then there exists a subsequence { Ap:}

such that
(Aps xw (An)) — @(A, x(A)) as h—0+.

Proof. Inthe proofone can follow the same steps as in the proof of Theorem 5.4.
O

In the case of problem (P3) we have:

(WH,) Find uf € W,"*(Q) such that uf} —up € Vj, C V and

aH(ug,vh) = bH(vh), Yop € V.

Theorem 5.8. Problem (WHj,) has a unique solution. Moreover, there exists
a sequence of finite-dimensional subspaces {V;,} such that the sequence of approxi-
mate solutions {ul}} converges to the solution ug strongly in W2(Q2) as h — 0+.

Proof is standard, based on the Lax-Milgram lemma. The existence of a se-
quence of finite-dimensional subspaces that approximates the space V is ensured by
separability of V. O

The approximation of problem (P3) reads:
(P3,4) Find Ag ), € 24 such that

®(ug (Ao(Asp, Xs(Asn)))) = P(ug(Ao(4,x5(A))) VA€ ™,

where ufl is the approximate solution of problem (WHy,), Y, is the approximate
solution of problem (WL,) and the functional ® is defined by the relation (4.6).
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Theorem 5.9. Problem (P3, ;) has a solution.

Proof. Inthe proofone can follow the same steps as in the proof of Theorem 4.8.
O

Theorem 5.10. Let {A;}, s — 04, h — 0+ be a sequence of solutions of prob-
lems (P3; ), let A be a solution of problem (P3), let a sequence of finite-dimensional
subspaces {W;gS(Y)} approximate the space Wg&g (Y) and let a sequence of finite-
dimensional subspaces {V}} approximate the space V. Then there exists a subse-
quence {Ag '} such that

®(ug (Ao(Agr s Xor (A1) = P(uo(Ao(A, x(A)))) as s — 0+, B =0+,

Sketch of proof. The proof follows the following steps:
i) Due to compactness of %21, there exists an element A and a subsequence
(s',h') — (0+,04) such that Ay — A in 229,
ii) The convergence X (Ag /) — x(A) in W;g(Y) can be verified in a similar way
as in Lemma 5.3.
iii) Steps i) and ii) yield the convergence Ag(Ag s, xs (Asr i) — Ao(A, x(A))

: NXxN
in [Rsym

iv) The convergence ul! (Ao(Ay pr, xs(Ag i) — uo(Ao(A, x(A))) in Wh2(Q)
holds (analogy to Lemma 5.3).
v) Step iv) immediately yields

B(ul (Ao(Ag s X (As 1)) — (uo(Ao(A, x(A)))).

Thus, A is a maximizing element and

®(uo(Ao(A, x(A)))) = @(uo(Ao (4, x(4)))).
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6. NUMERICAL EXPERIMENTS

In this section we show a few 2D examples demonstrating the above considerations.
Let us emphasize that the input parameters are not real, they have an illustrative
character only.

6.1. Methods of computations
All of the algorithms were programmed under MATLAB environment with help
of PDE toolbox and NAG toolbox routine EO4JAF.

Solutions x1, x2. These functions are found by the finite element method (with
linear triangular elements). The algorithm is slightly modified for requirements of
a periodic solution. The periodic boundary condition involves that the values of
functions x1, x2 must be almost everywhere the same on the opposite sides of Y.
This means the triangulation nodes correspond on the opposite sides, i.e. they lie on
the same levels and have the same prescribed values. This correspondence can be
ensured by the same numbering of the two opposite nodes. For a while the position of
the solution is not “fixed” and thus the system of linear equations contains a linearly
dependent row—so, we add the condition of zero mean value of the functions x1, x2
into the stiffness matrix.

Homogenized coefficients and generalized gradient. These values are ob-
tained by numerical integration.

Homogenized solution uy. Homogenized solution vy was computed by the finite
element method (with linear triangular elements). In this case the MATLAB routine
called assempde included in PDE toolbox was used, see [17].

Finding maximum (or minimum) of a functional. Since the matrix of co-
efficients A can be represented by 3(m + 1) values (m is the number of subsets
of period Y, see Subsection 4.1), finding maximum (or minimum) of a functional
reduces to finding the extremes of a 3(m + 1) variable function in a compact set.
These extremes are obtained by use of the NAG EO4JAF iterative process based on
the Quasi-Newton method, which suitably approximates the Hess matrix of the sec-
ond order derivatives from the function values, see [14]. Since the more detailed
description is not available, we omit it here. Let us only remark that the algorithm
does not involve the strict compliance of the conditions which guarantee the existence
of extremes (namely the continuity of the second order derivatives of the objective
function).
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6.2. Examples
For the sake of brevity we will not write the subscript h (or s) for the approximately
computed functions A, A, x, uo.

Homogenized coefficients. Here, we deal with problem (P1) from Subsec-
tion 4.2. For the plane case, criterion functionals are in the form

0 0
D1 = / (all - auﬂ - 1112£> dy,
Y

o 0y
0 0
Dy =Py = / (am - 0L115,—X2 - a12£> dy,
Y Y1 Y2
Oxe Ox2
Doy = A9o — U921 —— — A9 —— | dy.
22 /Y< 22 21 o 22 5‘y2) Y

(a) (b) (c)

Y, Y

Yo Yy Yo

Figure 1. Ordering on the basic period.

Example 1. First, let us consider the simplest situation, when the composite

consists of two isotropic components according to Fig. 1(a), i.e. a11 = age, aj2 =
L
29
we have also aly = a3; = 0. Let us choose the values of coefficients in intervals

az1 = 0. Since the components are symmetric with respect to axes y; = %, Yo =

aly, € [90;110], a11]y; € [190;210]. Thus, we maximize (or minimize) just one
functional <I)11 = @22.

= a 0 110 Y
A= (all ) s where a11 = Q99 = { on o,

0 d22 210 omn Yl,

0 90 Yo,

A= 11 ,  where a;; = a4y = onto
0 a9 190 on Y7,

P11(A, x(A)) = Paa(A4, x(A)) = 128.811, &11(4,x(4)) = P22(4, x(4)) = 107.851.

We can see that the critical values of the matrix A appear on the boundaries of
given intervals. It corresponds to the image of the linear problem—higher values of
particular components imply higher values of the homogenized coefficient.
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Example 2. In the second example, let us consider a two-component composite
with isotropic properties again, but with a different geometric shape according to
Fig. 1(b). The coefficients are from the same intervals as in Example 1. Since
functions aj; = agy are not symmetric on Y, the coefficients a?, = a3, given by the
functional ®15 will be also nonzero. For the functionals ®1; = ®95 we get

- ai 0 _ _ 110 on Yo,
A= _ s where a11 = Q22 =
0 a9 210 on Yl,

0, 90 Yo,
A= 11 ,  where a;; = ay, = on o
0 ag, 190 on Y7,

D11(A, x(A)) = Paz(A4, x(A)) = 130.629, ®11(4, x(4)) = Pa2(4, x(4)) = 109.658.

For the functional ®15 we have

= a 0 90 Y
A= (all ) s where (7,11 = d22 = { on fo,

0 (_122 210 on Yl,

0 110 Y

A= aq1 . where a;; = @y, = on ro,
0 a9 190 on Y,

P12(A, x(A) =0.902, P12(4, x(4)) = 0.429.

For the functionals ®,5, = ®3; we got critical values on the opposite sides of intervals,
but we can see that the influence of the non-diagonal homogenized coefficients is

small.

Example 3. In this experiment the situation is further generalized. Let us
consider that one component is isotropic, while the other is anisotropic described by
non-diagonal coefficients, too. Moreover, the shape of the subdomain Y; strengthens
these “non-diagonal properties”, see Fig. 1 (c). The coeflicients are described by in-
tervals: aiily, = a22ly, € [90;110], a12ly, = a21ly, = 0, a11]y, = a2zly, € [190;210],
a2y, = a21ly, € [165;185]. For the functional ®1; = P99 we get

/—1 C_Lll C_L12 h _ _ 110 on Y(), _ _ 0 on Y(),
= where @11 = dgs = G0 = Go =

Go1 dze )’ T2 7210 onyy, 2T 165 on Y7,

a a 90 omn Yy 0 on Yy

A (G Q2 h _ _ ) _ _ )

- (gm Aoy )’ WHEEE iy = o 190 on y;, 2742 185 on Y7,

D11(A, X(A)) = Pa2(A, x(A)) = 120.288, $11(A, x(A)) = P2a(4, x(A)) = 88.856.



As regards the functional ®15 = ®5; we have

A ail a9 h _ _ 110 on Y(), _ _ 0
= where a1; = Qo2 = Q1s = Q91 =

a1 a92 ’ t = 190 on Yl, 12 2 185

a a 90 on Y(), 0

on

on

on

on

Y07
Yl )
Y07
Yl )

While two values in the critical matrix A (and A) are on the lower (and upper) ends

of appropriate intervals, one value appears on the opposite end.

Example 4. Let us consider the same situation as in the previous example

according to Fig. 1 (c), but moreover, let us assume that the material of the part Yy

is also anisotropic. Coefficients are prescribed in the following way: a11|y, = a22ly, €
[90,110], a12|y0 = a21|y0 c [65,85], 0,11|y1 = a22|y1 c [190,210], a12|y1 = a21|y1 S

[165; 185]. For the functionals ®1; = $oy we get

- ai; Q12
A= | _ _ ,
az1 a2

b ___ 110 onYy, _ _ 79.950 on
WHETE G1L =422 29 910 on vy, 27 "7 165 on

A= (Qn Q12)7
Aoy Qoo
90 on Yy, 85 on Yy,
Qg = Qg1 =

h =y =
where a;; = ayy {190 on Y, 165 on Yi,

Y07
Y17

®11(A, x(A)) = Paa(A, x(A)) = 128.830, P11(A, x(4)) = P22(A4, x(4)) = 107.040

and for the functional ®15 = ®o;

- a1 Q12
i ().
az1 a2

B B { 90 on Y, B B { 85 on Yy,
where a1; = Q9o = a2 = Qg1 =

210 on V;,’ 185 on 11,
A= (Qu Q12) 7
Qg1 Qoo
90 on Yo, 65 on
where 611 =022 = 1 909889 on vi, 27917 {165 on

®12(A, x(A)) = 102.691, ®12(A, x(A)) = 82.078.

Yo,
Y17
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In this case, where the description of the material properties is more complicated,
we get the values a15 also inside the admissible intervals.

Generalized gradient. For the plane case, the functional ® from problem (P2)
(see Subsection 4.2) is in the form

_ 1 Ix1 i) X2 dxa\1"
v Y| (/{/{[au(l 33/1) e ayJ " oy, +a12(1 592>

P FWRE P P 2 1/2
+ [Gzl(l—i) —a22£} + [—amﬁ-i-azz(l—ﬁ)] }dy) :
Y s oy Y2
Example 5. Let us consider the situation according to Fig. 2 (a) with the same
range of coefficients as in Example 1. The maximizing matrix of the coefficients is

a a1 0 h _ _ 110 on Yy,
= ,  where a1 =ags =
0  an 177271210 on 1A,

O (A, x(A)) = 4691.420.

Similarly to Example 1, the maximizing values are on the upper boundaries of in-
tervals determining the set % 2d. This result was not expected. In the case of
a functional which represents the size of the derivatives of functions in a certain
sense (e.g. the size of the gradients of these functions), we would get the values on
the opposite sides. Intuitively, a “higher jump” in values should cause “higher” val-
ues of derivatives. However, numerical experiments do not confirm this property and

thus, it is not suitable to think of functions 1, x2 separately.

(2) (b) () .

~h

Exl

Yi Yi
}7///_'
Yo Yo Yo

Figure 2. Choice of the subdomain Y.

Example 6. In this example let us take the arrangement in the composite
according to Fig. 2 (b) and the range of values as in Example 2. The critical values

are

— a1 0 _ B 110 on Yy,
A= _ y where a11 = Q22 =
0 a9 210 omn Yl,

®(A, x(A)) = 4760.215.
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The subdomain Y is situated into the left bottom corner of the set ¥; because the
gradient has its peak in that corner. Since the other corners are closer to each other,
the corresponding peaks are not so high. Therefore, the values of the generalized
gradient are more uniformly distributed there.

Example 7. This example models the situation according to Fig. 2 (c) and the
tolerance of the coefficients is the same as in Example 3. The maximizing matrix is

a ailr  Gai12 I _ B 110 on Yy, _ B 0 on Yp,
= , where d1; = dge = a2 = dg1 =
a21 Q92 1 22 190 on Yi, 12 2 185 on Yi,

B(A, x(A)) = 5668.581.

Similarly to Example 3, we get one value in the matrix A on the side opposite to the
other values.

Homogenized solution ug. The following two examples correspond to Fig. 3.
The shape of the domain {2 is a rectangle with sides whose ratio is 2 : 1. Three heat
sources are placed in the body corresponding to the subdomains €27, 5 and Q3.
They have the prescribed value f; = fo = f3 = 3000.

Qo

Q3

_/

O
Q

Figure 3. “Macroscopic problem.”

Approximately in the center of the domain € the test subdomain  is placed. The
Neumann condition d,ug = 0 is prescribed on parts of boundary QN 9N, IN2NINs
and 99 N 0Q3 (the sources are isolated). On the rest of the boundary, the Dirichlet
condition ug = 0 is given. This model problem was inspired by the example shown
in [6]. Let us recall that the functional ® is in the form

B(uo(Ao(A, x(A)))) = ﬁ /Q uo(Ao(4, x(A))) dz.

Example 8 The microstructure and the range of coeflicients is given in the
same way as in Example 1 (see Fig. 1(a)). Then, the matrix A maximizing the
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functional ® has values

_ a;; O B B 90 on Yy,
A= _ s where a11 = Q22 =
0 a9 190 on Yl,

D(ug(Ao(4, x(4)))) = 4.605.

Example 9. In this example, the ranges of coefficients are set in the same way
as in Example 3 (components are arranged according to Fig. 1(c)). The maximizing
matrix A is

i air a2 here a _ 90 on Yy, _ _ 0 on Y,
= where a1 = Gz = Q1o = Q9] =
a21 @922 ’ H 2 190 on Yi, 12 2 185 on Yi,

®(ug(Ao(4, x(4)))) = 6.361.

We can see that the results of two previous examples are “inverse” to the results
of Examples 1 and 3—for instance, Example 8 deals with a composite formed by
isotropic materials and the result can be interpreted— “higher values of the homog-
enized coeflicient imply lower values of average temperature on the test domain .

7. CONCLUSION

We have dealt with homogenization of linear elliptic problems with periodically
oscillating coefficients that models the behaviour of periodically organized composite
materials. The material constants of the components determining the coefficients are
not prescribed exactly, but in certain bounds only. These uncertainties were treated
by the worst scenario method. The method requires to set a criterion determining
“bad” and “good” coefficients in a given set. This criterion is described by a func-
tional. The choice of the functionals was discussed in Section 4. The method was
demonstrated on several examples.

The paper proves that the method can be applied in the homogenization theory.
By a suitable choice of the criterion functional we can solve a wide range of prob-
lems. Here we focused on deducing the tolerance of the effective parameters in the
composite material from the knowledge of tolerances of the particular components,
further on the behaviour of the generalized gradient at the crucial places of “sharp”
changes of materials and on the average value of the homogenized solution in a test
subdomain. The experiments suggest that in the case of isotropic materials, the
functionals have a monotone behaviour. However, this characteristic gets lost in the
case of anisotropic materials. Let us emphasize that the resulting value of function-
als is influenced by many parameters—a number of components in the composite,
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their shape, arrangement and the relative ratio on the unit period Y, the coefficients

describing the properties of these components and their range. It is probable that

a suitable combination of the factors mentioned yields more critical values inside the

intervals determining the original set of coeflicients a;;.

From both the mathematical and the technical point of view an extension to the

following steps is interesting:

(i) A sensitive analysis with respect to input parameters with help of the gradient

of the criterion functional.

(ii) Use of functionals that combine more than one aspect, for example, a functional

that represents the balance between temperature and heat flow. It deals with
the so-called multiobjective optimization methods. The construction of the
appropriate functionals is described e.g. in [12]. A certain compromise between
the particular criteria is the result.

(iii) The extension to homogenization of the system of linear equations

*ﬂ(aijkl%> =fi inQ

O0x; x
u; =up on I'p,

3uk

i
aijkla—iryj =wy Oon FN,
l

where ¢+ = 1,2,3. These problems are meaningful mainly in linear elasticity
theory (see [8]).

(iv) Nonlinear problems—the above mentioned methods can be applied to various

1]
2]

nonlinear problems, but the form of the homogenized problem is usually not
favourable from numerical point of view. This is due to impossibility of a sep-
aration to a local and global part in the two-scale homogenized system.
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