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Abstract. Let X be a compact subset of a separable Hilbert space H with finite fractal
dimension dp(X), and Py an orthogonal projection in H of rank greater than or equal
to 2dp(X) + 1. For every § > 0, there exists an orthogonal projection P in H of the
same rank as Py, which is injective when restricted to X and such that ||P — Pyl < 4.
This result follows from Maiié’s paper. Thus the inverse (P| X)_1 of the restricted mapping
P|x: X — PX is well defined. It is natural to ask whether there exists a universal modulus
of continuity for the inverse of Mafié’s projection (P|x)~!. It is known that when H is finite
dimensional then (P] X)_1 is Holder continuous. In this paper we shall prove that if X is
a global attractor of an infinite dimensional dissipative evolutionary equation then in some
cases (e.g. two-dimensional Navier-Stokes equations with homogeneous Dirichlet boundary

conditions) ||z — y|| - Inln < 1 for every x,y € X such that ||Pz — Py|| < ==

1
Y[ Pz—Pyll yee?

where ~ is a positive constant.
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Mainé’s projection, fractal dimension
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INTRODUCTION

A large class of infinite dimensional dissipative evolution equations has a global
attractor (see [26]) which describes the long-time behaviour of the solutions of these
equations. The attractor is usually a subset of a suitable infinite dimensional Hilbert
space H. It is supposed to have a complex geometric structure (see [6, 17]), perhaps
a fractal one, which reflects the complicated dynamics of the corresponding system.

This research was supported by the Grant Agency of the Czech Republic under Grant
No. 101/96/1051.



It was proved in many cases of the infinite dimensional dissipative evolution equa-
tions that the global attractor is a subset of the graph of a mapping ¢ defined from
a finite dimensional subspace of H to H. If y is sufficiently smooth then the dynamics
on the attractor can be described by a system of finite dimensional ordinary differ-
ential equations. This fact has often been used in numerical computations (see [21,
23]). The existence of the (smooth) mapping ¢ gives us also better understanding
of the geometrical structure of the attractor.

In those cases of the evolution dissipative equations where the existence of iner-
tial manifolds was proved (see [4, 5, 10, 15, 16]), the mapping ¢ is Lipschitz and
is defined on the finite dimensional space which is spanned by the first n eigenvec-
tors of the linear part of the corresponding equation. In these cases, the dynamics
on the global attractor is described by the finite dimensional system of ordinary
differential equations, referred to as an inertial form. This leads to considerable
simplification in the study of the dynamics. The existence of inertial manifolds was
proved for the systems satisfying the spectral gap condition in the spectrum of the
linear part of the equation, for example for the modified Navier-Stokes equations and
some Reaction-Diffusion equations (see [15]) or the Kuramoto-Shivasinski equation
(see [14]). A different method of showing the existence of inertial manifolds was
used in [20] for the two-dimensional Navier-Stokes equations with periodic boundary
conditions or in [27] for the Navier-Stokes equations on a two-dimensional sphere.

However, for some dissipative evolution equations the existence of inertial mani-
folds has not been proved yet. Here, in many cases, only the existence of approximate
inertial manifolds was established (see [7, 11, 12, 13, 19, 25, 28]), which means that
the global attractor is not a subset of a smooth finite dimensional manifold but
only a subset of its open neighborhood. Fortunately, it was shown in some cases of
these systems (e.g. the two-dimensional Navier-Stokes equations with homogeneous
Dirichlet boundary conditions) that the fractal dimension of their global attractor is
finite (see [2, 3, 9, 18]). Therefore, as was proved in [22], any orthogonal projection
in the underlying Hilbert space H of sufficiently high finite rank can be perturbed
so that its restriction to the global attractor is injective. It means that in the case of
these systems the global attractor is a subset of the graph of a continuous mapping
defined on a finite dimensional subspace of H. It was proved in [1] that the mapping
is Holder continuous as long as the underlying Hilbert space H is finite dimensional.
It is natural to ask whether the same theorem also holds for the infinite dimensional
space H. In this paper we show the following weaker result:

Theorem R. Let us consider a system of infinite dimensional dissipative evolu-
tion equations which has a global attractor X of finite fractal dimension in the phase
space H (the precise definition of the system together with the necessary conditions
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[A1], [A2] and [A3] will be stated in Section 1). Let Py be an orthogonal projection
in H of sufficiently high finite rank N. Then for any § > 0 there exists an orthogonal
projection P in H of rank N and a positive number v = v(Py, §) such that

(1) [P =Rl <9,

(2) llz—yll ~lnlnm <1 for all z,y € X such that ||Pz — Py|| < 7'136,

1. PRELIMINARIES, NOTATION AND STATEMENT OF MAIN THEOREM

Assume we are given an infinite dimensional Hilbert space H with a scalar product
(,) and a norm || - ||. In this paper we consider a class of nonlinear evolutionary
equations of the type
(1.1) % + Au+ R(u) = f,
where A is a linear unbounded self-adjoint positive operator in H with domain D(A)
dense in H. We assume that A~! is compact and, accordingly, H has an orthonormal
basis {w; };O:l consisting of eigenfunctions of the operator A with the corresponding
eigenvalues \; (ie., Aw; = M\w;, j = 1,2,...) satisfying 0 < Ay < A2 < ..,
Aj — +00 as j — +o00. R is an arbitrary (nonlinear) operator from D(A) into H
and f € H.

For n = 1,2,... we denote by P,, the orthogonal projection of H onto Span{w;,
Wa, ..., W}

In the paper, we use the concept of the fractal dimension (for more details see
e.g. [1] or [26]):

Definition 1.1. Let Y be a compact subset of a Hilbert space H and € > 0.
Let N.(Y) be the minimum number of e-balls necessary to cover Y. The fractal
dimension of Y, denoted by dr(Y), is then defined as

, In N.(Y)
dp(Y) =1 —=
F(Y) msup )

Moreover, let the following assumptions be satisfied:

[A1] For every ug € H there is a unique global solution u = u(t) to (1.1) such that
(1.2) u(0) = uo

and u € C((0,00), H).
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[A2] There exists a global attractor X C H for (1.1). The fractal dimension of X,
denoted by dp(X), is finite.

[A3] There exist a real number a € (0,1) and a natural number M such that for
all natural numbers n > M and for all z,y € X we have: ||z —y| > a" =
1Pnz = Poyll > 3llz —yl-

Remark 1.2. The assumptions [Al] and [A2] have been proved for a large class
of dissipative systems defined in (1.1), see e.g. [26]. As far as [A3] is concerned, let
us now point out that this condition holds for global attractors of some dissipative
systems defined in (1.1). This follows from the theory of inertial and approximate
inertial manifolds developed in [4, 5, 7, 10, 11, 12, 13, 15, 16, 19, 25, 28], where it
has been shown that the global attractors are included in a thin neighbourhood of
these manifolds. In the article, we do not work directly with the systems (1.1) (and
therefore we do not specify the terms of (1.1) in detail), but we consider the global
attractors of those particular systems (1.1) where [A3] can be proved and use only
this key condition. For example, the following proposition has been proved in the
case of the two-dimensional Navier-Stokes equations:

Proposition. Let X be the global attractor of two-dimensional Navier-Stokes
equations with periodic or homogeneous Dirichlet boundary conditions. Then there
exist a natural number M and a real number a € (0,1) such that for all natural
numbers n > M there exists a Lipschitz mapping (approximate inertial manifold)
Yn: PoH — (I — P,)H with a Lipschitz constant 1 such that

dist(x, X)) < a”, Vo e X.

Proof. The proof follows immediately from Theorem 3.1 in [13]. O

Clearly, [A3] is now a simple consequence of the proposition.
Let us also note that [A3] is easily verifiable for those dissipative systems where
the existence of Lipschitz inertial manifolds was proved (see [4, 5, 10, 15, 16]).

Let us denote Ax = {x —y; =,y € X} and Sx = sup{||u|; u € Ax}. Obviously,
one has dp(Ax) < 2dp(X) < oco. Let Py be an orthogonal projection in H of rank
N > dp(Ax) and § > 0. Let D and 6 be numbers such that dp(Ax) < D < N
and 0 < 0 <1— D/N. Since D > dr(Ax), there exists a number ¢ > 1 such that
N.(Ax) < ¢(1/e)P for every € € (0,1), where N.(Ax) denotes the minimum number
of e-balls necessary to cover Ax.

The following theorem is the main result of this paper.
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Theorem 1.3. Let X € H be the global attractor of the system defined in (1.1)
and let the assumptions [Al], [A2] and [A3] be satisfied. Assume we are given the
operator Py and the numbers N, §, D, 6 and c as in the preceding paragraph. Then
there exists an orthogonal projection P in H of rank N such that |P — Py|| < 0 and

[l

AP S 1 for every u € Ax. The real function f is defined on the interval (0,1) as

1
. foreveryx € (0, —>,
Inln = e
yx

f(z) =
1
1 for every x € (—, 1)
yee

and v = v(a,c,N, D, Py, 6,0, Sx) is a positive constant.

2. STATEMENT OF AUXILIARY LEMMAS

In this section we formulate three lemmas which will be used in the proof of
Theorem 1.3.

Let us denote by G(IV, M) the set consisting of all N dimensional subspaces of
the Euclidean space R . There exists a nontrivial measure m defined on G(N, M)
which is invariant under the action of the orthogonal group. Let us note that all
open subsets of G(N, M) are m-measurable and their measure is greater than zero.
For a subspace S of R, we denote by S+ the orthogonal complement of S in R .
For 0 # a € RM and o > 0, let us define the set

W(a,0) = {S € G(N,M); S* N B(a,20) # 0}.
For every natural number k let Oy denote the surface of the k dimensional unique
sphere of R¥*! and let OM,N) =Op-10p—2...0p_n for 1 < N < M. Let us
note that the definitions and the propositions of this section are also mentioned in [1]

and intensively studied in [24].

Lemma 2.1. If0# a € RM and ¢ > 0 then for W(a, 0) C G(N, M),

(2.1) m(W (a, 0)) < 4V MNO(M, N)(%)N.

Lemma 2.2. Let Py € G(N,M) and ¢ € (0,1). Then
(2.2) m({P € G(N,M); ||P — Ry <6}) >MsMNO(M, N),
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where ¢ = 1/(4N)V.

Lemma 2.3. Let Py be an orthogonal projection in H of rank N and § > 0.
Then there exists an orthogonal projection P in H of rank N and a natural number
M = M(Py,0) such that ||Py — P|| < 6 and PH C Span{wy, wa, ..., wp}.

Remark 2.4. For the methods to prove Lemma 2.1 and Lemma 2.2, see [24].
The proof of Lemma 2.3 is elementary.

3. PROOF OF MAIN THEOREM

From now on, we suppose that all assumptions of Theorem 1.3 hold. Let {M,,}22
be a sequence of natural numbers and 0 = My <4 < My < My < ..., M; > N and
M; > M, where M is the number from the assumption [A3]. Using Lemma 2.3 we
can assume, without loss of generality, that for My = M;(d, Py) sufficiently large,
PyH C Span{ws, wa, ..., wp }. We can further assume that Sx < 1 and ¢ € (0, %)

In the proof of the following lemma we use a method which was developed in [1].

Lemma 3.1. Let k be a natural number or zero, let P be an orthogonal projec-
tion in Py, (H) of rank N and 3 > 0. Then there exists an orthogonal projection
P in Py, ., (H) of rank N such that

(1) el <2 Vo e A & {z € Ax; a1 < ||z]| < aM*} and

[Pz]]® = na®

~

(2) |[P— P|| < 18, where

7 6N1k+1ﬁMk+1N 0/(N—D)
= (BM,QHGMkQMkHN)

(3.2) B=c2P4NHN-DO-D/ g —G/(1-@G) and G = aN"DV/O=N,

(3.1)

b

Proof. Let us consider the finite dimensional space Py, ., (H). Then obviously,
PMkJrl(Ak) C PMkJrl(H), dF(PMkJrl(Ak)) < dF(Ak) < dF(Ax) < D < N and
N:(Pasy,, (Ag) < ¢(1/2)P for every € € (0,1). For all natural numbers n let 7, = a™
and let us consider the sets V" = {y € Pu,,,(Ax); mn < ||yl| < rn_1}. Now we
set 0, = (a?1
later. For each n = 1,2,... we choose a covering of Py, ., (Ay) with 3g,-balls

nrn)l/ 9 for every natural number n, where n > 0 is to be specified

consisting of at most c(30,) " balls. We disregard the balls not intersecting Y.
k D

Let B(a;-”“, 10n), 7 =1,2,...,mk, be the remaining balls, where mf < c(10,)~
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On)-

N =

For each j = 1,2,...,mF let us choose an arbitrary point a?k eY,'nB (a;’k
Then B(a} ,2gn) C B( a?*, 0,) and therefore

m

n 1
Yk - U B k Q’n U ] ,Q’n
J=1 Jj=1
If a given projection P in Py, ., (H) satisfies
(3.3) (I — P)Pa, ., (H) N B(a}*,20,) =0
for every n=1,2,... and j = 1,2,...,m§,

then it is easy to see that
1 9
Il < Py ¥ € P, (4).

This follows from the fact that if y € P, ,(Ax) and y # 0, then y € Y* C

U B(af} k. 0n) for some natural number n, ||y|| < rn_1, ||Py|| = dist(y, (Ker P)*) >

Qn (see (3.3)), and from the definition of 7,1 and g,.
Our goal is to perturb P just enough to realize (3.3). Since

P]V[k_H (Ak) C U Ykn C U U B 2Qn

n=My+1 n=M+1 j=1

[e'e] my,
we first proceed to estimate > > m(W(af*, g,)). It follows from Lemma 2.1,
n=M+1j=1

the inequalities m* < 2Po- P r, < \a?k| and o, = (a’'nr,)'/? that

m,ﬁ o0
Z Zm(W(a}’k,gn))é Z mﬁ4NM/ﬁr10(Mk+1aN)<f_:)N

n=My+1 j=1 n*MkJrl
< C2D4NMk+1O Mk+1a Z QN DrnN
n=Mp+1
(oo}
— C2D4NG(N_D)(9_1)/0Mé\_[~_1’l'](N_D)/eO(Mk+1,N) Z TSLN_D)/G_N
n=My+1

= BN =DVOO(Myyr, NYMPY,, GMr,
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where for B and G see (3.2). If we now set

- €Mk+1ﬂMk+1N 6/(N—D)
B (BM,ﬁlGMk 2Mk+1N)

)

then

M1 N
Bn(N*D)/Qo(Mk+1,N)MkI:\ilGMk < (_:Mk+1 (ﬁ) k+1

3 O(Mp41,N)

and due to (3.3), (3.4) and Lemma 2.2 there exists an orthogonal projection P in
Py, (H) of rank N so that item (2) of Lemma 3.1 holds, i.e. |P — P| < %ﬁ, and

1
1Pyl < —51Pall’, Vo€ A
na
Since ||z|| = aMr+1 for every x € Aj it follows from the assumption [A3] that
| Py || = 4|z and therefore
] 2
< —, Vr € Ag,
[Pef? = pa?> 0
that is item (1) of Lemma 3.1 holds. O

Remark 3.2. Let us show that B from (3.2) is greater than 1: Since a, G € (0,1)
and D > 0, then a=? > 1 — G and therefore aN=D)(O-1)/0(N=D)/0-N > 1 _ Q.
Since ¢ > 1, it means according to (3.2) that B > Ha(N-P)0-1/0 > 1,

Proof of Theorem 1.3. For every k =0,1,..., let us now define an orthog-
onal projection P* in H of rank N and a positive number 3, < 1. The projection P
from Theorem 1.3 will then be defined as kli)rgo P*. We put P® = Py, dy = 6 and use
the principle of mathematical induction. Let us assume that for some & € {0,1,...}
an orthogonal projection P* in Py, .1 (H) of rank N and a positive number 6 < 1
have already been defined. Let us define P**! and 6. By virtue of Lemma 3.1,
there exists an orthogonal projection P*™! in Py, ., (H) C Py, ,(H) of rank N
such that

|P*1 — PF|| < %51@

]| 2
[PEF ] ppg1af”

Vr € Ay,



where

eMisr gMiet N 6/ (N-D)
(36) Nk+1 = (BMk]:\—];rlG]\/[k2]\/fk+1N)
with constants B, H and G defined in (3.2). Let us set ¢x11 = ﬁ and define
1 Myt11/6
(3.7) Okt1 = _(a ) a” M+t
2\ Cpq1
Let us show now that dx1 < %51« It follows from the definitions of k11, cx+1 and
Nk+1 that
1 /7 aMr+1\1/0
(3.8) i1 = —(a ) a~Mi+
2\ gy

Mk+1524k+1N

B a ( 3
2(1+0)/6 BM]ﬁ\lLlGMk QM1 N

)1/(N_D)aMk+1(1—9)/9

a eMi+1 1/(N-D)
- (2(1+(~))/(~)Bl/(N7D)) (Mli\jr12Mk+1N)

My41N/(N—D)

o Mi41(1-0)/0
< )i

GMi/(N-D)
o Mi1(1=0)/6
“GMp/(N=D)_
and since B > 1 and € < 1, one obtains from (3.8) that dx41 <
Since My+1N/(N — D) > 1 and 6, < 1, we conclude that d;41 < %6k < 1.

Let @ be an orthogonal projection in H of rank N and ||Q — P**1|| < 641 for
k=0,1,.... Then for every z € Ay,

Using the definition of G in (3.2) one immediately has ( ) < 1. From here

l(;Mk-HN/(N*D)
27k :

1 /7 aMr+1\1/6 _
(39) Q=P fall < 5(5—) " a M al
Ck+1
=5 () e 0l
2\crq1
1/ 1 \1/¢ _ 1/ |l \1/
< (=) "Il el = 5 ()
2\cpt1 2 \cp41

and since by virtue of the definition of ¢4 and (3.5) we have | P**lz| > (%)1/0

for every x € Ay, it follows from (3.9) that [|Q — P*™|| - ||z| < 3| P*™ x| for every
x € Ag. Therefore we have ||Qz|| > |[P*Mz| — [|Q — P*| - ||lz|| = §||P*" x| for
every x € Ay and finally

]| ]|
~
Q=] = (3] P+l

(3.10) L <21, Vze A
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Let us sum up the properties of the sequences {5}, and {P*}2°

()50—56k>0and5k+1\%5k, vk=0,1,...
(2) P° = P, and P* is an orthogonal projection in Py, ., (H), Vk=0,1,...
( ) ||Pk+1 Pk”g%ék, szoal,
(4) % < Ck41, Vr € Ag,
where cx41 = Lag and 7,41 was defined in (3.6). It follows easily from conditions

(1) and (3) that hm Pk = P, where P is an orthogonal projection in H of rank N.

Forn=0,1,... one has

oo oo
1 1
(3.11) |P— P <ZHP”+’“ PRty <Z ik < 525n_k: .
k=0 k=0 k=0

and due to (3.10)

]|

(3.12)
| Px]|?

<2941, Vo € A, Vk=0,1,....

Using (3.6), (3.7) and the definition of ¢;11 we shall now express c;41 as a function

of ¢p:
2 2 _ , _
(3.13) Chop1 = _ (_Be/(zv D)) (wake/(zv D))
a®npa1 a
>1 <1
N\ My 110/(N—D)
No/(N-D)\ (4 kot
< () (T)
>1

< (a(e—1)sz1kMk+1/(N—D)) (CkMkHN/(N—D)) .

Moreover, the maximum of the real function z — 2V/% ¥x > 0 is el/°. There-

fore M;J/ﬁ[’““ < 16N and using the definition of & from Lemma 2.2 one has
>Mk+10/(N—D)

(MNB/(N D)) S(ﬂ

A = . If we now denote

N _
b=b(a,0,N, D, c) = = B%/(N-P) (%)MN ) (6-1)N/(N-D)
a

€
and
N
(N.D)= 5.
it follows immediately from (3.13) that
chpr < OMMiri M Ty 1 0
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Let us define a sequence {T'x}?2, in the following way: I't = max(c1, b, a™1)
and Tjyy = bMeMea P Tyl — 19 Obviously, Ty, > ¢, Yk = 1,2,....
Since T'ky1 = bM’ka“FiVI’““T > bMr+1) one has Thy1 = (bM’f)Mk“FiVI’““T <
Fﬁ[’c“f‘yk“T = FéTH)M’““. Therefore one has I'y;1 < I‘,(eTH)M"'“, vk =1,2,...

and subsequently
(3.14) [y < PMeMeMeTHD™E g9 g

where I'y = T'y(a, ¢, N, D, 0,80, M;). Since ¢ < 'y, for every natural k, it follows
from (3.12) that

]|
[ Pa]®

(3.15) < 2°Thp1, Vo € A, Vk=0,1,....

‘We shall now consider the real function f which was defined in Theorem 1.3, where
we put

ari/?
(316) Y= m.

Clearly, f is a nondecreasing function on the interval (0,1) and lim f(z) = 0. Let

z—04

x € Ag. It follows from (3.15) and the definition of Aj that

1/6 My 41/
|Pal| > %( ] ) S la

Z 9 /0
Tiit 2 Fk/+1

If we have

1 a]\/fk+1/9 M
(3.17) f(irlﬁ) > gMr

k+1
then f(||Px||) = a™* > ||z||. Since Ax = Ay, one has
k=0,1,...

(3.18) fPl)) = ll=ll, Ve e Ax.

Let us prove (3.17). By means of (3.16) and the definition of f, (3.17) is equivalent

to
aMl/Gee Fllciel Ny
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Obviously, (3.19) holds for £ = 0. Let now k£ > 0. It is possible to choose M7 so
large that “Mll/zee < 1. Since also M; > 4 and I'; > o™}, it is sufficient to prove (see
ri/

y y k
also (3.14)) that In ln(Fi\/lleM"’“‘M’““(Tﬂ) /9) < a Mk or

(3.20) InMi+In Ma+...+In M)+ (kIn(T+1))+(In(1/6))+ (InInT) < a Mk,

It is elementary to show that (3.20) holds if M; = M;(a, N, D, 0, ¢, dp) is a sufficiently
large number. Therefore (3.17) holds and this together with (3.11) concludes the
proof of Theorem 1.3. O

Remark 3.3. By setting for example D = 1(N + dp(Ax)) and § =1 — D/2N
in Theorem 1.3 we can have that v = v(a, ¢, N, Py, §, Sx).
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