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Abstract. We consider nonlinearly coupled string-beam equations modelling time-periodic
oscillations in suspension bridges. We prove the existence of a unique solution under suitable
assumptions on certain parameters of the bridge.
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1. INTRODUCTION

In our previous paper [BDL] we studied time-periodic oscillations in suspension
bridges and we proved the existence of a unique solution ‘near equilibrium.” The
bridge was considered as a vibrating beam, supported from above by cables behaving
as nonlinear springs. The underlying mathematical model was the one-dimensional
beam equation with time-periodic boundary conditions describing the periodic mo-
tion of the roadbed subject to periodic perturbations (refered to as a one-dimensional
model).

In the present paper we try to explain the same phenomenon, but using now a more
accurate model. Indeed, we no more consider the mechanical construction holding
the cable stays as an immovable object, but we treat it as a vibrating string, coupled
with the beam of the roadbed by nonlinear cable stays (see Figure 1) (refered to as

! Authors supported by the Grant Agency of the Czech Republic, grant # 201,/97/0395,
and by Grant of Ministry of Education of the Czech Republic, grant # VS 97156.
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a two-dimensional model).
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Figure 1. The model of suspension bridge.

This more accurate model of a suspension bridge can be described mathematically
by the following boundary value problem for a system of ‘string-beam’ equations:

mavy — Ty + bivy — k(u — v)T = Wi(x) + fi(z,t),
Moty + Eluggre + bauy + k(u — v)T = Wa(z) + falx, t),
u(0,t) = u(L,t) = ugz(0,1) = uze (L, 1) =0,

v(0,t) = v(L,t) =0,

u(z,t+7) =u(z,t), oz, t+71)=0(x,t),
ze]0,L[,te R

(SB)

Here v(z,t) measures the displacement of the vibrating string representing the
main cable and u(z, t) means the displacement of the bending beam standing for the
roadbed of the bridge. Both functions are considered to be 7-periodic with respect
to the time variable . The nonlinear stays connecting the beam and the string pull
the main cable down, hence we have the minus sign in front of x(u—v)™ in the string
equation, and hold the roadbed up leading to the plus sign in front of the same term
in the beam equation. The meaning of the constants and functions used in (SB) is
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as follows:

my, Mo masses per unit length of the main cable and the roadbed,
respectively,

b1, by damping coefficients,

K stiffness of the cable stays,

T tension of the main cable,

Wi(z), Wa(x) weight per unit length of the main cable and the roadbed,
respectively,

fi(x,t), fa(z,t)  external, in time 7-periodic, forcing terms,

L length of the center span of the bridge,

E Young’s modulus,

1 moment of inertia of the cross section of the roadbed.

We would like to point out that the model just mentioned was introduced first in
the work of Lazer and McKenna [LK4] but has been studied under rather restrictive
assumptions. As far as we know system (SB) was treated in its full generality for
the first time in Tajcovéd [T], where the existence of a unique solution was proved
by using the Banach contraction principle. The disadvantage of this powerful and
general principle consists in the fact that its application requires a rather restrictive
assumption on the parameters s, m;, b;, E/, I and T'. In the present paper we focus on
unique solvability of (SB), too. However, using a completely different approach than
that in [T], we prove the existence of a unique time-periodic solution near stationary
equilibrium under rather general assumptions on the above mentioned parameters,
provided the external time-periodic forcing terms are small in a certain sense. As
a consequence, our result and that of [T] provide rather general sufficient conditions
for unique solvability of (SB).

Let us point out that a lot of papers have been devoted to the study of one-
dimensional models of suspension bridges. See, e.g., Alonso, Ortega [AO], Berkovits
et al. [BDL], Choi Q., Choi K. and Jung [CCJ], Drabek [D;, Ds], Fonda, Schneider
and Zanolin [FSZ], Glover, Lazer and McKenna [GLK], Lazer and McKenna [LK;_5],
McKenna and Walter [KW]. On the other hand, more complex models are rather
rare in literature and the present paper should be understood as a contribution to
this problem. Of course, in spite of its relative complexity problem (SB) does not
describe the complete behaviour of a suspension bridge. Several partly restrictive
simplifications are still made: the motions of the towers as well as the influence of
the side spans are ignored, the torsional oscillations of the roadbed are neglected, no
pretension of the roadbed is considered, the main cable is modelled by the straight
string instead of a loaded catenary.
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It is convenient to rescale u, v,  and ¢ and write problem (SB) in an equivalent

form as

Vit — QG Uza + Brvg — ki (u — )T = hy(z,t),

Upt + OBUgpzs + Bour + ka(u — v) T = ha(z,t),
(#B) w(0,t) = u(m, t) = Upy(0,1) = Uge(n, ) =0,

v(0,t) = v(m,t) =0,

u(z,t+2n) = u(x,t), wv(x,t+2n) =v(z,t),

zel0,n[, teR
with

hi(z,t) = Wi(z) + fi(z,t) (i =1,2)
and
T72 2EIT? b; T kT2
1.1 2 - . 2 . = k= — , = 1,2).

(L) o 4m L2’ a2 4mso L4’ Fi 2mm;  4Ar2m, (i 2)

Notice that we write again W;, f;, h; for rescaled WQ, ﬁ, f?z

We tacitly assume that h;: ]0,7[ x ]0,2n] — R (i = 1,2) is square integrable with
respect to the Lebesgue measure. A couple (v,u), where v,u: ]0,x[ x ]0,2x[ — R
are square integrable, is called a weak solution of (%) if and only if the integral
identities

2t 2t n

(1.2) //U(%Ott — 02 ppr — Pripy) dzdt = / (hy + k1 (u —v) ") dzdt,
00 00

2n 2n

(1.3) / (st + O Varaa — Boty) dodt = / (ha — ka(u —v) ") dedt
00 00

hold for all p,1 € C(R?;R) being odd functions in x and 2r-periodic in z and t.
For p,r € NU {0} define HP" to be the space of all distributions u € 2'(R?) being
odd in = and 2rn-periodic in x and ¢ such that the distributional derivatives 95u and
85u belong to L (R?) for all a, 8 € NU {0} satisfying 0 < o < pand 0 < 3 < r.
The space Hrr equipped with the norm

1/2
|’U,||p’,,‘( Z /‘aau|2 Z /|8/6u2) ,
0<a<pQ 0<,6<7‘

where @ = ]0,n[ x ]0,2x], is a standard anisotropic Sobolev space (see, e.g., [V])
of 2r-periodic functions in = and ¢ that are in addition odd in x. Notice that any

100



square integrable function u: ¢ — R can be extended in a unique way to a 2n-
periodic (in z and ¢) and odd (in z) function @ € H%0. Finally, we call a couple
(v,u) € CHQ) x CHQ) strictly positive provided u — v > 0 on ]0, [ x [0,2x] and
O, (u—v)(0,t) > 0 as well as 9, (u — v)(n,t) < 0 for all ¢ € [0, 2x].

Using this definition of strict positivity we are now able to formulate the basic
conclusions of our paper.

Result 1. Problem (. %) has at least one weak solution (,1) € H' x H*" for
any right hand side h = (hy,h2) € L3(Q) x L?(Q).

Result 2. Suppose problem (%) with fi = 0 = fo admits a strictly positive
weak solution (vg,ug). Then there exists an € > 0 such that for any fl,fg € 02?2
satisfying ||ﬁ||22 < e (i = 1,2) problem (%) has a unique weak solution (v,u).
Moreover, (0,7) € H>2? x H*2, (v,4) is strictly positive and close to (0y, o) in the
norm of H33 x H33,

Result 3. Suppose Wi(xz) = Wiy and Wy(z) = Wy are positive constants in
problem (SB) and assume % < 1 (for detailed statements see Theorem 4.2). Then
(SB) with f1 = 0 = fo admits a strictly positive weak solution and thus Result 2
applies.

For detailed and more general statements of these results we refer the reader to
Theorems 3.1, 4.1 and 4.2. Let us point out that a very important part of our paper
is devoted to the investigation of the time-independent case of problem (. %), i.e.,
the case f1 = 0 = f5, and to the search for sufficient conditions which guarantee the
existence of a strictly positive solution (vg, ug).

The present paper should be understood as a generalization of our contribution
[BDL] where one-dimensional models were studied. Though the character of our
results presented here is similar to that of [BDL] we would like to mention that the
two-dimensional model now considered in this paper is more complex and may be
regarded as a better approximation of the real behaviour of a suspension bridge.

Our paper is organized as follows. In Section 2 we introduce the underlying func-
tion spaces and the differential operators S, T', W, B, W, B and L. We recall basic
facts of spectral theory concerning these operators and we collect less known proper-
ties of the beam operator B and the wave operator W and of the underlying function
spaces. We introduce the precise setting of the system (. %’) connecting it with the
differential operator L. In Section 3 we study in detail time-independent solutions
and prove uniqueness and stability of weak solutions in that case. A similar re-
sult holds for time-dependent solutions of the linearly coupled string-beam equation.
Moreover, we prove the existence of at least one weak solution of (.#’) for rather
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general nonlinear coupling functions g(§) satisfying a growth condition (¥¢). In the
final section we will present existence and uniqueness of time-dependent solutions
of (S A') as far as the corresponding time-independent system (i.e., f1 = 0 = fa)
admits a strictly positive solution. This result is then applied to a suspension bridge
modelled by (SB). The paper ends with a technical two-piece appendix. Appendix
A presents those very special regularity results concerning the damped wave equation
that are not covered by the standard L?-regularity. Finally, Appendix B provides a
criterion on (%) which guarantees the existence of a strictly positive solution of

(S B).

2. FUNCTIONAL SETTING OF THE PROBLEM

We start by giving the precise setting of the differential operators related to prob-
lem (#%). Denote Q = ]0,%[ x ]0,2x[ and let H = L?(Q) = L?*(Q;R) be the
real Hilbert space of square integrable functions u: Q — R. The complexification
He = H +iH = L*(Q,C) of H is equipped with the scalar product

(u,v) = /u@ (u,v € He)

Q
and norm |jul| = (u,u)l/Z. Denoting N = {1,2,3,...} and

t

1.
On.m(x,t) = =€ sinma (neZ,meN,(z,t) €Q)
T

the family {@s m }nez,men forms an orthonormal basis in the Hilbert space Hc. Each
u € He has a unique representation

U= Z <u, Wn,m> Pn,m-

neZ ,meN

Notice that (u, Yn m) = (¥, 9_nm) if u belongs to the real Hilbert space H.

In the following text we define some operators and state their properties. For
the notions like the maximal, selfadjoint and normal operator see e.g. the book of
Weidmann [W].

For any p € N, o, 3 € R the abstract realizations 77, W, B, W, B of the operators
P, 02 —a?02, 02 +a202, 02 —a20% + B0y, O +a20%+ 30, are the mazimal operators

102



in Hc defined as follows:

(2.1) TPu = Z (in)? (u, on,m) Pn,m:
nezZ ,meN
(2.2) Wu = Z (@®m? —n?) (U, ©n.m) Cr.m,
neZ ,meN
(2.3) Bu = Z (@®m* —n?) (u, n.m) Cn.m,
neZ ,meN
(2.4) W =W + 3T,
B =B+ AT.

Unfortunately the operator d, has no equivalent to (2.1) since dypn, m & H. Thus
we introduce the closely related operator S or more generally the powers S? of S for
p € N by setting

(2.6) SPu="> " mP (U, Pnm) Prm-
neZ,meN

Notice that W = W(a), B = B(a) depend on the parameter « € Rt and W =
W(e, 3), B = B(r, 3) on the parameters a, 8 € R*. For any n € Z, m,p € N, using
the abbreviations

2, .2 2

Ynom =0 m” —n* and Vpm = Yn,m + 160,
(2.8) Anm = a?m* —n? and Hnom = An,m + 160,
we have
(2.9) S8PPnm = mMPonm; TPonm = (in)Ponm;
(210) W@ﬂ,m = Yn,m®Pn,m; W‘Pn,m = VUn,m¥Pn,m;
(211) B@n,m == )\n,m@n,m; B()On,rn = Un,mPn,m-

Let A denote any one of the operators SP, TP, W, W, B, B. Then A is a real
operator in the sense that u € Z(A) := Zc(A)NH implies Au € H. Notice that we do
not distinguish in notation A: %c(A) — Hc from its real part A|ga): Z(A) — H.
In each particular situation it will be clear which operator we actually mean. For
any closed operator A: Z¢(A) — Hc we denote by o(A) the spectrum of A and by
op(A) the point spectrum of A, i.e., the set of all eigenvalues of A.

We now collect basic properties of the operators S9, T9, W, B, W and B for any
q <N
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Lemma 2.1.
(i) S, W, B are selfadjoint and T, W, B normal operators satistying

(2.12) (T9)* = (=1)9T% W' =W —BT; B =B - jT.

(ii) S9 and TY both commute with (W — AI)~! and (B — \I)~! for all A & o(W) U
o(B).

(iii) Concerning the spectra of S4, T9, W, W, B and B the following formulas hold
true:

nn
=
I
Q
i
nn
=
I
—~—
>
_Q
>
m
2
o

( o(T9) = 0,(T9) = {i'\? | A€ 7 };
( W), op(W)={vnm|n€Z,meN};

o(W) = 0,(W) = {vn,m | n € Z,me N}
(
(

(2.15) o(B) =0,(B), 0p(B)={Aum|n€Z,meN};
B) = 0p(B) = {ptn,m | n € Z,m e N}.
Proof. Concerning the operators S?, 7%, B and B see Lemma 2.1 of [BDL] and

its proof. Moreover, a minor change in that proof shows the above results for W and
W, too. Thus we do not repeat those arguments. O

We now introduce the function spaces needed in this paper and collect the prop-
erties of these spaces used henceforth.
For p,r € NU {0} we put

(2.16) HP" =92(SP)N2(T") = {u € H| Z (M2 + 02| (u, nm) |? < oo}
neZ ,meN
with the norm
2 1/2
@17) Jullpr = (ISPul® + [T7]?) " = ( S 2 )] s o) F) .

neZ,meN

It is not hard to see that HP" is actually a Hilbert space with the norm || - ||,
It is useful to interpret the elements v € HP" in a different way by extending them
uniquely to real valued distributions u € 2'(R?) N L2 _(R?) being odd in z and
2n-periodic in x and t. If we denote

(218) H = {ve Z'(R*)NLL.(R?) | v odd in x and 2n-periodic in = and ¢}

with the norm |jv|| = (fQ\v\Z)l/z, then the extension map ™ H — H, u — 1,

generates a topological isomorphism.
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To state the properties of the function spaces needed in this paper we have to
introduce further notation. Denote as in the Introduction

(2.19) orr = {v e H| a0, dv e LfOC(RQ)}

with the norm ||v|,, = ( S oo+ 18702 ) (beeing equivalent to
o<agsy oLBLr

e = ([1020]1? + ||(97"v||2)1/2) and introduce operators By = 0? + a20%, B =
Bo + O, Wo = 07 — %02 and W = ¥ —|— (30, all operating on 2’(R?). Finally,
let CP" be the space of all functions v € H that have continuous derivatives up to
order p in z and up to order r in t. We endow this space with the norm

llol

2200 ol = 3 sup l0%u(@ )]+ S sup [9fv(a,t).

o<a<p (@ H)EQ 0<s<r (@,1)EQ

Lemma 2.2.

(i) The operator : H — H maps HP'" topologically onto Hp, Moreover,

Tru=0"a  (u€ 2(T7), p e N);
Sru=(-1)5000 (u€ 2(S"), peven);  |[Srull =|0%a| (u€ 2(SP), p odd);
Bu=%i (ue 2(B); Bu=%u (uc 2(B));
Wu=#ot (ue2(W));  Wu=%a (ue2(W)).

(ii) HP" is continuously embedded into C*# provided

1 1
5 1 5 1
max{a+2+_’b+_}<l.
p 2r T 2p

Proof. See the proof of Lemma 2.2 in [BDL]. To include the operators W and
W a simple modification is needed. O

Concerning the regularity of solutions of (%) we have the following result.

Lemma 2.3. Let B = B+3T and W = W4 3T with 3 € RT. Then the following
assertions (i)—(iv) hold true:
(i) 2(B) c 2(S*)N2(T) = H>'; 2(W) C 2(S)N2(T) = HYL.
(i) 2(TB) Cc 2(S*)N2(T?) = H*?; 2(TW) C 2(5*) N 2(T?) = H*2.
(iii) (B—AI)~! and (W—\I)~! map HP" continuously into HP+27+1 and HP+1.r+1
respectively, for all p,r € NU {0} and all A € R\ (¢(B) U a(W)).
(iv) (B— M)~ and (W — AI)~! are compact operators for each \ ¢ o(B) U o(W).
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Proof. See the proof of Lemma 2.3 in [BDL] and modify it to include the
operator W. O

In order to translate the problem (%) in the operator theoretic language we
denote
H:HXH, H@:H@XHC

endowed with the scalar product

(f,g) = (f1,01) + (f2,92) (f=(f1./2)". g =(91,92)" € Hp)

and the norm
£l = V(£. 1),

H and H¢ being a real and complex Hilbert space, respectively. We shall use the

notation H?" = HP" x HP" with the norm ||wll,, = ([lwi?, + ngHi’r)%, w =

(w1, wq)t € HP". The linear part of (%) leads to the definition of a real operator

(2.21) L= (W,B), (L) = Zc(W) x Zc(B)
with
(2.22) W = W(Ozl,ﬂl) = W(al) + 6T =W+ 3T,

B = [B(Ozg,ﬂg) = B(Olg) + BT = B + B5T.
We summarize the basic properties of L needed in this paper.
Lemma 2.4. Let L be given by (2.21). Then the following assertions hold:
(i) L* = (W — 51T, B — 32T)", in particular L is normal.
(ii) o(L) = (W) U o(B).
(iii) (L — AI)~! is compact for all A ¢ o(L).

Remark 2.1. Asaconsequence of Lemma 2.4 (iii) and Lemma 2.1 (iii) we have
0 ¢ o(L) and

cL)NR={\|X=a?m? or A = aZm*, m e N}.
Proof (of Lemma 2.4). (i) Using (2.12) of Lemma 2.1 we get
L* = (W, B) = (W — 8T, B — B,T)".

(ii) Suppose A & o(W)Uo(B), then both W—AI and B— AI are bijective operators
with the range Hc, hence L — AI = (W — AI, B — AI)? is bijective with the range H¢
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and thus A € o(L). On the other hand, if A ¢ o(L), then L — AI is bijective with the
range He, so W — Al and B — Al are both bijective with the range He. This shows
that A & o(W) and A & o(B).

(iii) We know by the proof of (ii) that for A & o (L)

(L= = (W=AD)"" (B=Al)"1) .

Applying Lemma 2.3 (iv) yields the compactness of the operator (L — A\I)~1. O

To introduce the concept of a weak solution of (%) admitting in addition more
general nonlinearities g(¢) instead of ¢ we need to define the space

(2.23) € ={pcH|pecC®R*R)}

of test functions associated with (.4) and to consider the class of continuous func-
tions g: R — R satisfying for all £ € R the growth condition

€2 lg(&)| < 1+ ¢2l€]  with some ¢q,¢2 > 0.

For a given h = (hy,hy)! € H we are led to call a couple w = (v,u)! € H a weak
solution of

Vit — Q3 + B1vy — k1g o (u — v) = hy(m, 1),

Utt + OBUgeza + Patr + k2g o (u —v) = ha(z, 1),

v(0,t) = v(m,t) =0,

w(0,t) = u(n,t) = uze(0,t) = Ugy(n, t) = 0,

u(z,t 4 2n) = u(z,t), v(z,t+2n) =v(x,t),

x €0, n[,teR

(%)

if and only if

(2.24) (0, W) = (k1g o (u —v) + h1, ),
(u, B*¢) = (—kag o (u —v) + ha, 1)

for all ,9 € €. Notice that any ¢ € ¢ satisfies the boundary conditions of (. %#').
Let us introduce a nonlinear operator N: H — H by setting

(2.25) N(w) = (—kigo (u—v),kago (u—v))"  (w=(v,u)' € H).
Then w = (v,u)! € H is a weak solution of (./4’) if and only if
(2.26) (w,L'p) = (h—N(w),¢) (9 €@ x%).
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For our next result we recall the definition of the operators .7 = 0;, # = 8? —
202 + 310y and B = 0% + a30* + 20y, all operating on 2'(R?).

Proposition 2.1. Suppose w,h € H and write w = (v,u)?, 1 = h—N(w). Then
the following assertions are equivalent:
(i) w is a weak solution of (S %#'),
(i) w € Z(L) and Lw =1,
(i) 74, 70, B0, %5 € H and W = Iy, Bt = l.

Proof. Using formula (2.24) it is clear that w is a weak solution of (. #’) with
the right hand side h if and only if u is a weak solution of the beam equation and v is
a weak solution of the string equation with the corresponding boundary conditions
from (%'). We apply Lemma 3.1 of [BDL] and the corresponding result for the
string equation (i.e., the operator W) to see that

(i)<=ve2W), Wv=1I and uweZ(B), Bu=I
— wePL), Lw=1=h-N(w)
— (ii)

The equivalence of (ii) and (iii) follows from Lemma 3.1 of [BDL] (dealing with B)
and the corresponding result for the operator W. O

Remark 2.2. The corresponding result of Lemma 3.1 from [BDL] concerning
the string equation is obtained by a literal translation from B to W. We thus omit
the proof.

3. GENERAL EXISTENCE RESULTS AND PROPERTIES
OF COUPLED STRING-BEAM EQUATIONS

According to Proposition 2.1 the investigation of the coupled string-beam equation
(LA is reduced to the study of the nonlinear operator equation

(3.1) Lw + N(w) = h.

It is worth mentioning that equation (3.1) can be transformed to an equivalent
equation

(3.2) Lw+N(w)=h
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by dividing the first component of (3.1) by k; and the second by k2. Notice that
n (3.2)

(3.3) L= (kiw klz B)t h— (k_llhl’ kizfm)t,
(3.4) N(w) = (—go(u—v),go(u—v))  (w=(v,u) €H).

The advantage of considering (3.2) instead of (3.1) consists in the fact that under
suitable assumptions on g the operator N becomes monotone whereas N does not.

Lemma 3.1. Suppose g: R — R is continuous and satisfies the growth condition
(¢). Assume N: H — H given by N(u) = g o u is monotone. Then the operator
N: H — H defined by (3.4) is monotone, too.

Remark 3.1. Notice that the functions g(£) = £ as well as g(£) = £ lead to
monotone operators N.

Proof. With the notation w; = (v;,u;)" (i =1,2), a =wu; —v; and b= uy — vy

we get

<N Wl) (W2) Wi — W2>
go(ur —wv1) +go(ug —v2),v1 —v2) + (go (ur —v1) — go(ug —v2),u1 — us)

(
= (-
=(goa,va —v; +us —u2) + (gob,ug — vy —us + u2)
={(goa,a—b)+ {(gob,b—a)

=

N(a) — N(b),a —b).

This proves Lemma 3.1. U

Before we state the first result concerning time-independent solutions of (. %')
needed to show our general existence result for (¥%’) we have to recall a basic
lemma from [BDL].

Lemma 3.2. Suppose g: R — R is continuous and satisfies growth condition (¥).
Then

(i) (gou,Tu)=0 forallue 2(T),
(ii) (Bu,Tu)=0 for allu € 2(B)N2(T),
(iii) Wu,Tu) =0 forallue 2(W)N2(T).

Proof. (i) + (ii) is exactly Lemma 3.2 from [BDL] and the proof of (iii) is
analogous to (ii). We have simply to replace the operator B by W. O
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Lemma 3.3. Suppose g: R — R is continuous and satisfies the growth condition
(¢). Assume in addition that the operator N: H — H given by N(u) = gou is
monotone. Then the following assertions hold true:

(i) w € 2(L) and Tw = o imply w € 2(5%)x2(5*) and Lw = (a2 S%w1, o35 ws)".
(ii) Suppose w; € (L), f; € 2(T) satisfy

Then there is a positive constant ¢ = ¢(a1, ag, ki, ka) such that
(3.5) w1 —wall < cf|fy — f].

Remark 3.2. Notice that T = (7, T)" and N is defined by formula (2.25).

Remark 3.3. A possible choice for the constant ¢ appearing in (3.5) is

af o B
c{min{k—l,k—Z}min{kl,kQ}] .

Proof (of Lemma 3.3). (i) Let w = (v,u)" € 2(L) and Tw = 0, which means
v € PW), Tv = 0 as well as u € P(B), Tu = 0. Concerning u it follows from
Lemma 3.3 (i) from [BDL] that u € 2(S*) and Bu = a3S*u. Performing the proof
of Lemma 3.3 in [BDL] for W instead of B shows that v € 2(S5?) and Wv = a2 S?v.
(ii) Let us first show that with w = (v,u)! and f = (h,)! the equations

(3.6) Lw + N(w) =f; Tf=0
reduce to the time-independent system

(3.7) 28 —kygo (u—wv) =h,
a2S% + kago (u—v) = 1.

Indeed, Lw + N(w) = f means

1 1
(3.8) k—IWv —go(u—v)= k—lh,
1 1

Multiplying the first equation of (3.8) by Tv and the second by T'u with respect to
the scalar product (-, -) we obtain

(3.9) k‘il (Wo, Tv) — (go (u—v),Tv) = k‘il (h,Tv),
1 1
T (Bu, Tu) + {go (u—v),Tu) = T (1, Tu).
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Using (Wo, Tv) = B1||Tv||?, (Bu, Tu) = B2||Tul|* (see Lemma 3.2 (ii), (iii) and recall
that W =W + 51T, B = B+ (2T) and (h,Tv) = — (Th,v) = —(0,v) = 0 as well as
(I, Tu) = 0 we end up with the equations

(3.10) %HTUH2— (9o (u—w),Tv) =0,
1
B2 2 _
k—||TuH +{go(u—w),Tuy=0.
2
Now we add up the two equations in (3.10) to get
B 2, P2 2 —
(3.11) 2 T+ Tl 4 g o (u = v), T(u = v)) = 0.
By Lemma 3.2 (i), (g o (u —v),T(u — v)) = 0 and thus || T'u|| = 0 = ||Tv||. Hence by
(i) we conclude Wv = a2S2v and Bu = a3S*u, which proves (3.7). Notice that we
have to assume (;/k; > 0 for i = 1,2.
To complete the proof of (ii) let Lw; + N(w;) = f; with Tf; = 0 for ¢ = 1, 2. Since

Lw, + N(w;) = f; is equivalent to Lw; + N(w;) = f; (see (3.2)—(3.4)) we get

<f:(W1 — Wa), W1 — W2> + <N(w1) — N(Wz),wl — W2> = <ﬁ — fz,wl — W2> .

I I

Using (i) from above and Lemma 2.1 (iii), formula (2.13), we get

2 2

2 2 t

a a a e!

1= 162 228% ) (wy —wa), w1 — Wa ) = |y — va® 4 2 ur — ugl?
k‘l k‘Q kl k2

Here we have used the fact that o(S?) and o(S*) are both contained in [1,00[

(see (2.13)). Since N is a monotone operator by Lemma 3.1 we have II > 0 and thus

2 2

a « ~ = ~ =

o = v 2 4+ 22 flur = uall? < (i = B wi = wa ) < [ B [[wi — woll.
1 2

Putting a — minl . o2 .
utting a = min{ 71, 72} we estimate
al[wi — W] < ———|[fy — Bo|| [lw1 — W]
min{kl,kg}

and setting ¢ = [amin{ki, ko}] ™! we finally obtain

[wi — w2 < cllfi — f2.
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Remark 3.4. Actually the proof of Lemma 3.3 (ii) shows (see formula (3.7))
that any solution w of Lw + N(w) = f with Tf = 0 is time-independent.

Our basic existence result on string-beam equations uses the concept of homo-
geneous functions. We thus remind the reader that a function g: R — R is called
homogeneous if g(tz) = tg(z) for all x € R and t € RT.

Theorem 3.1. Suppose g: R — R is continuous, homogeneous and satisfies the
growth condition (¢). Then for any h € H the string-beam equation (. %') has at
least one weak solution w € H%! x H>!,

Proof. By Proposition 2.1 any solution of (. %’) is equivalent to a solution of
the system Lw + N(w) = h. Since 0 ¢ (L) this means to look for solutions w of

(3.12) w4+ L} (N(w) —h) =0.

We will use the Leray-Schauder degree theory to find solutions of (3.12)—see
e.g. Fudik, Kufner [FK] for basic properties of the degree used in the sequel.
To solve (3.12) it suffices to show that

(3.13) deg[G; Br(0),0] # 0,
where deg denotes the Leray-Schauder degree and G: H — H is defined by
G(w) =w + L }(N(w) — h)

and Br(0) is the ball in H centered at the origin 0 with sufficiently large radius
R > 0 (specified during the proof). To prove (3.13) consider the homotopy

H(r,w) =w + 7L (N(w) — h) (we H,7 €0,1]).

We prove that this homotopy is admissible. Assume to the contrary that there are
wy, € H, 7, € [0,1] such that ||w,|| — oo as n — oo and

(3.14) H (T, W) = 0.

Wi
well as N(x,,) — f (note that N maps bounded sequences in H to bounded sequences

Passing to a suitable subsequence we may assume 7, — 7 € [0, 1], x,, := —xas

in H). Then using Lemma 2.4 (iii) and the homogeneity of g we obtain
—1 h —1
Xpn = —ToL (N(xn) - —) L) = x
[[wn |
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Hence N(x,) — N(x) and thus J#(7,x) = 0, which means
(3.15) Lx + TN(x) = 0.

Applying Lemma 3.3 (ii) to (3.15) we conclude that x = 0 contradicting ||x| = 1.
The homotopy invariance property and the basic property of the degree (see [FK])
imply the existence of a solution w € H of (3.12). Moreover, w € Hb! x H?! by
the properties of L (cf. Lemma 2.3 (i)). O

Before studying uniqueness questions of the string-beam equation (. %) we have
to examine to some extent the linear system connected with (#2%). We thus con-
centrate on the operator equation

Lw + Mw = f,
where f is any element in H and the linear operator M: H — H is defined by
(3.16) Mw = (ki (u—v), ka(u — )" (w=(v,u)’ € H).
Proposition 3.1. Suppose f € H and w is a solution of
(3.17) Lw+Mw =f,
where M is defined by (3.16). Then the apriori estimate
(3.18) Iwil < c £

holds true with a positive constant ¢ = c(ay,as, 31, B2, k1, k2) independent of w
and f. In particular, system (3.17) has a unique solution for any right hand side
f e H

Remark 3.5. Notice that both 31, 82 have to be positive.

Proof (of Proposition 3.1). Suppose w = (v,u)? is a solution of (3.17) with the
right hand side f = (f1, f2)! € H. Then

(3.19) k—1Wv —(u—v) = k—lfl,
1 1
k—QBu+(ufv) = k_2f2

Multiplying (3.19); by T'v and (3.19)2 by Tu with respect to the scalar product (-, -)
we get
L
k1

L (Bu, Tu) + (u— v, Tu) = — {f2, T
k‘Q k2

(Wo, Tv) — (u—v,Tv) = k:i (fr,Tv),
1
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If we add up these two equations using (see Lemma 3.2)
(Wo, Tv) = B1||Tv]|?, (Bu, Tu) = Bo||Tul?, (u—v,Tlu—v))=0
we obtain

1 1 1 1
TP+ R ITul? = 1= (T + o T < Tl + el 7
1 2 2 2
1 2 1 2

Sok B 2k B2

and thus ﬁ
1 2y 2 2 2
STl + STl < 1P + el

which gives, with a suitable constant ¢; = ¢1(81, B2, k1, k2),
(3:20) [ To]|? + | Tul® < ¢ [|£]|.

Let P = Y Pym, where Py, is the projection to the one-dimensional space gener-
meN
ated by ¢g ,,. For any u € H we have representations

u= Z (s Pn.m) Pn,m

neZ meN
= Z <Ua @n,m> Pn,m + Z <u, @07m> $o,m = (I - P)u + Pu.
neZ\{0},meN meN

Moreover, if uw € Z(T) then

Tu= Z (in) (u, ¥nm) Pnm = Z (in) (u, ¥n,m) Pn,m

neZ,meN neZ\{0},meN
with
ITul>= > 2’ lweam)®= D [wenm)® =T - Pul*.
neZ\{0},meN neZ\{0},meN

Using the last estimate, inequality (3.20) implies
(3:21) I(1 = Pyvl|* +[|(I = Pyul® < £ [|£]]*.

Since P commutes with W as well as with B we obtain from (3.19) by applying P to
each side of both equations

(3.22) iWPv — (Pu— Pv) = inl,
k‘l kl

iBPu + (Pu— Pv) = ing.
k‘Q k2
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Put @ = Pu, o = Pv and f; = Pf; (i = 1,2), then

1 1 .

(3.23) —Wo — (@ —9) = — f1; Tf1=0,
k‘l kl
LBit(@a-0)=—Fs  TFa=0
k2 U u v) = kQ 2y 2 —

Now we apply Lemma 3.3 (ii) with wy; = (,@)" and w2 = (0,0)" to obtain, with
a suitable constant co = ca(a1, g, k1, k2), the estimate

(3.24) 1Pol® + || Pull* < G I(Pfr, Pf2)lI* < & |If]*.
Combining estimates (3.21) and (3.24) yields
[wil < c|if]l

with ¢ = C(Oé], a2, ﬂla 52, kla kZ) = maX{Cl, 02}-
The combination of estimate (3.18) and Theorem 3.1 applied to equation (3.17)
shows that equation (3.17) is uniquely solvable. O

4. UNIQUENESS RESULTS FOR COUPLED STRING-BEAM EQUATIONS
In this section we deal with string-beam equation (. %), i.e., the system
(4.1) Lw + N(w) = h,

where h € H and denoting o = (a1, a2)t, 8 = (61, 52)!, k = (k1, k2)? the operators
L =L(a, ) and N = N(k) are given by

(4.2) L= (W(a1, ), Blas, 82)) = (W(a1) + 1T, B(az) + B=T)"
N(w) = (=k1(u —v)*, ka(u —v)")* (w=(v,u) € H).

Applying Theorem 3.1 we already know that system (4.1) has at least one solution.
However, there is no hope to show in general that this existing solution is unique, too.
But it can be shown that if system (4.1) admits a (unique) strictly positive solution
then a small perturbation of the right hand side h of (4.1) leads to a uniquely solvable
system (Theorem 4.1). In addition, for certain values of o, k and h = (W, Ws)*
we are able to show that (4.1) has a strictly positive solution and thus any (time-
dependent) small perturbation of h = (W7, W5)" results in a system (4.1) which is
uniquely solvable (Theorem 4.2).

115



Before going into detail we would like to recall the concept of strict positivity used
here. We call a couple w = (v, u)! € H belonging to C'(Q) x C*(Q) strictly positive
if and only if w —v > 0 in @ and 0, (u —v)(0,t) > 0 as well as 0, (v —v)(rn,t) < 0 for
each t € [0, 2n].

The following result is of crucial importance in the proof of our main result—
Theorem 4.1—but it is interesting by itself, too.

Lemma 4.1. Suppose hy € H and Lw + N(w) = hy admits a strictly positive
solution wq. Then there is a positive e = e(hg) such that for any h = (hy,h2)" €
H?1 x HY satisfying ||hi]|2.1 + ||h2]j1,1 < € the system Lw + N(w) = hg + h has at
least one strictly positive solution w.

Proof. Let Mw = (—ki(u — ), k2(u — v))! with w = (v,u)! € H. Since wy is
strictly positive, the system Lwg + N(wg) = hg is equivalent to the linear system
Lwo+Mwg = hg. By Proposition 3.1 there is a unique solution w; of Lw+Mw = h
satisfying (with some positive constant c¢;) the estimate

(4.3) [will < ex .

Using #(X,Y) to denote the Banach space of bounded linear operators from Banach
space X to Banach space Y with the corresponding norm || - || (x,y) we estimate
the solution wy of Lw + Mw = h (see Lemma 2.3 (iii)):

||W1||H1,1><H2,1 < HLil‘lgg(H7H1,1XH2,1)Hh7MW1||
<Lz, mrrxmzay (Bl + M| g lwil])
<L

LY g xmzay (1+ ¢ M| g@m) b,

where in the last inequality we have used (4.3). Thus we get with a positive ¢y the

estimate
(4.4) [willrsssmoa < c Rl
In the second step we get using (4.4)

(4.5)
Wil 22w mae < |L7 Y| g mzexme2) (bl + [Mw 1)
L™ s 2o xmz2) (Bl + M g mo lwilli)

<
<
<cs|h

1,1
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Finally, using (4.5) we obtain

(4.6)

le ||3’2 |:|;71 Hgg(Hz,l x H1:1 H3.:2) (Hh||H21 x H1.1 + ||MW1 ||H2,1 ><Hl,l)

<
< HLil Hgg(Hz,l ><H1*1,H3*2) (Hh||H2‘1><H1‘1 + ||MH'§3(H2*2,H2*1 ><H1‘1) ||W1||272)
<

Cq ||hHH2'1><H1‘1'

By Lemma 2.2 (ii) H*?2 is continuously embedded into C''!, hence with a positive
constant c5 we have

(4.7) ||V/V\1H611 < ¢ ||| gzaxpra.

If we choose ||[W1||g:,: small enough by making [|h| f21p11 small, we see that
w := wo +Ww; (as a small perturbation of a strictly positive couple wq in C!*!-norm)
remains strictly positive, too. It is now clear that w satisfies the equation

Lw + N(w) =Lw + Mw = hg + h.

We are now in a position to state and prove our main result.
Theorem 4.1. Suppose the string-beam equation
(4.8) Lw+ N(w)=W

with a time-independent right hand side W = (W1 (z), Wa(x))! € H admits a strictly
positive solution wg.

Then there exists a positive constant ¢ = ¢(«, 3,k, W) such that for any f € H*?
satisfying

(4.9) ||f||2’2 <e€
there is a unique solution w of
(4.10) Lw+N(w) =W +f.

Moreover, w € H*? x H*? and w is strictly positive.
In addition, for any two solutions w1, wa of (4.8) with the corresponding right
hand sides W + f1, W + {5 the estimate

(4.11) w1 = wallss <cllfy —fafl2
holds with a positive constant c, provided ||f;||22 < e (i = 1,2).
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Remark 4.1. In Theorem 4.2 we will show that under suitable conditions on
a, k (appearing in L, M) and W equation (4.8) always admits a strictly positive
solution.

Remark 4.2. By Lemma 2.2 (ii) H33 is continuously embedded into C:!.
Hence the norm ||w; — wy

3,3 in (4.11) may be replaced by [[w1 — Wa|[g1.:-

Proof (of Theorem 4.1). The proof is carried out in two steps.

Step 1. There is an c; = e1(c, 8, k, W) > 0 such that for any £ € H?*? satisfying
If]|2,2 < €1 there exists a strictly positive solution wg of Lw + N(w) = W +f.

This has been shown already in Lemma 4.1.

Step 2. There exists exactly one solution w of (4.10) provided €1 is chosen small
enough. Moreover, w € H>2 x H*? and w is strictly positive.

Assume the contrary, i.e., there are f,, € H>? with lim ||f,||2,2 = 0 and solutions
w,, of (4.10) with right hand side W + f,, such that

(4.12) Wy, # W, .

Case (i): ||wy| is unbounded in n. Then taking a suitable subsequence we may
assume ILm |lw,, || = co. Denoting x,, = w,,/||w,|| (and taking again a subsequence
of x,,) WT:E: szoe that x, = (vn, un)t = x, (un —v,)T — 2, N(x,) — g with suitable x,
geH, z€ H.

By definition of w,, and x,, we have

Lx, + N(Xn) = (W + fn)>

([l

and due to the compactness of L™! (see Lemma 2.4 (iii))

x, =L} ; — N(x — —L7! =X
o= (G (W) - NGxy) ) — L7 ) = x

Hence N(x,,) — N(x) and Lx + N(x) = 0. We apply Lemma 3.3 (ii) to conclude
x = 0, which contradicts ||x|| = 1.

Case (ii): ||wp]|| is bounded in n. In this case we may assume (after passing to
suitable subsequences) that w,, = w, N(w,,) — h with suitable w,h € H. From
the equation

(4.13) Lw, + N(w,) =W+ f,
we conclude (using again the compactness of L~1)
w, =L '(W+f, -Nw,)) — L' W-h=w
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and hence N(w,,) — N(w), which implies

(4.14) Lw+ N(w) =W.
If we compare (4.14) with the equation

(4.15) Lwo + N(wo) =W

which is valid due to our assumptions we conclude from Lemma 3.3 (ii) that w = wy
and w € H?2 x H*? (see Lemma 2.3 (ii) and Remark 3.4).

We now estimate the difference w,, — w in two steps. First, we get

(4.16) lwp, —w

L™z er e 1€+ N(w) = N(ws) |
L™ per ey (£l + IN(w) = N(w)])

11 < |
|

<
<
and conclude ||w, —wl|1,1 — 0 as n — oco. In the second step we estimate

(4.17)

W = Wllgz2xmse <L g, g2z xmse) [+ N(w) = N(wy)|1
|

<
<L Mg, mze ez (|£all11 + [IN(W) = N(wy)||1,1)

and conclude again ||w,, — W| g22xg3s2 — 0 as n — oo, since ||f,]|2,2 — 0 as well
as |[w, — wl|[1,1 — 0 and because N operates continuously from H! to H! (see
Lemma 2.4 of [BDL]). If we put w = (v,u)!, w,, = (v, u,)" and apply Lemma 2.2
(ii) we may conclude from ||w,, — W| g2.2x g3.2 — 0 that with Q = [0, ] x [0, 2x]

Unfortunately, a similar result for ||v,, —v||c1(g) does not follow from the convergence
Wy — W22 32 — 0, since H22 is not embedded into C*+!. Therefore concerning
v, — v we have to argue in a totally different way. It is exactly this point where the
results of Appendix A now enter crucially.

Subtracting the first equation (4.14) from that of (4.13) it is easy to see that v, —v
satisfies the equation

(4.19) W(vy —v) = fn1 + k1 [(un — )T = (u—0)"].
We would like to show that the right hand side

(420) In,1 ‘= fn,l + kl [(un - ,Un)Jr - (u - ’U)+]
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satisfies

(4.21) Jim |[gnalle,my, w) = 0
To see this we apply Lemma A.3 and obtain

[ fnille,m @y + kil (un —va)™ = (w =) oy w)
cllfallz2 + k1 llun —vn — (u — U)HC(I,HZ}K([R))
clfallz,2 + cki lun — v — (u—v)|2,2

c (||an2,2 +V 2k |[w,, — WHg,g) —0 as n — oo.

Hgn,IHC(I,H;n([R))

INCININ N

Notice that due to Remark 3.4 and to the uniqueness of the solution to (4.8)
(cf. Lemma 3.3), u — v is nonnegative and time-independent since w = wy is
a strictly positive solution of (4.8) with a time-independent right hand side W.

Now the remaining nontrivial results of Appendix A are used. We apply
Lemma A.l to u := v, —v and ¢ := g,1 (see formula (4.19), (4.20)) to see
that

(4.22) llon —vll < ¢ligna

o m3,m))-

Finally we use Lemma A.2 with « = v, — v (and the notation there) to obtain

(4.23) [on = vller(@) < ¢ v —vllx-
Since || - || x < || - || we can combine (4.22) and (4.23) to get
(4.24) lvn —vller@) < ¢ lgnallew, vz w)):-

From (4.24) and (4.21) we conclude lim |[|v, —v|[¢1(g) = 0 and including (4.18),
n—oo
(425) nlin;c ||Wn — WHCI(Q) =0.

Since w = wy is strictly positive it is now clear by (4.25) that w,, is strictly positive
for large values of n, too. But this means that w,, as well as wg, (see Step 1 for
the definition of wg, ) satisfy the linear string-beam equations Lw + Mw = W +f,.
Applying Proposition 3.1 we conclude w,, = wg,, which contradicts (4.12).

To prove the estimate (4.11) we put w = w; — wo, f = f; — f and remark that w
satisfies the linear string-beam equation Lw +Mw = f. Clearly the estimate (4.11)
is established if we show (L +M)~! € Z(H?*2, H?3).
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Since we know from the estimate (3.18) of Proposition 3.1 that (L + M)~ is
bounded from H to H it suffices to show (due to the closed graph theorem—see [W])

(4.26) (L+M) Y(H*?) c H*?,

Indeed, the boundedness of (L + M)~! from H to H implies the closedness of (L +
M)~! from H to H. Now, (4.26) implies the closedness of (L + M)~! from H?? to
H?3. An application of the closed graph theorem implies (L+M)~! € Z(H?>? H?3).

To see (4.26) consider the equation Lw + Mw = f with f € H*?. Since w €
2 (L) c HY! we conclude Lw = f — Mw € Hb! and thus by regularity (see Lemma
2.3 (iii)) w € H%2. But then Lw = f — Mw € H?? and using again Lemma 2.3 (iii)
we conclude w € H3? proving (4.26). O

Let us now apply Theorem 4.1 to suspension bridges.

Theorem 4.2. Suppose we are given a suspension bridge modelled by (SB) where
the weight of the main cable and the weight of the roadbed is assumed to be constant
(ie.,, Wi(z) =Wq > 0, Wa(x) =W, > 0).

Then there exist positive constants ¢ and ¢ such that for %; < ¢ and for any pair
f = (f1, f2)! € H?? of external forcing terms satisfying

(4.27) ||f||272 <e

there is a unique solution w = (v,u)! of (SB). Moreover, w € H*? x H*? and
w is strictly positive. In addition, for any two solutions wi, wo of (SB) with the
corresponding right hand sides W + f;, W + f5 the estimate

(4.28) [wi — wa

3,3 < cl|fy — £

2,2

holds with a positive constant ¢, provided ||f;

|2’2 <& (Z = 1,2).

Proof. Let Wi(x) = Wi > 0 and Wa(z) = Wa > 0. Theorem 3.1 implies
that (SB) with f; = 0, fo = 0 admits at least one weak solution wo € HY x H%1.
This solution does not depend on time due to Remark 3.4. Take this solution wg =
(vo, up)* and put z = ug—vg. Clearly z satisfies (%3) with ; (i = 1,2) given by (B.1).
Applying Proposition B.1 (for 72 > 44%) and Proposition B.2 (for 72 < 44%) of
Appendix B we conclude that z is positive in ]0, n[ and satisfies 2’(0) > 0, z/(n) < 0
provided ¢ > 0 is small enough. This proves the strict positivity of wo = (vo, ug)?.
Now, for ¢ > 0 small and f = (f1, f2)! € H*? satisfying ||f||22 < ¢ apply Theorem
4.1 to get a unique and strictly positive solution w € H?2 x H*? of (SB). The
estimate (4.28) is an immediate consequence of (4.11). O
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Remark 4.3. In the cases k > % and kK = 4ET explicit formulas can be given

for the constant ¢ appearing in Theorem 4.2, namely:
Case k > %

T a4tanha_ —a_tanhay
VkEI a4 tanha; —a_ tanha_

c=ck,E,I,T,L)=

where ax = Ly/gr4/1+4/1— T2

rET"

_ 4T?,

Case k = 7
. 2 2
1 sinh wL2 _  [kL?
2T 2T

c:c(H,T,L):§ .

. 2 2
sinh 4/ 8L2 4 /EL2

2T 2T

A. APPENDIX

The purpose of this appendix is to provide very special results concerning solutions
of the string equation Wu = g that are crucially needed in the proof of our basic
result—Theorem 4.1. To do so we first need some notation.

For any w € RT, p € NU {0} we denote by HZ(R) the space of all w- periodic

u € 2'(R) N HY (R) endowed with the norm |lul|yrg) = ( > f|u(z)| )
<i<p 0
I is a compact interval, Y a Banach space and p € N U {0} then CP(1,Y) is the

space of p-times continuously Fréchet differentiable functions f: I — Y with norm
I fllerr,x) = Joax sup | £ (2)|ly. For simplicity we will write C(I,Y") for C°(I,Y).
ISP el

Lemma A.1. Let I = [0,n], W = W(a,3) and suppose Wu = g with g €
C(I,H} (R)). Then there exists a positive constant ¢ independent of u and g such
that
(A1) lull < cllgllea, v m))
where Jull = max sup 105 u(@, ) 2=+ (m)-

Remark A.1. Notice that the right hand side g of Wu = g belongs to H and
(A.1) implies u € C(I, HZ (R)) N CY(I, H3.(R) N C*(I, HY (R)).

Proof (of Lemma A.1). Clearly, the equation Wu = g is related to the boundary
value problem

Ut — 0P gy + fur = g,
(9) v(0,t) = v(n,t) = 0,
v(z,t + 2n) = v(a, t), zel,teR
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The strategy of our proof will be to show that () has a strong solution v satisfy-
ing (A.1) and then to prove u = v. Notice that by a strong solution of (.7) we mean
a real valued function v € C(I, H3 (R)) N CY (I, H} (R)) N C?*(I, HY (R)) satisfying
the first equation of (.7) for all € ]0, [ and the other two in the sense of the space
HY (R). Using a = 3/a and the transformations

(A2) w(e,) = o(e,tfa); f(o1) = ~zg(r,1/0)

it is easy to see that v is a strong solution of (.77) satisfying (A.1) (with u replaced
by v) if and only if w is a strong solution of

Wit — W + AW :fa
(2.) w(0,t) = w(w,t) =0,

w(z,t +w) = w(z,t), rel,teR
with w = 2na.

Now we may apply the results obtained in [V], chapter IV, section 1.3 to show
that problem (£2,) admits a strong solution w which satisfies

lwll < cllfllow.ay @)

with w = 2na and |Jw| = max sup | 0w (z, M f2-i (). Using the inverses of the
el “

transformations (A.2) applied to w it is easy to see that problem (.77) has a strong
solution v satisfying (A.1) with u replaced by v.

In the last step we shall show that v is a weak solution of (.7) meaning that
v e Z2(W) and Wo = ¢ and thus v = v since W is one-to-one (0 # o(W)). To do
so, let ¢ € € (see (2.23) for definition of ¢) and denote J = [0,2n]. Then for all
x €10,7]

/vtt(x, oz, t)dt — a2/ Vg (, t)p(, t) At + ﬂ/ ve(x, t)p(x, t) dt
J

J J

= /g(a:, t)o(x,t) dt.

J

If we integrate each term of this equation with respect to x over I we get, setting
Q=1xJ,

(A.3) /vttw—a2/vm@+ﬁ/vt<ﬁ= /9%
Q

Q Q Q
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Let us consider each integral on the left hand side of (A.3) separately. Recalling that
v(z,-) € HZ (R) for all z € I and integrating twice by parts we get

Q/ Venp = I/ < J/ ver(z, ) (a, t) dt) da

_ / <vt(x,t)gp(x,t) . / oe(a. e, 1) dt) dz

I J

/< v(z, t)pr(z t)|t in—l—/v(az,t)gptt(a:,t) dt) dzx = /vgott
I Q

— J

as well as

/vt@ /( (z,t)p(z, t)[i= 2“—/ (a:,t)got(x,t)dt) dx:—/vgpt.
Q

To attack [ v,,¢ we have to argue differently:
Q

Jvewo= [ ([ oartetipte.nat) s = [ Gnnte o) as
Q I J I

where (-,-) denotes the scalar product in L?(J). Integrating the identity

d% [(va(,-), () = (v(@, ), pa (@, )] = (Vaa(, ), o(,)) = (V(@, ), Paa(z,-))

over [ yields

[ (astan (e} do = [ (0l pane ) da
T T
= [<”UI($, ')a ‘P(xa )> - <U($, ')a 901(1" )”gig =0
due to ¢ € € and the boundary conditions (:7) for v. This shows [ v, = [V@as
Q

/v[%t — 0P pga — Bpr] = /g<p~

Q Q

and thus
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To show that the solution v of Wu = g in Lemma A.1 is ‘smooth’ we need a specific
embedding result. Set I = [0,%], J = [0,2x], Q = I x J and X = C(I, H3 (R)) N
C'(I, Hy(R)) with the norm [Jullx = max sup [|0ju(z, )| 2=+ g)-

0<ist ger 2n

Lemma A.2. There is a positive constant ¢ such that
(A.4) luller@) <cllullx  (ue X).

Proof. Takewu € X, then u € C(I, H3 (R)) which yields u(z,-) € HZ (R) and
thus u(z,-) € Hi (R) as well as yu(z,-) € Hi (R) for all z € I. Since Hi (R) is
continuously embedded into the space Car(R) of continuous 2n-periodic functions on
R (see e.g., [V], Theorem 2.7.4) we conclude u(z,-) € C2:(R) for z € I and

(A.5) ua,t) = u(zo, )| < ellu(,-) —ulzo, )l my =) — 0

for z, xg € I, t € J, provided  — z¢. Since u(zg, ) € C2:(R) formula (A.5) yields
u € C(Q). The same argument applied to d;u(x, -) instead of u(x, -) establishes dyu €
C(Q). An application of H} (R) — Ca(R) to u(z,-), and dyu(z,-), respectively,
gives

u(z, )] < cllu(@, ), @) < cllullx
(xel,teld)

|Ou(@, )] < cl|Opul@, )l my, ) < clullx

and thus

(A.6) lullow) < cllullxs l0wulle@q) < ¢llullx.

To prove ||0zullc(q) < C\HUMX we argue as follows.

Since © € X implies —u e C(1, HZK(IR)) we know by repeating the argument
given in connection Wlth (A 5) that Lu € C(Q). To see that u has a classical
partial derivative with respect to x that is also continuous let us argue as follows.

Taking t € R, 2 € I, z + h € I with h # 0 and using Ha (R) — C2.(R) we
conclude

u(z + h,t) —u(x,t) d
N <
h gz 1| <

u(z+h,-) —ulx,-) d
) ]

Hi,

as h — 0. Hence for arbitrary t € R, z € I the function u has a classical partial
derivative with respect to z in (z,t), namely dyu(z,t) = —Lu(z,t). Since “Lu €
C(Q) we conclude that d,u € C(Q) and for any ¢t € J, x € I the following estimate
holds:

d d
pratet) = || < | e <l
Combining the last estimate with (A.6) we obtain (A.4). O
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Lemma A.3. Let I = [0,7] and g € H*2. Then g, g* € C(I, H} (R)) and there
is a positive constant ¢ independent of g such that

(A7) l9llcorm @y + 197 e mw)) < cllgllze

If moreover f € H?? is nonnegative and time-independent then

(A.8) lg™ = Frllew,mwy) < lg = flleq,m =)

Proof. The proof is carried out in four steps. To simplify notation we put
J =1[0,27], @ = I x J and remark that the norm of HY (R) is exactly that of
L2(J). Moreover, it should be kept in mind that g € C(I, Hi (R)) if and only if
g€ C(I,HY (R)) and 9,9 € C(I, HI (R)).

Step 1. g.g" € C(I, HY (R)).

Since H22 < C(R?) there is a constant ¢ > 0 such that

(A.9) lg(z,t)| < ¢ (xel,teR).
If z,,x € I and x,, — x then for all t € R

g7 (@n,t) — g7 (2, 8)] < |g(@n,t) — g(z,1)],

hence

(A.10) gt (@n, ) — gt ()2 < N9(@n, ) — 9(2, ) L2y,

where
19, ) — 9@, 2 = / 9(nt) — gla.t)P dt — 0
J

as n — oo, since g(z,,t) — g(z,t) for all t € J. This shows g,g* € C(I, HY (R)).
Step 2. 0:9,0:9" € C(I, H).(R)).
Since d:g € H! we know from Lemma 5.6.2 of [KJF] that d;g(-,t) € H{ _(R)
a.e.in t € R. Hence for all 1,20 € I and a.e. int € R

(A11) Brg(x1,t) — Bug(ra,t) = / 9,0,9(y. 1) dy,

x2
which yields

2
(A.12) |0rg(1,t) — Deglaa, t)]” =

| o0
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If we integrate (A.12) with respect to t over J, we obtain

2

10:g (@1, -) = Brg(@a, )| 72y < / dt

J

<o ol [ [ 1,010t dyat
J I

/ 0y0:g(y,t) dy

< w1 — 22| - 19130,

which finally gives

(A.13) 10eg(@1, ) — Beg(@2, Mr2(ry < |21 — 222 (|gll2,2.

In particular, we conclude d;g € C(I, HY (R)), hence g € C(I, Hi (R)). To prove
drgt € C(I, HS (R)) we multiply identity (A.11) by x(g>0}(21,t) and obtain

X{g>0} (21, 1)0:g(w1,t) — X{g>0} (71, )Og(T2, ) = X{(g>0}(21,1) /5y5t9(y,t) dy.

Hence

(A.14)
X{g>0} (1'1, t)atg(xla t) — X{g>0} (1'2, t)atg(:EZa t)

= [X{g>0} (xlv t) - X{g>0} (.’172, t)]atg(x27 t) + X{g>0} (xlv t) /ayatg(y, t) dy

z2

is valid for all x1,22 € I and a.e. in t € R. Since g(x,-) € Hi (R) for all z € I we
know that

09" (2, 1) = X{g(x,)>0} (1)0eg(2, 1) = X (g0} (x, 1)Drg (2, )
for all x € I and a.e. in t € R. Thus (A.14) can be rewritten as

(A.15)
at9+($1, t) - (9tg+(x2, t)

= [X{g(x1,)>0} () = X{g(w2,)>0} ()]Org (22, 1) + X{g>0} (T1,1) /5y5t9(y,t) dy.

x2
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Using (A.15) we estimate

18:g™ (21, 8) — Beg ™ (w2, t)[|72)
2

2 o
<2/!(X{g(x1,~)>0}(t) — X{g(z2.)>0}(1))] Iatg(ffz,t)\zdt+2// 9y0eg(y,t)dy| dt.
7 g
Introducing A(z1,z2) by setting
2
A(xth):/’(X{g($1,')>0}(t)_X{g(12,~)>0}(t))’ |0rg (w2, t)]? dt
J
we end up with the inequality
(A.16) 10:g™ (21, -) = Deg™ (w2, ) |720sy < 2A(21,22) + 2[x1 — 22]l|g13 2
being valid for any x1, zo € I. Let us put xo = = and z; = =z, and assume
lim x, = 2. Then (A.16) reads
n—oo
(A17) 10eg™ (20, -) = Beg™ (2, |72y < 2A(2n, @) + 2|20 — 2|[19]3 -

From inequality (A.17) we conclude d;g™* € C(I, HY.(R)) and thus g™ € C(I, H3_(R))
provided A(z,,x) — 0 as n — co. To see this recall

2
A(xnax):/’X{g(xn,7')>0}(t)*X{g(a:,-)>0}(t)’ |atg(xat)|2dt
J

2
= / IX{g(zn,)501 () = X{g(z,)>01 ()] |Oeg(, 1) dt.
J\{g(z,)=0}

The last equality holds true since d.g(x, -) vanishes a.e. in ¢ on the set {g(z,-) = 0}.
In order to prove lim A(z,,x) = 0 let us introduce the functions
n—oo

2
Fn(®) = [X{g(zn,)>01 () = X{g(z,)>01 (1] 10eg (@, t)]?.

Ift € J\ {g(z,-) = 0} then g(x,t) > 0 or g(x,t) < 0 and thus g(z,,t) > 0 or
g(zn,t) < 0 for large n which means f,(t) = 0. Since d;g(z,-) € L%(J) we conclude
by the Lebesgue dominated convergence theorem that ILm A(zy,z) = 0.

Step 3. Proof of estimate (A.7). T

To show inequality (A.7) we first note that if we put x, = x and + = 0 in (A.10),
noting that g7 (0,-) = g(0,-) = 0, we get

gt (z, Mz < g, )2

128



and thus
(A.18) sup g™ (2, )2y < sup (@, ) z2()-
xE S

Due to H%2 < C(R?) there is a positive constant ¢ such that
lg(z, ) < cllgllee (z el tel),
which implies

(A.19) sup g (@, -l < Vare|glla,z.
xT
Since we know that g(z,-) € Hi (R) for each x € I the formula

athr (1’, t) = X{g(=,")>0} (t)atg(xa t)

holds true a.e. in ¢t € J, which gives the estimate
(A.20) su}I) 10:g7 (, ~)||L2(J) < sup; |0:g(z, ‘)HL2(J).
e re

Finally, if we put x1 = z, 2 = 0 in (A.16) and notice that 9;g™ (0,-) = 9;¢(0,-) =0
and A(z,0) = 0 we obtain the estimate

(A21) su[;\|8tg+(x,~)\|Lz(J) < V 2TEHg||272.
S

The combination of (A.18), (A.19), (A.20) and (A.21) yields estimate (A.7).
Step 4. Proof of estimate (A.8).
First, we note that for any x € I, t € J

" (2, t) = fH (2, )] < gl t) = f(z,t)],
which immediately gives
(A.22) g™ — f+HC(I,H3ﬂ(R)) < g = flleq g, @)

Second, we remark that f* = f and 0;ft = 9;f = 0 since f is assumed to be
nonnegative and time-independent. As a consequence,

10k () — Ou fF (2, ) L2y = 10eg™ (2, )| L2y

= [X{g(z,)>0y0t9(x, ) L2y < |0eg(@, ) L2(0) = [|0rg(@, ) — O f (2, )| L2
for any = € I and thus
(A.23) 10eg™ = 0 Nl o, )y < 1069 = Ocf llor g, (v))-

Now (A.22) and (A.23) yield estimate (A.8). d
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B. APPENDIX

The aim of Appendix B is to show that under suitable conditions the sta-
tionary system (%), i.e., (%) with a time-independent right hand side h =
(hi(x), ha(z))!, admits a strictly positive solution. Though this result is rather
important for our paper (see Theorems 4.1 and 4.2) we nevertheless have put it into
this appendix because its proof is technical and lengthy.

First of all, let us mention that due to Remark 3.4 any strictly positive solution
(u,v)! of (¥ %) with a time-independent right hand side h = (hy(z), ha(z))! is indeed
a solution of the linear system

—y10" = (u—v) = hy(z),
(%1) youl® + (u—v) = ha(2),  (z€]0,7)

v(0) = v(n) = u(0) = u(n) =v”’(0) =u’(n) =0
with
:

(B.1) Vi = %i (i=1,2)

where we have written (again) h;(x) for the rescaled functions h;(x)/k;. If we intro-
duce a new function

2(2) = u(x) —v(@),
it can be easily seen that if (v,u)! is a solution of the boundary value problem (%)
then z has to satisfy
¥z = 22" 4 2 = hy(x) + 2h](x),
(#2) 2(0) = 2(x) = 0,
2"(0) = h1(0)/m1;  2"(%) = ha(m) /M

Under special assumptions on 71, v2; h1, ho we can state the following assertions.

Proposition B.1. Let hi(x) = hy, ha(x) = he be nonnegative real constants and
y2 = 4v%. Moreover, let in case of v > 4% the condition

atanhbj — btanhag
! atanhaj — btanh b3

(B.2) t < aby
ha

hold true, and in case of y = 4~}

h1 5 sinhan —an
B.3 — < _—
(B:3) ho @m sinh ar + an
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hold true, where

1 1 1 1 1 1
(B.4) a?=—— 4,/ ——; ¥= = — —; a>b>0.
2m 7y 7 2m 7 7

Then there exists a unique solution z(x) of the boundary value problem (%s) and it
is symmetric with respect to x = %, positive for all x = ]0, n[, and satisfies

Proof. The symmetry result is trivial since the differential equation as well as
the boundary conditions of (%,) are symmetric.

The proof will be carried out in two steps.

Step 1. It is not difficult to derive the explicit form of the solution of the boundary
value problem (%>). In case that v, > 447 it has the form

z(x) = hg + Cy[sinh ax + sinh a(n — )] — Ca[sinh bz + sinh b(t — )],

where a and b are given by (B.4) and

(o 1
1= (71 o h2> (a? — b?)sinhar’
heo 1
S )
Cs <71 T 2) (a? — b?) sinh br

In the latter case, i.e., 72 = 472, the solution has the form

hao . ,
z(x) = hy — P — [sinh az + sinh a(t — )]
ha 2
L +a h2 1— h
e [F(ewhar —coshala =) + w0 snhar]
where a? = 5.
Y1

For the first derivative we obtain an expression

1 hl 2 s hl 2 I
z/(o):m {(era hg) btanhbif (V_1+b ha atanha§
in the first case and

z,(o)zl—coshan {a%a( an _1)+ h1 ( an +1)]

sinh an sinh an 2v1a \sinhan
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in the latter. So, it is not hard to see that conditions (B.2) and (B.3) ensure the
positivity of the first derivative z’(0) in both cases. Due to the symmetry with
respect to x = § we obtain 2'(n) < 0.

Step 2. Now, we show that the positivity of the first derivative of the solution
at zero (and due to the symmetry—the negativity of the first derivative at =) is
a necessary as well as sufficient condition for the positivity of the solution in the
whole interval |0, n[.

We will use the equivalent form of (%) with hq(z) = h1 and ha(z) = he, ie.,

d’ d’
(B5) Y2 <@ — a2) <@ — b2> Z = hQ,

where a2, b? given by (B.4) are positive real constants due to the assumption v, >
4r2.

If we denote w(z) := 2" —b?z, we can transform (%,) into a system of two ordinary
differential equations of the second order

(B.6) 2 — bz = w,
(B.7) w' — aPw = ke
2

with the boundary conditions

(B.8) 2(0) = z(n) =0,
h
(B.9) w(0) = w(r) = —.
4!
First, let us consider equation (B.7) with a nonnegative right hand side h—; and

boundary conditions (B.9). Due to the maximum principle (see [PW]) w(z) cannot
assume a nonnegative maximum at an interior point of the interval [0,7]. Thus we
have

h
w(z) < 7—1 for all z € ]0,x[.
1

If w(z) were nonnegative for all x € [0,n], it would mean that again due to the
maximum principle the solution z(z) of equation (B.6) with a nonnegative right hand
side w(x) and boundary conditions (B.8) would be negative, i.e.,

z(x) <0  forallz €]0,n[.

But this contradicts the fact that 2’(0) > 0.
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Hence there must be a point 2y (and due to the symmetry n — xy) such that
w(xg) = w(n — zg) = 0.

Due to the maximum principle there cannot be any other point in the interval ]0, 1|
where the function w(z) would be equal to zero. (In case of h; = 0 we have g = 0.)

First, let us consider the interval ]0, zo[ (and due to the symmetry also the interval
Jn — zo,n[). We have w(x) > 0 for all z € |0, z¢[ and if we use again the maximum
principle for the equation (B.6), we obtain that z(x) cannot have a nonnegative
maximum in |0, zo[ and thus—due to the assumption z’(0) > 0—cannot decrease
below zero. So, we have

z(x) >0 for all x €10, zo] U [x — x0, [

Second, let us consider the interval |zo, n — zo[ where we have w(z) < 0. Moreover,
we know from the previous part that z(zg) = z(t — x9) > 0. Thus, now due to the
dual minimum principle, z(z) cannot assume a nonpositive minimum at an interior
point of the interval [zg,n — o] and thus

z(xz) >0 for all z € [z, n — x0].
So, we can conclude that
z(x) >0 for all x € ]0,x[.

O

In case of 7o < 49? the situation is more complicated. The coefficients a?, b* of
the decomposition (B.5) are the conjugate complex numbers

9 1 . 1 1 9 1 . 1 1
+iy— - — = S —
27 v2 o 4y 2m v2 4

and we cannot use the maximum principle. That is why we will consider first only
a special case when hi(x) =0 and we will argue in a completely different way.

Since we consider all coefficients as well as the right hand side of (%2) to be

constants, we can replace the space variable x by x — % to map [0, r] into the interval
[7 %a %
we have a boundary value problem

], which enables us to work with rather simpler expressions. After this shift

(B.10) Yoz — 22 +z="hy, z€ {—E, }
7 2

(5= o
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The main idea is as follows. First, we estimate z(z) from below by a function
which is nonnegative for all € [~zo,2¢] C [~5,5]. Second, we prove that z(z) is
a concave function on intervals [-F, —z1] U [y, §], and finally we show that 21 < o
which guarantees the positivity of z(x) for all z € | -%, 2.

Lemma B.1. Let v2 < 4v%. Then there exists a unique solution z(x) of the
boundary value problem (B.10) which is positive for all x € |—xo,xo[ where

1
(B.11) 2o = — arcosh <é sinh aE)
« « 2
with
1 1 1 1
B.12 a?=——+4 and 2~ 4
( ) 4’71 2~ /’}/2 ﬂ 4’71 2~ /’}/2

provided (3 > 1.

Proof. The solution of (B.10) has in case of 2 < 47? the explicit form
(B.13) z(x) = ha(1 + Cy sinh ax sin Bz + Cs cosh ax cos fx),

where « and (8 are given by (B.12) and

(B.14)
1 b T b b
C, = a? — %) cosha= cos f= — 2afsinh a=sin 5= |,
! 2aﬁ(sinh2a3+cos2 6%) [( ) 2 52 b 2 52}
-1 T B b b
Cy = [ a? — %) sinh a= sin 8= + 2/ cosh a= cos —} .
2 208(sinh® @ % + cos? BE) ( &) 2 52 p 2 52
We denote

u = C1 sinh ax sin fx + Cy cosh ax cos fz.

If we find such an interval I that
lu(z)| < 1 forall z € I,

then we may claim that z(x) > 0 on I. The absolute value of u can be estimated in
the following way:

|u| < |Ch|]|sinh az||sin fz| 4 |Cs2| cosh ax| cos Bx|

<
< coshax [|Cy]]sin Bz| + |Cz| | cos Bz|]

< 4/C? + C2 coshaz.
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Moreover, from (B.14) we have

2 2
1
Jorrca=2 10

2af3 \/sinh2 af + cos? B%

So,
o? + 32 cosh ax
Jul < 203 2
\/sinh af + cos? B%
« cosh ax

= Bsinhal’

since a > (3 > 0. Hence |u| < 1 if 2¢hez 1 Provided B > 1 this is true for all

B sinhaj

x € |—xo, xo[, where

1
ro = — arcosh (é sinhaz) .
a « 2
O

Remark B.1. 1. This estimate as well as the condition 8 > 1 are rather rough
and restrictive but—as we will see later—they will suffice and agree with our further
considerations.

2. Unfortunately, we can see that zo < 3.

Lemma B.2. Let v, < 492. Then the solution z(z) of the boundary value prob-
lem (B.10) given by (B.13) is a concave function for all x € [x1,%] (and due to the
symmetry for all x € -5, —x1]), where

(B.15) r1 = g - L for 6> 1,

Proof. Tt follows from the expression (B.13) that

2"(z) = he [C1(a® — B%) — 2a8C5] sinh ax sin Bz
+ ho [C’g(az - 52) + 2aﬂCl] cosh ax cos fz.
Moreover, from (B.14),
(a2 + 32)?
2a8(sinh® o + cos? BE)
(a? + 32)?
208(sinh® o + cos? B)

Ci(a® — %) —2a5C; =

cosh . cos ﬂE,
2 2

Ca(a® — 3?) +228C, = — sinhag sinﬁg.
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So, we obtain

Sy pe—CL

2 — cosh . cos ﬂE sinh ccx sin Bz
2a3(sinh” a§ + cos? 575) 2

2
) T, T
— sinh aE sin ﬂ§ cosh aux cos ﬂx} .
We see that 2”(z) < 0 (i.e., z is a strictly concave function) if and only if
s T . . . T . T
cosh a cos 55 sinh o sin fx < sinh a5 sin ﬁi cosh ax cos Bz.
Dividing by cosh aF cosh ar (which is positive) this is equivalent to

(B.16) tanh ax cosﬁg sin Bz < tanh ag sinﬂg cos .

We claim that the inequality (B.16) holds true for all

18] = T T .
xelf]ﬁQ 25,2[ if 5> 1
and for all
xe]o;g[ if0<g<l,

where [§] = sup{n € N;n < 8}. Thus we have % < 1.

First, we will consider the case 3 > 1.
We can divide the interval I into two parts:

B = = Bl = A= 6] =
L= |>== L=|>-——;>- I=hLUI ==
! }ﬁZ’Z{’ 2 }QQ Zﬁ’ﬁ2[’ 19U g,
We see that the point z, = %g is the nearest left neighbour of 7 where either

(i) sin Bz, = 0 and cos Sz, = £1, or (ii) cos Bz, = 0 and sin Bz, = £1. The length
of the interval I, is a quarter of the period %" of the functions sin B, cos .

Now, let cos 35 # 0.
Case (i). We have sin 8z, = 0 and thus

cosﬁgcosﬁx>0 for all x € I.
Case (ii). We have cos 8z, = 0 and thus
cosﬁg cos Bx >0 for all z € I.
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However, if we have cos 35 cos Bz > 0, we can divide the inequality (B.16) by this
expression obtaining
T T
tanh ax tan Sz < tanh ai tan ﬁ§

which is true since the function tanh ax tan 8z is increasing for all positive x for
which cos 35 cos B > 0 is guaranteed. So, the positivity is proved for all z € I in
case (i), and for all x € I in case (ii).

Now, let us have a look at the interval I in the latter case, i.e., x € I and
cosxp = 0. Then either

cosﬂg>0 and cosfBxr <0 and sinﬂggo and sin Sz < 0,

or
cosﬂg<0 and cosfBx >0 and sinﬂ%}O and sin Gz > 0.

In both cases the inequality (B.16) holds true.
The only case which is left is the point z;, and the case when cos 35 = 0. By
a similar discussion of values and signs of the particular functions as in the previous
paragraph, we can prove the correctness of (B.16) in these cases as well.
For 0 < 8 < 1 we have
T

B <

5 and sinﬂg >0, cosﬁg >0,

T
2
hence for all z € ]0; g[ we obtain cos 35 cos Bz > 0 or cos 35 = 0 and the inequal-
ity (B.16) holds true again. O

Remark B.2. 1. We have proved in fact a stronger assertion than that formu-
lated in Lemma B.2 since

The more precise estimate reads

2" <0 forall z e [l([m —1); E}

23 2
and we see that for 1 < 8 < 2 we have [3] = 1. Thus
T
(18— 1) =o.
28 -1=0

It means that in such a case as well as in case 0 < # < 1 the function z is concave
for all z € [0, 5] (and due to symmetry for all z € [-5, T]).

2. For these reasons, in further consideration we will work with the condition
B > 1 and with the weaker estimate (B.15) which is simpler and (as we will see

later) strong enough.
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Finally, we can return to the proof of positivity of the original solution z(z) on
the interval ]0, nt[.

Proposition B.2. Let hq(x) = hq, ha(x) = ho be nonnegative real constants and
assume vo < 4v2. Then there exists a positive constant ¢ such that for < ¢ the
unique solution z(x) of the boundary value problem (%) is positive in ]0, [ and
satisfies

2'(0) >0, 2'(r)<0.

Proof. We prove this assertion for the solution of the transformed problem

B.1 (@) _ —h {l E}
( 7) Y2z '712 +Z 29 T e 2323

(5 Q) 0 (D)) -2

We carry out the proof in two steps.

Step 1. Proof for the special case hy = 0.

From Lemma B.1 and Lemma B.2 we know that the solution z(z) is positive for
all z € |—xo, zo[ and concave for all x € [-%, —21] U [z1, §]. We may ask whether

(B.18) 1 < Zo

since it would mean that z(z) is concave on [z, 5] C [z1, 5] and moreover z(5) = 0,
z(xzg) > 0. So, if (B.18) holds true, the positivity of z(z) is guaranteed for all

zel-§, 5[
We can start with the inequality

(6% QT ]. amn an
- ——<smh——:—(eﬁife_55)
B B2 g2 2
and rewrite it as
ée_%g+1<—e%%fl
« «

This is equivalent to
0<e¥F |2 of8| <ot |0 _o55|
16} o

But we have e 72 > e 5 and e 2 < 5 for B > 1. Thus
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which implies

So, we obtain

cosh « (5 — %) < —smhag
or .
r_ T < — arcosh ﬁ sinh o=
2 20  « «a
——
1 Zo

and the condition (B.18) holds true. Thus we have proved that

z(z) >0 forallxe}fg,g[.

Moreover, since z(x) is positive and concave in a right neighbourhood of —% and
in a left neighbourhood of 7, we can conclude that

z’(—g) >0 and z’(g) < 0.

Step 2. Extension of the preceding step (hy = 0) to include positive hy, provided

Z—; is sufficiently small.

It is convenient to introduce even functions
p1(x) = sinh azsin Sz, @a(z) = cosh ax cos Sz

and the abbreviations

h271 ’

o, = cpi<g) (i=1,2), 0

For the definition of o and [ see (B.12).
The solution of (B.17) has in case 2 < 477 the explicit form

(B.19) z(z) = ha[l + Crp1(x) + Capa(x)].

In order to incorporate the boundary conditions of (B.17) we need z/(x). An ele-
mentary calculation gives

(B.20) 2"(x) = h2[C1(a? — B%) — 2aBCs)p1(x) + ha[Ca(a® — B2) + 2a8CH |2 ()
so that the boundary conditions
z(E) =0 z”(E) = h = 0ho
2 ’ 2 Y1
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(the boundary conditions for x = —7 are satisfied automatically by symmetry of

z(x)) lead after dividing by hg to the linear system in Cy, Co

P, ®; - !
(B.21) <(a2 ~B2)®y + 2088y (a? — 2)Bs 2aﬂ<I>1) <C’2) B ( 0 )

The coefficient matrix, denoted henceforth by A, is invertible since
det A = —2a3(®3 + ®2) #£ 0.

Hence equation (B.21) can be solved explicitly by

v (@) () () ()

If we denote
zofe) =1+ A7 (01) | (223)

then using (B.22) formula (B.19) can be rewritten as

: o) (2)
B.23 —z(z) =1+ .
B2 e =1+ (o) (20
-1 0
0 (e () ()
0 P2 () 1 P2 ()
1 (0 p1(x)
=zo(x)+ AL ( ) . < .
o) 1) \eala)
Notice that zo(z) is the unique solution of the boundary value problem (B.18) but
with hy = 0 and he = 1. Hence by the preceding first step zo(z) is positive in the
open interval | —Z, 2| and satisfies z((—Z) > 0 as well as z((Z) < 0. It is easy to see,
using the last expression of formula (B.23), that there is a (usually small) constant
¢ > 0 such that h—lzz(x) is positive in | —%, %[ and hizz’(f%) > 0 as well as h—lzz’(%) <0
provided § < c. Since hy is positive the same conclusions hold true for z(z), too. O

The authors would like to thank the referee for careful reading of the manuscript
and for several valuable comments and suggestions.
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