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SPATTIAL PATTERNS FOR REACTION-DIFFUSION SYSTEMS
WITH CONDITIONS DESCRIBED BY INCLUSIONS
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Abstract. We consider a reaction-diffusion system of the activator-inhibitor type with
boundary conditions given by inclusions. We show that there exists a bifurcation point
at which stationary but spatially nonconstant solutions (spatial patterns) bifurcate from
the branch of trivial solutions. This bifurcation point lies in the domain of stability of
the trivial solution to the same system with Dirichlet and Neumann boundary conditions,
where a bifurcation of this classical problem is excluded.

Keywords: reaction-diffusion systems, variational inequalities, inclusions, bifurcation,
stationary solutions, spatial patterns
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1. INTRODUCTION

We will study a reaction-diffusion system
(1.1) us = diAu+ f(u,v), vy = daAv + g(u,v) on (0,00) x

with boundary conditions of the type

o ou(x) mi(z,u(z)) Ov(x) ma(x,v(x))
(1.2) u=1d,v="0onI'p, o € — 4 o € — & on I'y.

It will be always supposed that f, g are real differentiable functions on R?, @, % are
constants such that f(@,7) = g(@,7) = 0,  is a bounded domain in RY with a
lipschitzian boundary 92, I'p, I';y are open (in 0€2) disjoint subsets of 9 such that

(1.3) measT'p > 0, meas(IQ\T'p UT'y) =0,

The authors are supported by the grant No. 201/95/0630 of the Grant Agency of the
Czech Republic

421



m, mg are multivalued functions of a certain type. (For instance, m; can be de-

scribed by a real continuous function on (—oo, @) U (@, +00), m1(s) = 0 for s > @,

ma(s) <0 for s <@, lim mq(s) =mq <0, mq() = [mq,0], similarly for ms.)
S—U—

Simultaneously we will study (1.1) with classical boundary conditions
(1.4) u=u,v=0onl'p, ——=—-—=0onTy.
n

We will denote byy = 2L(a,0),b1y = 2L(a,0),bo1 = 29(a,0), by = 22(1,7) and

suppose
(1.5) bi1 > 0,b12 < 0,b21 > 0,b22 < 0,b11 + b2z < 0, det b;; > 0.

This assumption corresponds to systems of activator-inhibitor (prey-predator) type
for which diffusion-driven instability occurs: @, @ is a stable solution of the ordinary
differential equations u; = f(u,v),v; = g(u,v) but it is stable as a solution of the
problem (1.1), (1.4) only for some parameters d1, d2 (the domain of stability) and un-
stable for the other dy,ds € Ri (domain of instability). See Fig. 1, Proposition 2.1.
Moreover, stationary spatially nonhomogeneous solutions of (1.1), (1.4) (spatial pat-
terns) bifurcate at the border between the domain of stability and instability. This
effect was discovered in the simplest form by A. M. Turing in [23] and studied by
many authors from the point of view of applications in biology (see e.g. [7], [16]) as
well as from the purely mathematical point of view (see e.g. [15], [17]).

It was studied in the papers [3], [4], [20], [10], [12], [13], [14], [5] how the situation
changes if the classical boundary conditions (1.4) are replaced (or supplemented)
by some unilateral conditions, e.g. by boundary conditions (1.2) (some additional
conditions in the interior of Q can be also considered). Unilateral conditions were
prescribed only for one of the functions v or v in all papers mentioned, that means
particularly m; = 0 or my = 0 in the case of boundary conditions (1.2). A certain
destabilizing effect of such conditions prescribed only for the inhibitor v and a sta-
bilizing effect of such conditions for the activator u was proved. See [10], [11] for a
brief survey. In the paper [11], the first result concerning the destabilizing effect (in
terms of bifurcations) of unilateral conditions prescribed for both v and v is given.
However, the unilateral conditions considered in [11] are described by variational
inequalities (which can be understood as a special case of inclusions) and a certain
simplicity assumption concerning critical points of the classical problem is consid-
ered. The aim of the present paper is to give a generalization to the inclusions and
to remove the simplicity assumption.
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2. ABSTRACT FORMULATION, EXAMPLES

We will always suppose without loss of generality that @ = o = 0.

Notation 2.1. Ry—the set of all positive reals, Ri =Ry x Ry

d 0 . 1/dy 0
D(d) = D Yd) =
(4) (o d2>’ (@) <0 1/d2)’
b11 bu) . <b11 bm)
B= B =
(521 bao bia  bao

V, A, N;—a real Hilbert space and operators satisfying (2.1) (see also Weak Formu-

lation 2.1)
V=VxV, AU = [Au, Av], U* = [u*,v*] = [Zi—;u,v] for U = [u,v] € V
(.} |l |—the inner product and the norm in V or in V, i.e. (U, W) = (u, w)+ (v, ),

1012 =l + [[o]2 for U = [u,v], W = [w, 2] € V

Ls—Ilinear completely continuous operator defined in Notation 4.2

M, My—multivalued mappings of V into 2V satisfying (2.14)—(2.18)

P7™—mappings of V into V satisfying (2.19)—(2.23)

K ={U €V, 0e My(U)}—closed convex cone (see the assumption (2.15))

K- ={UeK; (PPV,U)<0forall V ¢ K, 7> 0and for any Z € V, Z # 0 there
exists F € V such that (Z,F) >0, U + F € K}

Kj, €ej (7 =1,2,...)—the characteristic values and characteristic vectors of the opera-
tor A, i.e. eigenvalues and eigenvectors of —Awu = ku with the boundary conditions
(1.4) in the special case of the operator from Weak Formulation 2.1

Cj={d=1dy,do] € R2;dy = % +b2},j=1,2,3,... (see Fig. 1)

C—the envelope of the hyperbolas C;, j =1,2,3,... (see Fig. 1)

T—joint tangent to all hyperbolas C;, j =1,2,3,... (see Fig. 1)

Dg—domain of stability—the set of all d € [R?|r lying to the right from C' (see Fig. 1)

Dy—domain of instability—the set of all d € R% lying to the left from C (see Fig. 1)

—, — —strong convergence, weak convergence

Ep(d) = {U € V; (2.3) holds}, E;(d) = {U € V; (2.12) holds}

critical point of (3.2) or (3.3)—a parameter s € R for which Ep(o(s)) # {0} or
Er(o(s)) # {0}, respectively

bifurcation point of (3.2) or (3.3)—a parameter so € R such that in any neighbour-
hood of [s9,0] in R x V there is [s, U] = [s,u, v], ||U|| # 0 satisfying (3.2) or (3.3),
respectively.

Weak Formulation 2.1. Set V={p e Wi(Q); o=00onTp}, V=V xV.
Then V is a Hilbert space with the inner product (u,¢) = fQ Vu - Vodzx and the
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corresponding norm ||-|| is equivalent to the usual Sobolev norm under the assumption
(1.3). Set nq(u,v) = biiu+ bio2v — f(u, v), na(u,v) = baru + baov — g(u,v),

(Au, ) = / updz, (N;(u,v),p) = / n;(u,v)pdz for all u,v,p €V,
Q Q

N(U) = [N, (U), No(U)] for all U = [u,v] € V.

Then
AV =V, Nj: V -V are completely continuous operators,
2.1 N(U
24 A is linear, symmetric, positive, lim IN )] =
lwi—o ||U||

under standard growth conditions on n; (see e.g. [6], for the last condition see [10],
Appendix). A weak solution of the stationary problem corresponding to (1.1), (1.4)
is a solution of the system of operator equations

diu — by1 Au — big Av 4+ Ny(u,v) =0, dav — bag Au — bag Av + Na(u,v) =0
which can be written in the vector form as
(2.2) D(d)U — BAU + N(U) = 0.
Remark 2.1. We shall use the linearized equation
(2.3) D(d)U — BAU =0
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and the corresponding adjoint equation
(2.4) D(d)U — B*AU = 0.

Clearly U = [u,v] satisfies (2.3) if and only if U* = [u*,v*], u* = %Ly, 0* = v
satisfies (2.4).

Recall that if Re A < —e < 0 for all eigenvalues of the problem
(2.5) diAu + bi1u + biov = Au, doAv + bayu + basv = Mv

with the boundary conditions (1.4) (with @ = ¢ = 0) then the trivial solution of (1.1),
(1.4) is stable and if there exists an eigenvalue of (2.5), (1.4) satisfying Re A > 0 then
the trivial solution of (1.1), (1.4) is unstable (see e.g. [8], [22]). If A is from Weak
Formulation 2.1 then the weak formulation of (2.5), (1.4) is

(2.6) D(d)U — BAU + MAU = 0.

The eigenvalues and the eigenvectors of (2.5), (1.4) coincide with those of (2.6).
Hence, our definition of the domains of stability and instability (see Notation 2.1) is
justified by the following statement.

Proposition 2.1. Let the assumptions (1.5), (2.1) be fulfilled. Then |J C; is the
j=1

set of all d € R% such that Eg(d) # {0}. If p is such that the characteristic value k,,

of A (i.e. the eigenvalue k, of —A, (1.4) in the situation of Weak Formulation 2.1)

has the multiplicity k, kp = ... = Kpyrp—1 then Cp = ... = Cpyp—1, Cp # C; for all
j¢{p,....,p+k—-1}. IfdeCp,d¢ C; forall j ¢ {p,...,p+k — 1} then

Ep(d) = Lin{U;(d)}*2*~! where U;(d) = o, (d)e;, ei]

i=p
with a,(d) = % > 0. If d € C, N Cy for some q satistying Cp, # Cy, kp # Kkq =
... = Kgyi—1, where k, has the multiplicity | then
Ep(d) = Lin{Ui(d) }i=p,... p+k—1,q,....a+1-1,
U;(d) = [ap(d)ei, e fori=mp,...,p+k—1,
U;(d) = [ag(d)e;, ;) fori=q,...,q+1—1.
Ifd € Dg then all eigenvalues of (2.6) (i.e. particularly of (2.5), (1.4)) satisfy Re A <

—& < 0. If d € Dy then there exists at least one positive (real) eigenvalue of (2.6)
(i.e. also of (2.5), (1.4)).

Proof can be done by the same considerations as in Observations 4.1, 4.2 where
we will study a slightly different and more complicated eigenvalue problem (see also
[17] for the special case N =1 and I'p = 0 or [4] for the general case). O
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Example 2.1. Let V, A, Nibe from Weak Formulation 2.1. Consider multival-
ued mappings m;: I'n x R — 2R j =1,2 defined by

mj(z,&) =0 for £ >0,

my(,€) <O for § <0, lim my(r,) = m)(@) for all & € Ty,

m;(z,0) = [mg(x),O] with some mg(x) € [—00,0]

N )

3

Fig. 2
Let us suppose for the simplicity that

if m?(x) = 0 for some x € I'y then

O_m;(x,0
either m;(x,&) = 0 for all £ € R or m; has the left derivative % = +o00.

(Of course, this assumption is not necessary. We could consider more general m;
under suitable growth conditions.) Set

forallz € T'y.

mj(xaf) :mj(.’t,f) :m]‘(.’L‘,f) forg#oa}

m;(x,0) = mg(x), m;(z,0)=0

Let us denote

a*mj (xa 0)

Fj:{xGFN; either m;(z,0) < 0 or m;(x,0) =0 and €

and suppose

(2.7) measI';y > 0 and measT'y > 0.

For z € 'y \ T'; we have m;(z,§) = 0 for all £ € R. The multivalued condition
(1.2) with such m; describes for instance a semipermeable membrane on I'; allowing
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the flux only in the direction from the outside source into the domain €. If the
concentration of u or v at the point x € I'; is great enough (u(z) > @ or v(z) > V)
then the membrane is closed, i.e. there is no flux through the boundary at this point.
If the concentration is low (u(x) < @ or v(z) < ) then there is a certain amount of
flux prescribed by mi (x, u(x)) or ma(x,v(x)). The interval [mf(z), 0] corresponds to
the opening/closing of the membrane at the point z when the concentration reaches
the prescribed value uw or v, respectively. There is no flux through the part of the
boundary I'ny \ T';.

Further, define a multivalued mapping M: V — 2§/, MU) = [M;(u), Ma(v)] for
U = [u,v] by

w0 = {evi [ my e v@e@adr < )
(2.8) P
< m;(z,¥(x))p(z)dl for all p € V, ¢ > 0 on FN}.
I'n
Then a weak solution of the stationary problem corresponding to (1.1), (1.2) can be
introduced as a solution of the inclusion written in the vector form

(2.9) D(d)U — BAU + N(U) € —M(U).

Let us define multivalued mappings mo;: I'nv x R — 2@, 7 = 1,2 and corresponding
My, Mo; - F'vxR—TR by

moj (@, §) = mg;(x,§) = Mo;(x,§) =0 for >0, z €Ty,
510 mo;(z,0) = [~00,0], myg;(z,0) = —o0, Mo;j(x,0) =0 for z €Ty,
(2.10) mo; (7, &) = myg,;(z,€) = mo;(z,§) = —co for £ <0, z €Ty,
mo;(7,§) = mg;(r,§) =Mo;j(2,§) =0 forall{ € R, z € 'n\T}.

Further, consider positively homogeneous multivalued mapping Mj: vV — 2§/,
Mo(U) = [Mo1(u), Moz2(v)] corresponding to M and defined by

Moy () = {2 € Vi [ g, (o b)) T < ()
(2.11) v
< moj(z, ¥(x))p(x)dl for all o € V, ¢ > 0 on FN}.
I'n

(Note that My;(¢)) = 0 if v < 0 on a subset of I'; of a positive measure.) The
“homogenized” inclusion

(2.12) D(d)U — BAU € —Mo(U)
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is a weak formulation of the problem (2.5) with A = 0 and with the boundary
conditions

(213) w=v=0onTp, — ov
on

() € —mpz2(z,v(z)) on 'y

which are equivalent to

u=v=0onTIp,
ou

9
5 =0onTy\T, a—ZZOOnFN\FQ,
9 9 9
w0, 8—220, u-a—Z:00nF1, v>0, 8—220, v-a—ZZOOHFg.

Of course, the problem (2.12) is positively homogeneous but nonlinear again. One
of the basic difficulties in the study of our bifurcation problem consists in the fact
that it cannot be approximated by a linear problem.

It is not hard to show that the following conditions are fulfilled for such M and
My (cf. [14] and [5]):

(2.14) 0 € M(0);

(2.15) { K={UeV, 0e My(U)} is a closed con\fvex cone in V
with the vertex at the origin, {0} # K # V;

(2.16) Mo(tV) = tMo(V) for all t >0, V € V;

ifU, -0, Wy, = 2o -~ W, Z, = Z, d, —dec R,
(2.17) (A +

D(dn)Wo + Z € — 325 then W, — W, D(d)W + Z € —Mo(W);
(2.18) if U € Vthen (Z,V)>0forall V € K, Z € —My(U).

We have K = K1 x K, K; = {€eV; p>0o0n Fj} in our situation.
Moreover, there exists a system of real functions p7: I'y xR — R with a parameter
T € [0,400) (see Fig. 2) such that the operators P"U = [P/ u, PJv] with

(Pju,p) = /1“ p; (@, u(r))p(z)dl for all u,p € V

satisfy the following conditions (2.19)—(2.23) (see [5] for details):

(2.15) (PT(U),U) >0 forallU €V, PT(U)=0 forall U € K, 7 € [0,400),
. (PT(U),V)<0 forallU €V, V € K, 7 € [0, +00);
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ifUnéUa Tn 2 0, dnﬁdERi
then liminf(D~1(d,)P™ (U,),U, — U) > 0;

if moreover U = 0, T U(;]H”) are bounded and W,, = |\g:i|\ —~W

(2.20)

then liminf <%, W, —W) > 0;

itU, =~ U, 7, — 7 €[0,+00) then P™(U,,) — P™(U);

(2.21) itU, - U, 1, — +o0, PT"(Un)—>Z then Z € M(U);
2.21

if, moreover, U = 0, W, - W, 1, = 400

HU 1]

and HUELUHH — Z then Z € My(W);

P (Un) 0

(2.22) it U, — 0, 7, — 0 then oA

The interior of K is empty and therefore it is useful to introduce the “pseudointerior”
K~ (see Notation 2.1). Particularly, ¢ € K for any ¢ € V satisfying ¢ > £ on I';
with some ¢ > 0. Further,

itU, — 0, W, ‘U” —~W¢K, 7, —->17€[0,+x), VeK-
(2.23)

then hmsup(%,V) < 0.

Let us consider a fixed d° € C,, such that there is an eigenfunction e, of —A, (1.4)
corresponding to k, satisfying
e, < —eonl'y,e, > € onl'y with some € > 0,
(2.24) any eigenfunction of — A, (1.4) corresponding to &,
changes its sign on I'y U 5.

(Of course, this is possible only if I'y N T’y = ().) Particularly, it follows from Propo-
sition 2.1 that the following condition is fulfilled with Uy = [a(d®)e,, e,):

(2.25) Ep(d®) N K = {0} and there exists Uy € Eg(d°), Uj € K.

This condition will be essential for our abstract considerations.

Remark 2.2. Tt is easy to see that —U ¢ K for any U € K~ under the assump-
tion K # V. If M(U) = [My(u), Ma(v)], Mo(U) = [Moy(u), Moz (v)] then M, M
satisfy the assumptions (2.14)—(2.18) if and only if M;, My, satisfy the same condi-
tions in V. If there are operators P/, PJ: V — V satisfying conditions analogous to
(2.19)—(2.23) in V then P™(U) = [P{ (u), P§ (v)] satisfy (2.19)—(2.23). Of course, if
K =K; x Ky, K1, Ko CV then K~ = K] x K.
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Remark 2.3. If the operators A and N are from Weak Formulation 2.1, then

it follows from Proposition 2.1 that dim Ep(d®) = 1 for d° € C; \ |J Cx because
k=2

the first eigenvalue of —A with (1.4) is simple. Further, if dim Eg(d°) = 1 and if

K=K x Ky, Ki # V,Ky #V then Uy ¢ K,—Uy ¢ K is fulfilled automatically

under the assumption Uj € K. Indeed, Uy € K~ means uj = %uo € Ky ,v5 =

vy € K. But % < 0 by (1.5) and therefore ug ¢ K1, i.e. Uy ¢ K. Simultaneously
—o ¢ Kg, i.e. 7U0 ¢ K.

Example 2.2. Let V, A, N be from Weak Formulation 2.1. Consider multival-
ued mappings m;: I'n x R — 2R, j = 1,2 defined by

mi(x,&) =0 for £ <0,

ma(@,€) 2 0 for £ >0, lim mu(e,€) = mi(), for all @ € Ty,

my(x,0) = [0,md(x)] with some m?(z) € [0, +o0]

ma(x,&) =0 for £ > 0,

ma(z,§) <0 for § <0, gli%l ma(z,§) = mg(w), forall z € T'y.

ma(z,0) = [m3(x),0]  with some m$(z) € [~oc, 0]

my
21
m}
3 m3 3
pT
m
Fig. 3

Set
mj(%ﬁ) =m;(z,&) =m;(z,§) for#0
0

my(z,0) = m)(x) for all z € I'y.

my(,0) = m(x), Ta(x,0) =0
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Let us suppose for the simplicity that

if m?(x) = 0 for some x € T'y then

either my(z,£) =0 for all £ € R or m; has the right derivative mméié%m = +00,
if m3(x) = 0 for some z € I'y then
either mo(z,£) = 0 for all £ € R or mo has the left derivative a_mgiéx,()) = 4o0.
Let us denote
I'y = {z € T'n; either m1(2z,0) > 0 or ™1 (x,0) =0 and &Fmaliéx,()) = 400},
Ty = {z € T'y; either my(x,0) < 0 or my(z,0) = 0 and 3m§§x, 0 = +o0}

and suppose (2.7) again. Let us define multivalued mappings mg;: I'ny X R — 2@
J =1,2 and corresponding my;, Mo;: ['n x R — R by

mo1(z, &) = mgy,(x,&) = Mo1(x,€) =0 for £ <0, z € Ty,
mo1(x,0) = [0, +00], my;(z,0) =0, Mo1(x,0) =400 for z €Ty,
mo1(x, &) = mgy(z, &) = Mo1(z,§) = +oo for & >0, x € I'y,
mo1(x, &) = mgy(x,&) =Mo1(x,€) =0 forallé e R, x € Ty \ Ty,
moz(x, &) = mgy(x, &) = Mo2(z,€) =0 for £ >0, x € Ty,
moz(x,0) = [—00,0], mys(z,0) = —00, Mo2(z,0) =0 for z € Ty,
moz(x, &) = mgs(x, &) = Mo2(x,&) = —oco for £ <0, z €Ty,
moz(z,&) = mos(x,&) = Mo2(x,§) =0 forall € R, z €Ty \ s

Further, define multivalued mappings M, Mo: V — 2V, M(U) = [Mi(u), Mz(v)] and
Mo(U) = [Mo1(u), Mo2(v)] by (2.8) and (2.11), respectively, as in Example 2.1. The
corresponding convex cones are K1 = {¢ € V; ¢ <0onT1}, Ko ={p e V; p >
OonTy}, K=K x Ko.

Such M and M) satisfy the conditions (2.14)—(2.18) and there exist operators P
such that the conditions (2.19)—(2.23) are fulfilled. If d° € C), and there exists an
eigenfunction e, of —A with (1.4) corresponding to , such that

epz2e>0onl Uy,
(2.26) there is no eigenfunction e of — A, (1.4) corresponding to

satisfying e <0 onI';,e > 0on 'y
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then it follows from Proposition 2.1 that the assumption (2.25) is fulfilled. This is

automatically true in the case d® € C;\ |J Ck, because the first eigenfunction of
k=2
the Laplacian is positive.

Example 2.3. Anal(lgously as in Example 2.1 we can consider multivalued
mappings m;: Q x R — 2%, j = 1,2 defined by
mj(z,&) =0 for £ >0,
m;(z,6) <0 for <0, lim m;(x,€) = mj(x), for all z € Q.

mj(z,0) = [mg(x),O] with some mg(x) € [—00,0]

Let us suppose for the simplicity that

if m9(z) = 0 for some x € Q then

either m;(x,&) = 0 for all £ € R or m; has the left derivative %éx’o) = +o00.

Set

m(x, &) =m;(x, &) = my;(x, §) forf#o} for all 2 € Q.

m;(z,0) = m?(a:), m;(x,0) =0

Further, define a multivalued mapping M: V — 2V, M(U) = [M1(u), Ma(v)] by

Mj(¢) = {z € V; /Qmj(xﬂb(w))w(x) dz < (z,¢) < /Qmj(xﬂb(w))w(x) dz
for all p € V,o > 0 on Q}.

(2.27)

If G = {z € Q; either m;(z,0) <0 or m;(x,0) =0 and Oomy(x.0) +oo}, 7 =1,2

are subsets of 2 such that G_J C Q, "

(2.28) measG7 > 0 and measGa > 0

then a solution of (2.9) is a weak solution of the problem

(2.29) d1Au+ f(u,v) € my(x,u) deAv + g(u,v) € ma(x,v) on Q

with the boundary conditions (1.4). Particularly

diAu + f(u,v) =0 on Q\ G1, daAv + g(u,v) =0 on Q\ Ga.
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Such a model describes a similar situation as in Example 2.1 with the source in the
interior of the domain 2.

Analogously as in Example 2.1, we have K = K; x Ky with K; ={p € V; ¢ >
0 on G;}. Further, if d° € C), and there exists an eigenfunction e, of —A with (1.4)
corresponding to &, such that

ep, < —¢ on G1 and e, > € on Gy with some € > 0,
(2.30) any eigenfunction of — A, (1.4) corresponding to s,
changes its sign on G; U G»

then the assumption (2.25) is fulfilled by Proposition 2.1. The penalty operator
corresponding to M is P"U = [P{u, Pyv] with (PJu, @) = [, pj(z,u(z))p(x)dz for
all u, p € V where p] are suitable (real) functions.

Remark 2.4. Let ¥: V — (—00, +00] be a positive convex lower semicontinuous
functional such that ¥ # 4o0c0. Let us define the multivalued mapping M = 0¥—the
subdifferential of ¥. Then (2.9) is equivalent to

(2.31)  (D(d)U — BAU + NU),Z -U)+9(Z)—¥(U) >0  forany Z €V

(see [2]).

3. MAIN RESULTS

In the sequel, we will consider a general real Hilbert space V, operators A, N
satisfying (2.1), a multivalued mapping M for which there exists a corresponding
multivalued positively homogeneous operator My such that the conditions (2.14)-
(2.18) are fulfilled and such that there exist operators P” satisfying (2.19)—(2.23).

Further, we will consider a differentiable curve o: (—oco, +00) — R2, o = [01, 09]
such that

o(s) € Dg for s > so,0(s) € Dy for s < s,

(3.1) liIJZl o1(s) = +oo, limjnfcrg(s) > 0.

We will study the problems (2.2) and (2.9) only on the curve o, i.e. the problems
(3.2) D(o(s))U —BAU+NU)=0
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and
(3.3) D(o(s))U —BAU + N((U) € —M(U)
with a single bifurcation parameter s.

Proposition 3.1. If (1.5), (2.1) and (3.1) hold then there is no bifurcation point
of (3.2) greater than sy.

Proof follows directly from Proposition 2.1 and the well-known fact that any
bifurcation point s of (3.2) is simultaneously a critical point, i.e. Eg(co(s)) # {0}. O

Notice that if, moreover, o intersects C' transversally at o(sp) then sg really is a
bifurcation point of (1.1), (1.4) under reasonable assumptions (see e.g. [15], [17]).

Theorem 3.1. Let (1.3), (1.5), (2.1) hold, let M: V — 2V be a multival-
ued mapping for which there exists a corresponding homogenization My : vV — 2V
such that (2.14)~(2.18) hold. Suppose that there exist operators PT: V — V
(t € [0,+00)) satisfying (2.19)—(2.23). Consider a differentiable curve o satisfy-
ing (3.1) and intersecting C at d° = o(sg). Suppose that d° € C,, (2.25) holds with
some Uy = U, = [a(d)eo, eq] where e is an eigenvector of A corresponding to &,
and that o intersects C,, transversally at d°. * Then there exists a bifurcation point
sp > sp of (3.3).

Corollary 3.1. Let (1.3), (1.5) hold, let o satisfy (3.1) and intersect C at d° =
o(s0). Suppose that d° € Cp and o intersects C), transversally. Let m1, ma be from
Example 2.1 or 2.2 or 2.3 and suppose that there exists an eigenfunction e, of —A
with (1.4) corresponding to k, such that (2.24) or (2.26) or (2.30), respectively, is
fulfilled. Then stationary spatially nonconstant weak solutions (spatial patterns) of
(1.1) with (1.2) or (2.29) with (1.4), respectively, bifurcate at some sy > sg.

Proof follows from Theorem 3.1, Examples 2.1 or 2.2 or 2.3, respectively, and
the fact that no nontrivial constant functions can satisfy (1.2) (with @ =9 =0). O

Remark 3.1. Theorem 3.1 (particularly Corollary 3.1) asserts that a bifurcation
of solutions to (3.3) (particularly a bifurcation of stationary spatially nonconstant
solutions to (1.1) with (1.2)) occurs in the domain where a bifurcation for the corre-
sponding equation (3.2) (particularly for (1.1), (1.4)) is excluded by Proposition 3.1.

*The case when d° is an intersection point of two different hyperbolas Cp # Cy is not
excluded but it is essential that o intersects transversally the hyperbola with the index
p corresponding to Uy = Up from the assumption (2.25) of the form described—see also
Proposition 2.1.
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This can be understood as a destabilizing effect of unilateral conditions—cf. e.g. [12],
[13]. The first result of this type was proved in [3] for a particular case of conditions
given by variational inequalities with cones K = V x K3 (i.e. for unilateral conditions
only for the inhibitor v) with int K3 # 0 and for the special curve o2(s) = 1. In this
case, the condition (2.25) has the form Uy € int K. A destabilizing effect of such
unilateral conditions in terms of instability of the trivial solution of the correspond-
ing linearized inequality was shown in [4] (already for cones with empty interior).
The idea of the proofs in these papers (analogously to the proof of our Theorem 3.1)
consists in a certain homotopical joining of the inequality with the corresponding
linearized equation. This idea is taken from [9] where it was used for inequalities of
a simpler type.

Another method for the investigation of bifurcations for inequalities was found by
P. Quittner [19] who introduced (in a slightly different way than in our Notation
2.1) a pseudointerior and strengthened the results mentioned (see [20]). His method
is based on a reformulation of the inequality as a (strongly nonlinear) equation with
the projection onto K and a direct use of the Leray-Schauder degree (a jump of the
degree implies a bifurcation). This method is simpler than the homotopy approach
mentioned but, unfortunately, in some cases it is not clear how to use it, e.g. for the
proof of Theorem 3.1 when nonstandard conditions are prescribed for both u and v.

A destabilizing effect of unilateral conditions for the inhibitor in the case of a
general curve was proved for quasivariational inequalities in [12] by using Quittner’s
method and for inclusions in [13] by using the homotopy method (see also a forth-
coming paper of J. Eisner [5]).

On the other hand, if unilateral conditions are prescribed only for the activator
u then a bifurcation can occur only in the interior of the domain of instability of
the corresponding equation under certain assumptions. This stabilizing effect of
unilateral conditions is proved in [14] for inclusions and in [10] for quasivariational
inequalities.

4. PROOF OF THE MAIN RESULTS

In the sequel, we will consider the assumptions of Theorem 3.1 with d° € C,,.

Observation 4.1. (Cf. [4], Section 2.) Let us consider an eigenvalue problem

(4.1) D Yd)BAU — U = uU.
+oo

We can write ¢ = > (p, e;)e; for any ¢ € V under the assumption (1.3), where e;
i=1

are eigenvectors of the operator A (see Notation 2.1). Writing (4.1) as two single
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equations and multiplying by e; we have

(u, €;)(b11 — diks — pdiki) + (v, e;)b12 = 0,
(u, €;)ba1 + (v, €;)(bog — dak; — pudak;) =0,

t=1,2,.... The couple of (u,e;), (v,e;) can be nontrivial for some i if and only if
(bn —diki — Mdlfiz‘)(bm — dak; — dez’) — bi2ba1 = 0.
Hence, i is an eigenvalue of (4.1) if and only if p is a root of
(4.2) pPdidz s} — pBi(d)ri +7i(d) = 0
with  3;(d) = dibaz + dab1y — 2d1daks;,

Yi(d) = (b11 — diki)(baz — d2ki) — biabas

for at least one i. Let us denote by p,>(d) the roots of (4.2), set w(d) = (2(d) —
4dyday;(d). Hence, pl(d), u2(d), i = 1,2, ... are all eigenvalues of (4.1). An elemen-
tary investigation gives the following information (see [5] for details). The number
w(d) does not depend on ¢ and 7 = {d; da = dy detB*blzb“t}%:7b12b21detB} =
{d; w(d) = 0} is the joint tangent to all hyperbolas C;, j = 1,2,... (Cf. also [15]).
For d lying to the left from C; we have u}(d) # pu?(d), one of them is positive, the

second one is negative. Further, for d € C; \ 7, one of the roots ,uzm(d) is zero, the
second one has the same sign as 3;(d) # 0. For d € C;N7T we have §;(d) = v;(d) =0
and therefore both /,LZ-l ’Q(d) = 0. For d lying strictly between C; and 7 we have
pk(d) # p2(d) and sign u;*(d) = sign 8;(d) # 0. If d lies below 7 then the roots are
complex (not real). We have ! (d) = p2(d) if and only if d € 7.

Further, we will suppose that the characteristic value s, of A (i.e. the eigenvalue
kp of —A with (1.4) in the situation from Weak Formulation 2.1) has a multiplicity
k, kp = ... = Kpqr—1. Hence, C, = ... = Cpi—1 and Observation 4.1 yields
py?(d) = ... = ,uzljfk_l(d) for any d.

Notation 4.1. Let U be a neighbourhood of d° such that U/ \ {d°} contains no
intersection point of C), with the other hyperbolas C;, j ¢ {p,...,p+k — 1} and in
the case d° € C,,\ T, moreover no point d € 7. If d° € C,,\ 7 then we will denote by

pp(d) = ... = pptr—1(d), d € U, the root changing the sign for d crossing C, NU. If
d® € C,NT then p,(d) = ... = ppir—1(d) will denote the positive root for d € U, d
lying to the left from C), = ... = Cprg—1 and pp(d) = ... = pp+r—1(d) will denote

the real part of complex roots for d lying below 7. (In fact we shall consider our
problem only on the curve o(s) intersecting C), transversally at d° and therefore we
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need no definition for d lying between C), and 7 in the case d° € C,, N 7.) Further,
define

1,2 '
Uil,Z(d) — [dgfiz baa ;‘ w; " (d)dak; €z’,€z}, PeN deu
21
4.3 -
( ) U(d)_ |:d2:‘<3i_b22+,uzi(d)d2ﬁ§ie' e»:| Z:p>~-~,p+k—1,
z ba1 vp d such that p;(d) is defined.

Observation 42. For alli € N, d € U, U}*(d) are eigenvectors of (4.1)
corresponding to z}%(d). Moreover, Ker(D~(d)BA — I — it (d)I) = Lin{U] (d); j €
N, wj(d) = pi(d)} forany i =1,2,...,r=1,2.

If d° € C, \ T then U;(d) are eigenvectors corresponding to p;(d) = pu,(d) for i =
p,...,p+k—1,deU. Ifd € C,NT then U;(d) are eigenvectors corresponding
to wi(d) for i = p,...,p+k—1,d € U, d lying to the left from C, and they are
real parts of complex eigenvectors corresponding to /,LZ-l ’Q(d) for d € U, d lying below
7. (See Observation 4.1, Notation 4.1.) Note that the vectors U;(d) from (4.3) for
de Ci,t=p,...,p+ k —1 coincide with those introduced in Proposition 2.1.

If pg(d) # pp(d) for all g satisfying k, # r, then Ker(D™'(d)BA — I — p,(d)I) =
Lin{Ui(d)}fif_l. Particularly, if d € C, (i-e. up(d) = 0) and d ¢ C, for all Cy # Cp,
then

(4.4) Ep(d) = Lin{U;(d)}?2) "

If pg(d) = pp(d) for some ¢ satisfying k, # kg = ... = Kqpi—1, where K, has a
multiplicity [, then Ker(D~*(d)BA—1I — u,(d)I) = Lin{U;(d) }izp, .. p+k—1.q....q+1—1-
Particularly, if d € C, N Cy for some Cy # Cp, then

(4.5) Ep(d) = Lin{Ui(d) }i=p,... p+k—1.q,....q+1—1-

Remark 4.1. Let d° = [d9,d9] € C,. Let (2.25) hold with some Uy = [a(d)eo, eo]
where e is an eigenvector of A corresponding to the characteristic value k, = ...

Kp+k—1 With a multiplicity k& (see Observation 4.2). Then the system {e;}$2; can be
chosen such that Uy = U,(d°) = %%b”ep,ep} with U} (d°) = [%%lmepaep} €
K~

Notation 4.2. Set I(d°) = {i € N\ {p}; d° € C;}. Let us choose > 0
small enough. Let £ be a continuous function such that £(so) = 1, £(s) € (0,1) for

s € (so—1,80) U (0,80 +n) and &(s) = 0 for s & (so — 1,80 + 7). For any § > 0
small, introduce the linear completely continuous operator Ls(s) : V — V (for any
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s € R fixed) by

Ls(s)U =0  for s ¢ (so — 1,50 +1)

_5. OUi0(), U) 1r N for s € s — 1 s
=0 2 G GayE V) e el notil

(ct. [4]).

Remark 4.2. We have Ls(s) = 0 for s € R if I(d°) = 0, i.e. if dim E5(d°) = 1.
Further, it follows from the form of Uil’Z(d), Ui(d), U7 (d) (see Notations 4.1 and 4.2,
Remark 2.1) that (U;}*(d),U;*(d)) = (Ui(d),U;(d)) = (U;(d),U;(d)) = 0 for all
j #iand

Ls()Up(0(s)) = 0, Ls(8)UL(o(s)) = 0 for i ¢ I(d°), s € (s — 1,50 + 1),
(4.6)  (D(0(s))Ls(s)U, Up(a(s))) = (D(a(s))Ls(s)U, Uy (a(s))) = 0
for any s € (so—n,s0+1n), U € V.

Lemma 4.1. There exist 6 > 0 and n > 0 such that the following assertions
hold. (a) Let d° € C,\ T. Then for all (so — 1, S0 + 1), the eigenvalue p,(c(s)) from
Notation 4.1 is simultaneously an algebraically simple eigenvalue of the operator
D~ Y(o(s))BA — Ls(s) — I with the corresponding eigenvector Uy(c(s)). It changes
the sign as s crosses sg. The other positive eigenvalues have constant signs and
constant multiplicities on (sg — 1, So + 7).

(b) Let d® € C, NT. Then for s € (so — 1,50], pp(c(s)) is an eigenvalue of
D=Y(o(s))BA — Ls(s) — I with the only normed eigenvector U,(c(s)). For s €
(so —m, S0), pp(o(s)) is positive and algebraically simple, p,(o(so)) = 0 is not alge-
braically simple. The sum of algebraic multiplicities of the other positive eigenvalues
of D7Y(o(s))BA — Ls(s) — I is even for all s € (sg — 1, 50). For s € (so,50 + 1), all
eigenvalues of this operator are complex.

In both cases (a), (b), Ker(D~!(c(s0))BA — Ls(so) — I) = Lin{U,(d°)} and the
number v(so—e) —v(so+¢) is odd for all € € (0,n) where v(s) is the sum of algebraic
multiplicities of all positive eigenvalues of the operator D~ (o (s))BA — Ls(s) — I.

Proof. Analogously as in Observation 4.1 we obtain that y is an eigenvalue of
the problem
D™ Y(o(s))BAU — Ls(s)U — U = puU

if and only if i is a root of a quadratic equation

(4.7) P2 =B (s)n+7(s) =0
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with coefficients 39(s), 79 (s) depending continuously on s and 4.

Let i ¢ I(d°). It follows from (4.6) that ug’z(cr(s)) and Uil’z(cr(s)) from Ob-
servation 4.1 and Notation 4.1 are simultaneously eigenvalues and eigenvectors of
D~ Yo(s))BA— Ls(s)—I and (4.7) is equivalent to (4.2) for any s € R. Particularly,
this means by the definition of p,(d), U,(d) that u,(o(s)) and Uy(o(s)) is an eigen-
value and an eigenvector of D~!(o(s))BA — Ls(s) — I for any s € (sg — 1, 8o + 1) or
s € (so — 1, 50] in the case d® € C, \ T or d° € C, N T, respectively.

If i ¢ I(d°) U {p} then d° and also o(s) for any s € (so — 1,50 +n) lie to the right
from C;. (Recall that d° € C.) It follows from Observation 4.1 that if d° € C,, \ 7,
i ¢ I(d°)U{p} then the sign of both i} (c(s)) # u2(o(s)) is constant on (sg—17, so+17),
and if d° € C, NT, i ¢ I(d°) U {p} then ul(c(s)) # u?(o(s)) are both positive or
negative on (sgp — 71, 80) and complex on (sg,so + n). Further, for i = p, py(o(s))
changes its sign at sp and the sign of the corresponding second root is constant on
(so —n, so+n) in the case d° € C,,\ 7. In the case d° € C,NT we have y,(c(s)) > 0
and the second root is negative on (sg — 17, So), both roots are complex on (sg, so+7).

Let i € I(d°). Notations 4.1, 4.2 yield that p;(0(s)) — 6£(s) = pp(a(s)) — d&(s) is
an eigenvalue of D™ (o (s))BA — Ls(s) — I and one of the roots of (4.7). It follows
from Notation 4.1 and Observation 4.1 that we can choose 6 > 0 and n > 0 such
that p;(o(s)) —d6&(s) < 0on (sg—n,s0+n). The roots of (4.7) depend continuously
on s € R, § > 0 and therefore the choice of § > 0 and 1 > 0 can be such that the
second root has the constant sign on (so — 1, so + 1) in the case d° € C,, \ 7 and it
is negative on (so — 1, o] and complex on (so, s + 1) in the case d° € C, N 7. (See
Observation 4.1.)

It follows from the relation of eigenvalues of the operator D~!(c(s))BA—Ls(s)—1I
and the roots of (4.7) mentioned above that there are no further eigenvalues and
eigenvectors besides those discussed.

Let us show that for i € N, r = 1,2 and s € (sg — 1,80 + 1) or s € (so — 1, 50)
in the case d° € C, \ 7 or d° € C, N T, respectively, the algebraic and geometric
multiplicity of the eigenvalue uf(o(s)) coincide. (In fact, we need this information
only for positive eigenvalues.) The adjoint equation to (4.1) is

B*D Y d)AU — U = uU

and similar considerations as in Observation 4.1 imply that the eigenvectors of this
equation corresponding to y;*(d) are

~1,2 dy daks; — bag + > (d)dar; dy b1 19
Uit = |7 o enei] = | Tl (e e,
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(Recall that Ui1’2(d) = [ail’Q(d)ei, ez} —see Observation 4.2.) We have
(L5(8)UF (0(5)), V) = (UF (0(s)), Ls(s)V) = 0 for i ¢ I(d°), r = 1,2, V €V,
that means
Li(s)U! (o(s)) = 0 for all i ¢ I(d°), r =1,2, s € (so — 1,50 + 1)

It follows that (7[ (o(s)) is simultaneously an eigenvector of the adjoint operator
(D’l(a(s))BA)* — L3(s) — I corresponding to u}(o(s)), r = 1,2. An elementary
calculation gives

w(d)
do
(U (d),Uj(d)) = 0 for any i # j, r =1,2.

(UT(d), U] (d))] = #0fori=1,2,..., r=1,2 deU\T,

Hence, det ((ﬁ{(d), U}"(d)})ijej #0forany JCN, r=1,2,delU\7T. It follows
that the algebraic and geométric multiplicity of p!(d) coincide for i € N, r = 1,2,
d € U\T (see e.g. [18]). Particularly, this holds for d = o(s) with s € (so —, so+7)
or s € (so—n,80) if d® € C, \ T or d° € C, N T, respectively.

Our considerations lead to the following conclusion. If d° € C,\ 7 then p,(o(s)) is
the only eigenvalue of the operator D~1(co(s))BA — Ls(s) — I changing its sign at sg
and it is algebraically simple. The other eigenvalues have constant signs and multi-
plicities on (sg—1, so+7). If d° € C,NT then p,(c(s)) is a real positive algebraically
simple eigenvalue on (sg — 7, so). The other possible positive eigenvalues (which can
correspond only to i ¢ I(d°)) form pairs u,*(co(s)), ul(co(s)) # p2(o(s)) where
pt(o(s)), p?(o(s)) have the same algebraic multiplicity, i.e. the sum of algebraic
multiplicities for any such pair is even. All eigenvalues are complex for (sg, so + 7).
The assertion of Lemma 4.1 follows. O

Further, let § > 0 and n > 0 be from Lemma 4.1. Consider a penalty equation

(48)  D(o(s)U = BAU + =—N D1<U+<i>>

Ls(s)U + PT(U) =0

where 7 is an additional parameter and the operator Ls is from Notation 4.2. It can
be understood as a homotopy joining the perturbed linearized equation (obtained
for 7 = 0) with our inclusion (obtained for 7 — +oco—see Lemma 4.4).

The penalty equation (4.8) will be supplemented by the norm condition

4. 2_ 0T
(4.9) U] 17
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where o > 0 is a given small number.

The proof of Theorem 3.1 is similar to that of Theorem 2.1 in [11]. The idea is
to prove, for any g > 0 small, the existence of a branch of triplets [s, U, 7] satisfying
(4.8), (4.9) which starts at so and is unbounded in 7. By the limiting process
7 — +o00 along this branch we obtain a solution U,, ||U,||?> = ¢ of (3.3) with some
Sp- Any accumulation point of s, for ¢ — 0+ is a bifurcation point of (3.3). In
[11], the situation was simpler because variational inequalities (a special case of
inclusions) were considered and therefore the penalty term was simpler. Moreover,
it was supposed that dim E(d’) = 1 and no operator Ls was necessary.

Lemma 4.2. If there exists Uy € Ep(d®), Uy € K~ then E;(d°) = Ep(d®)N K.

Proof can be done analogously as the proof of Lemma 3.3 in [13]. O

Lemma 4.3. If [s,,U,,7,] € R X VxRt s, 8 U, U, 7 —T€ [0, +o0],

Tn

Ls(s0)Up + P™(U,) =0

then U,, — U. If, moreover, |U|| =0, W, = [wy, 2n] = ”g—” — W then W,, — W.

Proof can be done similarly as in [13], Remark 3.1 on the basis of the as-
sumption (2.20). (Note that L; is compact and the term containing Ls vanishes for
T — +00.) O

Lemma 4.4. Let s, — s,U, = U, 1, — +0o0 and (4.10) hold. Then U,, — U and
s, U satisty the inclusion (3.3). If, moreover, ||U,| — 0, % — W then Hg—:H -W
and s, W satisfy (2.12) with d = o(s).

Proof can be done similarly as that of Lemma 3.2 in [13] on the basis of the
assumptions (2.20) and (2.21). O

P™(U,)

o]l — Z then

Remark 4.3. It follows from the assumption (2.19) that if

= lim <PT"(UH)>V>
(4.11) (2.V) = tim =t

<0 forany V € K.

Further, if Z # 0 then (Z,V) < 0 for all V € K~. Otherwise we would have V € K~
such that (Z,V) = 0 and the definition of K~ would imply the existence of F' € V
such that (Z,F) >0,V + F € K. Thismeans V+ F € K, (Z,V + F) > 0, which
contradicts (4.11).
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Proof of Theorem 3.1. Let o > 0 be fixed. Let U, = U,(d°) be the element
from Remark 4.1. The equations (4.8), (4.9) are equivalent to

(4.12) x—T(s)r+ G(s,2) =0
in the space X = V x R (with points = = [U, 7] and the norm ||z[| = ||U|| 4 |7|) where
T(s) = [D—l(a(s))BAU — Ls(s)U, o} for all s € R,z = [U, 7] € X
T

Gls.0) = [P o) (7= . e

N(U) + PTU) = = La(s)U, — U]
forall se Rz =[U,7] € X

with P7U = P~"U for 7 < 0. It follows from (2.1), (2.21), (2.22) that T, G satisfy
the following conditions:

(4.13) T,G: R x X — X are completely continuous,
(4.14) T(s): X — X is linear for any fixed s € R,

G
(4.15 im M = 0 uniformly on bounded s-intervals.

Nzll—o0  [lz|

It is easy to see that A is an eigenvalue of T'(s) — I with the algebraic multiplicity k
(for some s € R) and = = [U, 7] is a corresponding eigenvector if and only if A is an
eigenvalue of D~1(o(s))BA — Ls(s) — I with the algebraic multiplicity k£ and U is a
corresponding eigenvector, 7 = 0. (The symbol I denotes the identity operators in
the corresponding spaces.) Particularly, Lemma 4.1 implies that

(4.16) Ker(T(so) — I) = Lin{zo} with 29 = [U,,0].

For any compact linear operator T in a Banach space we have ind(I —T) = (—1)7(T)
where ind denotes the Leray-Schauder index, «(7T') is the sum of the multiplicities of
all positive eigenvalues of T'— I (see e.g. [18]). It follows from Lemma 4.1 that

(4.17) ind(I —T(so —¢)) #ind(I —T(so +¢€)) for all € € (0, 7).

Set

C ={[s,z] € R x X;|lz|| # 0, (4.12) holds} = {[s, U, 7];7 # 0, (4.8), (4.9) hold}

and let Cy be the component of C' containing [sg, 0, 0]. Analogously as in [1] we can
define subcontinua C’(J{ and C; of Cy starting at [so, 0, 0] in the direction of z and

442



—xg, respectively, with xo = [Up, 0]. More precisely, let us choose ¥ € (0,1) and set

Ko = {ls.a] € R x; L2 gy

={[s5,U, 7] € R x V x R; 7|<U’Up>‘

Ul
K{; = {[s,z] € Ky; (z,z0) >0} ={[s,U, 7] € Kyg; (U,Up) > 0},
Ky ={[s,z] € Ky; (x,20) <0} ={[s,U,7] € Ky; (U, Up) <0}

> 9|U]},

(cf. [9]). As in [21], Lemma 1.24 there exists R > 0 such that
(C \ {[803 0, 0}}) N BR(SOa 0, 0) C Ky,

where Br(s0,0,0) = {[s,U,7] € R x V x R; |s — so| + ||U|| + |7] < R}. For each
r € (0, R] denote by D;F the components of the sets {[so, 0, 0] }U(CNB,(s0,0,0)NK3),
respectively, containing [sg, 0, 0]. Denote by C’a’: - and Gy . the components of Co \ Dy
and Cy \ D7, respectively, containing [sg,0,0]. Set

- U a=U a.

0<r<R 0<r<R

The sets Cf and C, are independent of the choice of ¥ € (0,1), both Cj and
Cy are connected and Cy = Cf U Cy (see [1] and Lemma 1.24 in [21]). Under
the assumptions (4.13)—(4.17), considerations from the proof of the global Dancer’s
bifurcation theorem ([1], Theorem 2) can be used and an analogue of this theorem
for the equation (4.12) can be proved (cf. [9], Theorem 4.1). That means

(4.18) either Cj” N Cy # {[s0,0,0]} or both Cf and C; are unbounded

(cf. [1], [9] for details). It follows from the definition that Cj” and C;; contain [sg, 0, 0]
and

U, U,
(4.19) there are [s,, Uy, n] € Cf , [$n, Un, Tn] — [50,0, 0], P_
[EAREA
(4.20) there are [sy,Upn, o] € Cq , [$ns Un, Tnl, — [0, 0, 0], Un Uy
. ny¥nyn 0> ny+“¥mny'n 05 ||U || HUpH'

We will write C,, Cyp.0, CQ 0» Cp o Instead of C, Co, CO , Cy in order to emphasize
the role of p. We shall prove successively that the following statements hold for all
0 € (0, 09) if oo is small enough:

(4 21) if [Sn’ Un’Tn] = C,;L,O’ [Sna UTL7T7L] — [80,0,0], ‘g:‘l i
| then Tim sup =% <,

443



Upn U,
(422) { [Sn’ UnaTn] € C 09 [Sn, Un,Tn] [SO,Oa O]a A - - A

then liminf 22=2¢> 0
(the branch C;,o starts downwards from so, C, , starts upwards from so),
(4.23) [s0,U, 7] € Coo=7=0
(C,,0 can intersect the level s = so only at the initial point [so, 0, 0]),
(4.24) [s,U, 7] € Co0 = s < ¢ (with some ¢ > 0).

Suppose for a moment that (4.21)—(4.24) hold. It follows from (4.21), (4.22), (4.23)
and the definition of C’+0 and C, that C’+0 and C,; remain below and above so,
respectively, with the exception of [$0,0,0] and therefore CroNCyhoy = {[50,0,0]}.
Hence (4.18) implies that Cg 0> Cpo are unbounded. But (4. 9) together with (4.24)
(and the fact that C, lies above s0) imply the boundedness of C,, in |[U]| and s
and therefore C, is unbounded in 7. It follows from (4.9), the connectedness and
the fact that [s9,0,0] € Cyo that 7 > 0 for all [s,U, 7] € C, . Particularly, there
exists a sequence [sy,, Uy, 7] € C, o with s, > so, 7, — +00. We have (4.10) and

0Tn
147,

(4.25) U1 =

We can suppose s, — s,, U, — U, with some s, > sg, U, and Lemma 4.4 implies
that U,, — Uy, U, is a solution of (3.3) with s = s,. We would like to know that

(4.26) So = So + € for all p > 0 small enough with some € > 0.

Suppose by contradiction that there are g, — 0, s,, — So, ||U,, , Hgﬁ - W,
on

(4.27) D(o(sp,))U,, — BAU,, + N(U,,) € —M(U,,).

Dividing (4.27) by ||U,, (2.1) and (2.17) we obtain

—HUQ T W and W is a solution of (2.12) with d = d°. We get W € Ep(d°) N K

by the second part of the assumption (2.25) and Lemma 4.2 but this contradicts the

first part of the assumption (2.25). Hence, (4.26) holds. Thus, any accumulation
point sy of s, for p — 04 is a bifurcation point of (3.3) and sy € [so + €, ].
For the completeness of the proof it is sufficient to show that (4.21)—(4.24) hold.

Proofof (4.21): Let (4.10) hold, [sy, Upn, 7] — [S0, 0, 0] and HU w i ngu. Multiply

Up
(410) by m, and

(4.28) D(0(s0))U; — B*AU =0
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by ”g—” and subtract. A simple calculation using (4.6) yields

T N, PR gy
T+ 7 U 0

Un

R, = 0”1(§n)< AR p> + 02(3n)<m’1};>

with some 5,,, 5, between so and s,, where Uy, = [un, vp], Up = [up, vp], Uy = [uy, vs].

R,.(sn — s0) + <

Further, it follows from the formula for uy, uy, vy, v, (see Observation 4.2 and Remark
2.1) and the equations defining C;, C (by using the transversality assumption and
the orientation of o given by (3.1)) that

a5(50)
1Usll

(up, uy) o (Up,v;)  (02(s0)kp *522)20, s
||UpH + 2( ) - 1( 0)7L

R, — R =0 (sg
1(s0) A brzbon [ |

< 0.

We have U, € Ep(d°), U, ¢ K, Uy = Uy € K~ by the assumption (2.25) and
Remark 4.1. Hence, it follows by using (2.1) and (2.23) that

i Sn — S0 1 P™(U,)

lim su = ——limsu < U *>

e T R onms \rllUnll”

Proof of (4.22) is the same but we have Hg—:H — _Hgﬁ and R > 0.

Proof of (4.23): suppose by contradiction that there are g, — 0 and [sq, Up, 7] €

Co, 0, Tn > 0. Then ||U,]| — 0,

D(o(s
(4.29) D(o(s0))U, — BAU,, + 1 T ~ N(U,) + y[«;(so)Un + P™(U,) = 0.
We can suppose without loss of generality that Hgn\l W and 7, — 7 € [0, +00].

If 7 < 400 then we obtain from (4.29) by using Lemma 4.3 that Hgn\l — W.

Hence, it follows from (4.29) divided by ||U,|| and (2.1) that % — Z,

D(a(s0))

(4.30) D(o(s0))W — BAW + =722

L(;(So)W + Z =0.

If 7 = 0 then Z = 0 by the assumption (2.22). If 7 € (0,400), multiply (4.30) by
Uy, (4.28) by W and subtract. We get (Z,U,) = 0 by using (4.6) and Remark 4.3
implies Z = 0 again. In both cases we obtain by using Lemma 4.1 (with § replaced
by %) and Proposition 2.1 that W = i”U T € Ep(d®). The assumption (2.25)

implies W ¢ K. Multiply (4.29) by HU—:H’ (4.28) by m and subtract. We get

(4.31)

(o N Dot p oy P

P (Un)
Uy ) =0.
T+7 U 147 >

1Ol 7
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By using the assumptions (2.1) and (4.6), dividing (4.31) by 7, and letting n — oo
we obtain lim ( nlgi\l ,Upy) = 0, which is excluded by (2.23) for W ¢ K. This is a
contradiction.

If 7 = oo then (4.29) and Lemma 4.4 imply that m — W, W satisfies (2.12)
with d = d°. Lemma 4.2 gives W € E(d°) N K and this is a contradiction with
(2.25).

For the proof of (4.24) see [13], Lemma 3.4 or [5]. Note that no operator Ls is
considered in [13], but we have Ls(s) =0 for s > so + 7. O

5. ANOTHER EXAMPLE

In the situation from Examples 2.1-2.3, the homogeneous problem (2.12) is equi-
valent to the variational inequality

(5.1) UeK; (DdU-—-BAU,V -U) >0 forany V € K,

where the cone K is defined by (2.15). In the following example we will show a
boundary condition such that the corresponding homogeneous problem (2.12) is not
equivalent to (5.1).

Example 5.1. Let Q = (0,1), V = {p € W}(0,1); »(0) = 0}. Let 21,75 €
(0,1) be fixed. Let us consider the multivalued mappings mi,ms: R — 2R defined
by

m1(€) =0 for £ <0,

() >0 for € >0, lim ma(€) = mf,
—04

m1(0) = [0,mY]  with some m? € [0, +o0]
m2(€) =0 for £ > 0,

ma(€) <O for £ <0, lim ma(€) = mS,

mz(0) = [m3,0]  with some m9 € [—o0, 0].

Set
m; (&) =m;(€) =m;(€) for & #0
0

Define the corresponding mapping M: V — §/, M@U) = [M1(u), Ma(v)] for U =
[u, v] by
M;() = {z € V; m;(¢(z;))p(1) < (z,90) <m;(¥(x;))e(1)

(5.2)
for all p € V, (1) > 0}
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for any 1) € V, j = 1,2. Then a solution of (2.9) is a weak solution of the stationary
problem corresponding to (1.1) with the boundary conditions

(5.3) u(0) =v(0) =0, —dius(1) € mi(u(z1)), —davs(1) € ma(v(x2)).

The multivalued condition in (5.3) describes for example a semipermeable membrane
on the boundary like in Example 2.2 but with sensors in the interior of the domain;
particularly, the sensors are at different points than the source. In the situation from
Example 2.2, we had 21 = 29 = 1 (for = (0,1)), i.e. the sensors were at the same
point as the source (membrane). From this point of view, the multivalued condition
in Example 5.1 is more general.

Let us define convex cones K, = {p € V; ¢p(x1) < 0}, Ky, = {p € V; p(z2) >
0} and K1 = {¢ € V; (1) > 0}. The corresponding homogeneous mapping My is
Mo(U) = [Mo1(u), Moz (v)] with

Then the set K from (2.15) is K, X K,,. A solution of (2.12) is a weak solution of
(2.5) with A = 0 and with the boundary conditions

u(0) = v(0) = 0,
uzp(1) <0, u(zr) <0, up(l)-u(z1) =0, wv,(1) =0, v(zz) 20, vy(1)-v(xz) =0.

A suitable penalty operator for M is P"U = [P] u, PJv] with
(Pfu, @) = pj (u(z;))p(1)

for all u, ¢ € V, where p] are the same functions as in Example 2.2. Set K =
((-K1) N K;,) x (K1 N K,,) and consider the condition

(5.4) Ep(d®) N K = {0} and there exists Uy € Ep(d°), Us € K~

instead of (2.25). It is easy to see by using Proposition 2.1 that the condition (5.4)
is fulfilled for d° € C, if the eigenfunction e, of —u,, with the boundary conditions
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u(0) = uy (1) = 0 corresponding to k), satisfies e,(z1) > 0, e,(x2) > 0 and ey(1) > 0.
(Note that the eigenvalues x; are simple in the one-dimensional case.) Replacing K
by K in the appropriate places and (2.25) by (5.4), we can go through the whole
procedure used in Section 4 and prove the assertion of Theorem 3.1 or Corollary
3.1, respectively, also in this situation. The proofs of all assertions from Section 4
can be done analogously as above with the exception of the proof of (4.24) where
the condition (P7(U),U) > 0 from (2.19) is used. But now (P"(U),U) > 0 is not
satisfied for all U € V. We have to strengthen the condition (3.1) by

lim og(s) = 400
s5—+400

and prove (4.24) analogously as in [5].
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