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Abstract. Contact problems with given friction and the coefficient of friction depending
on their solutions are studied. We prove the existence of at least one solution; uniqueness
is obtained under additional assumptions on the coefficient of friction. The method of
successive approximations combined with the dual formulation of each iterative step is used
for numerical realization. Numerical results of model examples are shown.
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0. INTRODUCTION

Contact problems with friction have received great importance during last years.
The mechanical setting of these problems is simple: one looks for an equilibrium
state of deformable bodies being in mutual contact which are subject to body forces
and surface tractions. In addition, effects of friction on the contacting parts are
taken into account. A contact problem with given friction in which the slip bound
is given a-priori represents the simplest model involving friction (see [8], [5]). Due
to its simplicity it is not surprising that it does not reflect the physical situation
very well. Therefore more realistic models of friction have to be used. Among them
the model of friction obeying the Coulomb law is the most classical one. In spite
of its simple formulation the mathematical treatment remained an open problem

* This research was supported under the grant No. 101/01/0538 of the Grant Agency of
the Czech Republic, by the projects CEZ:J17/98:272401 and MSM 113200007 of the
Ministry of Education od the Czech Republic.
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for a long time. The first existence result for the static case of Signorini problems
based on the fixed point approach appeared in [9]. It was shown that there exists
at least one solution provided that the coefficient of friction is sufficiently small.
Another approach was used in [3], namely a simultaneous penalization of unilateral
constraints combined with a regularization of the frictional term. The former (fixed
point) approach is nowadays considered and widely accepted as an efficient and
reliable tool for numerical realization of contact problems with Coulomb friction. In
most papers the coefficient of friction F is supposed to be a function of the space
variable but not depending on the solution itself. Nevertheless, from experiments we
know that F may depend on the tangential component of displacements (or on the
tangential velocity in the case of quasistatic problems). The paper [3] covers also the
case when F depends on the solution. The technique of a simultaneous penalization
and regularization used there for theoretical analysis and in [6] for discretization does
seem to be not convenient for computations. It is the aim of this paper to extend
the fixed point approach to contact problems with a solution-dependent coefficient
of friction. For the sake of simplicity of our presentation we confine ourselves to
a simpler case when a given slip bound is multiplied by a coefficient of friction
depending on the tangential component of the displacement field. Coulomb friction
will be treated in the next paper.

The paper is organized as follows: in Section 1 solutions to the problem are de-
fined as fixed points of a mapping acting on the trace space. In Section 2 we prove
the existence of at least one fixed point of this mapping. The solution is unique
provided that the coefficient of friction is Lipschitz with sufficiently small modulus.
The method of successive approximations is proposed for finding fixed points. Each
iterative step is defined by a contact problem with given friction in which the coeffi-
cient of friction is updated. We briefly mention the dual formulation of this auxiliary
problem in terms of contact stresses which will be used for its numerical realization.
Finally, in Section 3 two iterative strategies are described and numerical results of
several model examples are presented.

1. SETTING OF THE PROBLEM

Let 2 be a bounded domain representing an elastic body which is supported by a
rigid foundation S along a part I'; of the boundary 992. For the sake of simplicity of
our presentation we will suppose that S = R?2 = {(x1,2) | 2 < 0} is the halfplane
and I is a straight line placed on the x1-axis (see Fig. 1.1).

The body is subject to body forces of density F' € (L?(2))? and surface tractions
of density P € (L*(T},))? that act on a part I}, C 9.
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Figure 1.1.

The following unilateral and friction conditions are prescribed on the contact part:

(1.1) uz 20, To(u) 20, wusTz(u)=0 on I,
ITi(w)] < Fjul)g on T,

) L)@ < Fln@)o@) > m@) =0zl
ITy(@)(@)] = F(Jur () )g(x) > 0= IA@) > 0:

ui(z) = =Az)Th(u(z)) z el

where F is a continuous, positive, bounded function in [R}F which defines the coeffi-
cient of friction depending on the magnitude of the tangential component u; of the
displacement vector u, g € L?(I.), g = 0 is a given slip bound, T} (u), Tx(u) are
the tangential and normal components, respectively, of the stress vector T'(u) corre-
sponding to u. Finally, the body is fixed on I, C 01, i.e. u =0 on T,.

Remark 1.1. In (1.1) and (1.2) the special geometry of I is reflected.

Our aim is to find an equilibrium state of €2 which is characterized by a displace-

ment vector u satisfying the system of equilibrium equations

(1.3)

! The summation convention is adopted.
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the classical boundary conditions

(1.4) ;=0 onl,, i=1,2;
(1.5) Ti(u)=P onT,, i=12

and the unilateral and friction conditions (1.1), (1.2). The symbol 7 = (7;;)7 ,_,

stands for the symmetric stress tensor which is related to the linearized strain tensor

€ = (€ij); j=1 by means of a linear Hooke’s law:

(1.6) Tij 1= Tij (u) = cijklakl(u),

where e (u) = %(auk/axl + Ouy/0zk) and ¢y, € L°(Q), 4,7, k,1 = 1,2, are linear
elasticity coefficients which satisfy the usual symmetry and ellipticity conditions.

To give a weak formulation of our problem we introduce some notation. Let

V={veH(Q)|v=0 on T},},
V=V xV

and let K CV be a closed convex subset of kinematically admissible displacements:
K={v=(v1,v2) €V|v2 >0 ae. on [}
Further, let H'/?(T..) denote the space of all traces on I of functions from V:

¢ e HY*(T,) iff 3veV: v=¢ on I,
and let H}r/ *(T,) be the cone of all non-negative elements of H'/2(T,). It is known
that H'/2(T,) is a Banach space if equipped with the norm

(L.7) leljer, = inf |olig.

v=¢ on I'¢

To simplify our presentation let the slip bound g = 1 on I'.. For every ¢ € H i/ 2(1"6)
we shall define the following auxiliary problem:

Find v :=u(p) € K such that

(P(¥)) a(u,v — u) +/F F(o)(|vi] = Jua|)dzy > L(v —u) VveK,

a(u,v) = | cijucij(u)en(v)de,
2

L(v) = /Fividx+/ P;v; ds.
L

Q »
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It is well-known (see [5], [8]) that (P(p)) has a unique solution for every ¢ €
Hi/2 (T.). This makes it possible to define a mapping ¥: Hi/2(1"c) — Hi/2(1"c) as
follows:

(1.8) U: o trace lui ()]

where u(p) = (u1(p),u2(p)) € K solves (P(y)).

Definition 1.1. By a weak solution to the Signorini problem with the solution-
dependent coefficient of friction F we mean any function u € K solving (P(y)) where
pE Hi/z(Fc) is a fixed point of V.

2. EXISTENCE RESULT

Before we prove the existence of at least one fixed point, we shall examine basic
properties of W.

Lemma 2.1. The mapping ¥ maps Hi/z(Fc) into Hiﬂ(f‘c)ﬂBl/z, where By /5 =

{p € H*(T.) | llelhjar, < |El«/a}, | L]« is the dual norm of L and o > 0 is the
constant of Korn’s inequality.

Proof. Inserting v =0 into (P(p)) we obtain
(2.1) allull} < alu,u) +/F F(@)ua] dey < L(u) < [[L]l[[ull.
From this and the fact that

(2.2) llully = luillij2,n, = 1l uil l1/2.n

the assertion of the lemma follows (observe that (2.2) is an easy consequence of (1.7)).
g

Lemma 2.2. The mapping V¥ is weakly continuous:
on =@ in HY2LL), ¢n,0 € HY (T = U(p,) = U(p) in HY/(L,).
Proof. Let u, :=u(p,) € K be a solution to (P(p,)), i.e.
(2.3) a(Up, v — Up) —i—/F F(pn)(v1| — |tni])dzr = Llv —u,) Vv e K .
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From (2.1) it follows that {u,} is bounded:
Je >0 such that |Junls <c¢ VneN
Thus there exist a subsequence {u,/} C {u,} and an element v € K such that
(2.4) Up —u, n' — oo in (H'(Q))?.
Letting n’ — oo in (2.3) and using the relations

lim sup a(up/, v — up) < a(u,v — u),
n’/—o0

lim L(v—uy) = L(v—u),

n’—oo

Jim [ Fou)onl ~ alyder = [ F)(onl
we see that u solves (P(p)) (the last limit passage follows from the assumption on F,
the Lebesgue dominated convergence theorem and the fact that tracer, |u,1| —
tracer, |u1| in L?(T,) as n’ — o).

Since (P(¢)) has a unique solution, the whole sequence {u,} tends weakly to u in
(H(Q))2. Tt is very easy to verify that

Upy — up in HY(Q) = |uni| — |ug] in HY(Q)
and consequently
trlz}ce|un1| — trace lu| in HY3(T.), n — .

O

Since ¥ is weakly continuous and maps Hi/ 2 (Ie) N By, into itself, the existence
of at least one fixed point follows from the weak version of the Schauder fixed point
theorem (see [5]). In what follows we give an alternative existence proof which is
based on the existence of fixed points of the discretized problems. To this end we
shall suppose that 2 is a polygonal domain.

Let {75}, h — 0+ be a family of regular triangulations of ) such that {Thr,} is
a strongly reqular system of partitions of I'.. With any 7} the following sets will be
associated:

K = {vn = (vn1,vn2) € (C(Q))? | vpjr € (P(T))?,
vp =0 on Iy, vpe >0 on I},

Ap = {on € C(I) | ¢n is piecewise linear on 7p,r,,
¢on >0 on I. and pp(x) =0 if z € T.NT, #0}.
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That is, K}, is the convex set of all continuous, piecewise linear functions satisfying
the unilateral constraints on I'. and Ay, contains all continuous, piecewise linear and
non-negative functions over the partition of I'. generated by 7, vanishing at the
common points of T, and T,.

For every 5, € Ay we define the following discrete problem:

Find wup := up(pn) € Kp, such that
(P(on)n a(un, vy — up) +/ F(on)(|vn1| — |up1|) dz1 = L(vn — up)
Ie
Yo, € Kp.

Let ¥y,: Ap — Ay be a mapping defined by
Un(on) = ra(| traceun ),

where 7y, is the piecewise linear Lagrange interpolation operator over 7y, r, and uy, =
(un1,un2) € Kp, is the solution of (P(¢n))n-

Lemma 2.3. The mapping V¥, is continuous and maps A, N By into A, N By,
where Br = {¢on € Ap | [|¢nll1/2,r, < R} and R > 0 does not depend on h.

Proof. Arguing exactly as in Lemma 2.1 one can show that

L1«

(2.5) [ il ll1/2r < luntllijzr < P

Further,

[rnlunt] = |unil 12,0, + Il [wn, | l1/2.n.

Irnlun|ll1/2,r, <
< ch'?|lupy
<

1,1, + lunilliyern,

C||uh1H1/2,Fc + ||Uh1H1/2,ch
where ¢ > 0 does not depend on h, which follows by the well-known approximation
properties of 7, and the inverse inequality between H'(T.) and H'/2(T,). From this

and (2.5) we see that ¥;, maps A, N Br into Ay, N Br with R := (¢ + 1)||L||+/c.
Continuity of ¥;, can be easily verified. O

From the Brouwer fixed point theorem the existence of a fixed point of ¥y in
Ay N By follows. Let {¢}}, h — 0+ be a sequence of fixed points of ¥, i.e. ¢} =
rr(|uyy]) == (| tracer, uj,|), where uj = (u},,u},) € K solves

(2.6) a(up,vn —uj) +/ F(rufupi (o] = lupil) dey = L(op —up)  Vop € Kn.
L.
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Let © € K be given. Then one can find a sequence {0}, 05 € K}, such that
(2.7) o, — 0 in (HY(Q))?.

Since {u}} is bounded in (H'(£2))? one can pass to a subsequence {u},} and find an
element u* € K such that

(2.8) uf, —u* in (HY())?.
From this and (2.7) we obtain
limsup a(u},, Op — u},) < a(u*, T — u*),

(29) h’/—0+

li Op — uf,) = L(0 — u*).
Jim L(ow — uj,) = L7 - )

It is easy to verify that
(2.10) rholupig | — lu|  a.e. on Ty
for an appropriate subsequence {u},} C {u},}. Indeed

[rne|w | = [uil o < llrawlupnl — [upa o + [ Tuk | = [ui] llo,r.
h' —0+
< (W) lluj 2, + g = luil o, "= 0.

Using (2.7)—(2.9) we obtain

lim - F(rpe [uho (10| = [ujn |) da :/r F(luil)(jo1] = [uil) dzy.

h'—0+ Jp,

From this and (2.9) we see that u* € K satisfies
a(u”, v —u”) +/ F(luiD(v1] = [ui]) dzy > L(0 = u”).
I

Since © € K was arbitrarily chosen this means that u* solves the respective varia-
tional inequality and in addition ¢* := tracer, |u}]| is a fixed point of .
We have proved the following theorem.

Theorem 2.1. Let {¢}}, h — 0+ be a sequence of fixed points of ¥}, in A, N\ Bp.
Then there exists a subsequence {¢},} C {p}} such that

©r, — ¢* in HY*([,), h —0+.
In addition, ¢* € H}/*(T.) N By, is a fixed point of .

We now prove that W is Lipschitz continuous in the L?(I.)-norm provided that
F is so. Indeed, we have
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Theorem 2.2. Let W: H\/*(T.) — H}/*(T.) be defined by (1.8) and ¢ > 0 be
such that

(2.11) \F(z1) — F(Z1)| < glz1 — 71| V1,71 € RY.
Then there exists a positive constant c such that
(2.12) ¥ (p) — ¥(@)llo,r. < cqlle — @llo,r.

holds for any ¢, € Hi/2(FC).

Proof. Let ¢ @€ Hi/Q(Fc) be given and let u, @ be the solutions of (P(y)),
(P(p)), respectively, i.e.

a(u,v—u)+/ F(p)(|v1] = Jur])dzy =2 L(v —u) Vv e K,
Ie

a(a,u—a)+/F F(@) (1| - |7 ]) dey > Lw—17) Vo e K.

Inserting v := @ and u respectively into the first and the second inequality and then

summing them we obtain

a(u - @ u—17) < / (F(g) — F@) (@] - u]) day.

FC

Hence
allu—a|f < a(u—a,u—1a) <qllg - llor. a1 — ullor.
< gl = @llorllu— a0,
so that
_ _ _ g,
Husl =@l llor. < llus = @llor. < erllu—alie < =l = 2llor.,
where c; is a positive constant. Setting ¢ := ¢? /a we arrive at (2.12). O
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Corollary 2.1. Ifecq < 1, the mapping V: H_1~_/2(I‘c) — Hiﬂ(l"c) is contractive
in the L?(T,)-norm. Consequently, ¥ has a unique fixed point and the method of

successive approximations is convergent.

Next we present the dual formulation of the Signorini problem with a coefficient
of friction depending on the solution. For more detail we refer to [7]. To this end we
introduce some notation.

Let H-/2(T,) := (HY?(T,))’ be the dual space of H'/2(I,) and A, := H_:l/Q(FC)

the cone of positive functionals, i.e.
po € Ny iff (ug, ) 20 Vo e HY*(TL),

where (,) stands for the respective duality pairing. With any ¢ € Hi/ 2(I‘C) we
associate the convex set

A (@) = {p € LAT.) | |m] < F(p) a.e. on T.}.

The dual formulation of the auxiliary problem (P(y)) reads as follows:

(D(p)) {Find A= (A1(9), A2(9)) € Au(p) x Az such that

b —=A) = f(u—2A) Yu=(u,p2) € Ai(p) x As.

The bilinear form b: (H~'/2(T,))? x (H-'/?(T.))?> — R! and the linear form f:
(H-Y/2(T.))? — R! are given respectively by

(2.13) b, v) = (1, G1(v1,v2)) + (u2, G2(v1,12)),
(2.14) f(w) = —(u1, G1(L)) — (p2, G2(L)),

where 1 = (p1, p2), v = (v1,12) € (H-Y2(T.))2. Here G = (G1,G2) € L(V',V) is
the Green operator corresponding to the bilinear form a and the functions

Zz=

(L) = (G1(L),Ga(L)),
(v1,v2) = (G1(v1,12), G2(v1,12))

IS 3
I

are solutions to the linear elasticity problems

(2.15) 2eV: a(2,v)=L(v) Yvev,
(2.16) zeV: a(Z,v) = (v1,v1) + (v2,v2) Vu=(v1,v2) € V.

The relation between (P(¢)) and (D(p)) follows from the next theorem.
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Theorem 2.3. For any ¢ € H_1~_/2(I‘c) there exists a unique solution \ :=
(M (©), A2(p)) of (D(v)). In addition,

A =Ti(u(p)), A2 =Ta(u(p)),

where u(p) € K is the solution to (P(p)).

For the proof we refer to [7].
Denote A(p) := A1(p) X Aa. Then (D(p)) is equivalent to the following minimal-

ization problem:

Find \ =\ A such tha
T { (¢) € Alfp) such that

S(A) < 8(u) Ve Ap),
where S is the dual functional defined by
1
S(p) = 5blu, ) = flu).

In order to release the constraint u = (u1,u2) € A(p) we use again the duality
approach. It is readily seen that

. 1.2
min S(u) = min sup L(p, vy, 07, v2),
HEA(p) n1€L2(Te) viv?er? (re)
np€H1/2(re) iy
vaer}/?(re)

where £: L*(T.) x H™Y/2(T.) x (L2 (T,))? x Hl/Q( I.) — R! is the Lagrangian defined
by

L) — Fl) — / (F(p) — )l da

E(M,U%,U%,’Uz) = 2

FC

- / (F(g) + )02 Ay — (o, va), o= (i, o).

Let (A, w},w}, ws) be a saddle-point of £ on L*(I,) x H1/2(T,) x (L2 (I.))? x
HY?(TL), fe.

‘C:()‘* U17U1’U2) < ‘C( wlvw%7w2) < AC(/L,’LU%,’UJ%,’LUQ)
Ve L3(T.) x HY2(T,), ¥ (v}, 03,v0) € (L2 (T))2 x HY*(TL).
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It is known that this problem is equivalent to
Find (A%, w}, w? wy) € L2(T,) x H~Y2(T.) x (L2 (T.))2 x H}/*(T.):
b(A*, p) = f(n) +/ (w} — wi)pn day + (p2, we)
Fc
Ve L3(T.) x H-'/2(T,),

(M)
[ @ -t —uhdn + [ F)+ 3008 - wdd >0
; - ¥ (v, v?) € (L2 (L.))?

(5,02 —wa) =0 Vo, € HY?(T).

We now give the interpretation of the saddle-point. First of all A* = A(¢), where
M) € A(p) solves D(¢))’. From (M(p))1, (2.13) and (2.14) we see that

(G1(N* + L), p1) + (G2 (N + L), p2) = /F (w} — wy)p1 day + (p2, we)

for all u € L?(T.) x H~/%(T.) so that

w? —wl =GN+ L)=u I,
(2.17) { 1 1 1( ) 1(¢) on

Wo = GQ(/\* + L) = ’LLQ(QD) on I,

where u(y) := (u1(p),uz(p)) € K is the solution to (P(y)). Further, from (M(p))2
and (2.17) we see that

(F() = Mwi = (F(p) + AJwi =0 ae. on I,
wi =uy (@), wi=uj(p) on T..

Conversely, it is easy to show that the element (A(¢),u; (¢), u] (¢), u2(¢)), where

Ae), ulp) = (u1(p),ua2(p)), solves (D(y)), (P(p)) or, in other words, it is a
saddle-point of £ on L2(T,) x H~Y/2(T,) x (L2 (I.))? x H}/*(T.). Denote by w :=
max{w}, wi} € Hi/Q (T:). We now present an alternative to Definition 1.1.

Definition 2.1. By a weak solution to the Signorini problem with a coefficient
of friction depending on the solution we mean an element (\*,w],w?,wy) which is
the solution of (M (w)), where w = max{wi, w?}.

The relation between these two definitions is readily seen:
A= (Tl(u)v TQ(U))v (wiv ’LU%, wQ) = (ufv UILv u2) on FC?

where u € K is the solution to the Signorini problem in the sense of Definition 1.1.
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3. NUMERICAL REALIZATION

In this section we shortly describe algorithms for numerical realization of the
Signorini problem with the coefficient of friction depending on the solution. These
algorithms will be based on the method of successive approximations combined with
the dual formulation (D(¢)). Two variants which depend on the realization of (D(y))
will be shown.

Variant 1

P € HY*(T,) given;
for k) € Hi/Q(FC) known compute A(*), p(*+1) by
(1) A® € Alp®): SA®) < S(p) Ve Alp®),
i.e. A(¥) solves (D(p™®)));
(i) o*+) = 0¥ = max{w!® w21 is a part
of the solution to (M (¢®)));

Repeat until stopping criterion.

From its definition we see that (D(p®))) is a quadratic programming problem
with simple (box) constraints which can be efficiently solved by conjugate gradient
methods. To obtain the update ¢*+1) one does not need to solve the saddle-point
problem (M (p(®)). Indeed, p*+1) is defined by the Lagrange multipliers releasing
the constraint 1 € A1(p*®)). These multipliers are at our disposal as soon as A% is
known. Let us mention that Variant I is convergent provided that the conditions of
Corollary 2.1 are satisfied. The next variant consists in a separate minimization of
the dual functional S on the Cartesian product Aq(¢) x A followed immediately by
the update of ©¥). It reads as follows:

Variant 11

0 ¢ Hi/2(FC), MO e Ay (p©) given;

for *) € H}Fﬂ(l"c), /\gk) € A1 (™) known compute:
(1) A e Ayr SO AN < SAW | 1) Vs € A,
(i) A € Aa(e®): SO M) <8, 087) Vim € Aa(p),

(iii) o+ () g2y 109520

multipliers from step (ii) releasing the constraint u; € Aq(p®*)).

=wk = max{uﬁ where W are the Lagrange

Repeat until stopping criterion.

Let us observe that Variant II is formally the same as the splitting type algorithm
for numerical realization of contact problems with Coulomb friction (see [4], [1]).

We now present numerical results of several model examples. The elastic body 2
is represented by the rectangle 2 = (0,5) x (0,1). The material is characterized by
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Figure 3.1.

the Young modulus F = 21.19¢10 [Pa] and Poisson’s ratio o = 0.277. The partition
of 92 into Iy, I, and I is seen from Fig. 3.1.
OnTl, = 1"191 U F}? the body is subject to the surface tractions P = (Py, P»):

P =0, P,=(1-AP;+AP; on T,
Plzpl, P2:0 0111—}37

where X € [0,1], P} = —4.0e6 [N-m™?], P? = 1.0e6 [N-m~!], P; = 4.0e6 [N-m~1].
The coefficient of friction F is given by

F(t) =0.2+0.3/(param) xt + 3), t >0,

where three different values of param are considered: param = 5.0e4, 1.0e5, 1.5e5
(see Fig. 3.2). The slip bound was chosen to be g = 15.0e6 [N-m~!]. The uniform grid
consists of 40 x 8 points; each square was divided into two triangles by its diagonal
(left bottom, right top).

Both the variants presented above use the same stopping criterion, namely

o —w® o
lw®]]

where w*) stands for the kth iteration of the modulus of the tangential component
of the displacements on I, and ||z|| is the Euclidean norm.

The quadratic programming problems with simple constraints were solved by the
conjugate gradient method with proportioning analyzed in [2].

The number of fixed point and conjugate gradient iterations is shown in Tab. 3.1
and 3.2.
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0.3

—— param=5e4
i — — param=1e5
0.29[y param=1.5e5 H
|
0281, g
\
027" E
\
\
026} ' E
g \
= \
& 02s) \\ g
\
024 \\ |
0.23| N . g
022 N < g
0.21 \\\\\\“\\Ag“\ ]
02 Il Il Il Il
0 1 2 3 4
t x10™
Figure 3.2.
param | fixed point iterations | CG iterations
5.0e4 8 890
10.0e4 9 896
15.0e4 9 920
Table 3.1. Variant I.
param | fixed point iterations | CG iterations
5.0e4 20 480
10.0e4 18 456
15.0e4 18 411

Table 3.2. Variant II.

The convergence history of the method of successive iterations for both variants
is depicted in Figs. 3.3 and 3.4.

The behavior of the normal contact stress and the normal contact displacement is
shown in Figs. 3.5 and 3.6, respectively. The same for the tangential components is
shown in Figs. 3.7 and 3.8.

The graphs corresponding to param = const. illustrate the distribution of the
respective physical quantities for the coefficient of friction F = 0.3 which does not
depend on the solution.
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Figure 3.3. Variant I.
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Figure 3.4. Variant II.
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Figure 3.5. Normal contact stress.
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Figure 3.6. Normal contact displacement.
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Figure 3.7. Tangential contact stress.
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Figure 3.8. Tangential contact displacement.
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