Applications of Mathematics

Nelson Nery Oliveira Castro
Existence and asymptotic behaviour of solutions of a nonlinear evolution problem

Applications of Mathematics, Vol. 42 (1997), No. 6, 411-420

Persistent URL: http://dml.cz/dmlcz/134367

Terms of use:

© Institute of Mathematics AS CR, 1997

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/134367
http://dml.cz

42 (1997) APPLICATIONS OF MATHEMATICS No. 6, 411-420

EXISTENCE AND ASYMPTOTIC BEHAVIOUR OF SOLUTIONS
OF A NONLINEAR EVOLUTION PROBLEM

NELSON NERY DE OLIVEIRA CASTRO, Jodo Pessoa

(Received August 20, 1996)

Abstract. We prove existence and asymptotic behaviour of a weak solutions of a mixed
problem for

(+) {UNJFAU_A“/HUM ul®u = f1
*

o+ Av— AV + |u\’ﬁL2 [v]°v = fo
where A is the pseudo-Laplacian operator.
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1. INTRODUCTION

In 1987 Medeiros-Miranda [7] proved the existence and uniqueness of weak solu-
tions of the system

()

Ou+ |[v]2T2 |u|¢u = fi,
Ov+ [ulot? [v]¢v = f2, 0> -1,

where [ = g—; — A is the d’Alambertian operator. They proved existence of solutions

for n > 1 (n: spatial dimension) and uniqueness for n = 1,2,3. We have studied the
existence of solutions to a system analogous to that in (#x), namely

u + Au — Au' + 0|22 |ul®u = f1,
(k)

v+ Av — Av' + [u|?t? |v]2 v = fo,
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where

"9 Ow

i=1

(p—2) Ow
2.
oz |’ p>

Many significant variations of the (**) and (***)-problems had been studied by
many authors. Tsutsumi [8] studied the differential equation

u' + Au+ Bu' = f

with initial conditions u(0) = wo, ©'(0) = u1, where A is a nonlinear operator with
some strong properties and B is a bounded linear operator associated with a bounded
symmetric bilinear form. Biazutti [1] studied the existence of weak solutions of the
initial boundary value problem for the system

u' + Au— Au' + G (v, V) = f1,
v+ Av — A 4 G (W', v") = fo,
where A is as before, p > 2 and Gy, G> have some properties as functions of u’

and v'.
(For other authors see references at the end).

2. NOTATION AND MAIN RESULTS

Let Q be a regular bounded domain of R*. Let T" > 0 be a real number and
Q = 0x]0,T[. The norm and inner product in H}(Q) and L?(f2) are denoted by
I 1l () and | - |, (), respectively.

Let X be a Banach space and 1 < p < to0.

Then LP(0,7;X) is the Banach space of vector X-valued measurable functions
w: ]0,T[ — X such that ||u(t)||x € LP(0,T).

If 1 < p<+oo, then LP(0,T; X) is normed by

1

T »
ullLe0,1:x) = (/0 lu(®)|% dt) )

In the case p = +00, we have

[l o< (0,73x) = esssup [[u(t)]| x.

Now we list some results and relations that will be used in the sequel.

2.1 LetneN, peR, withn>p, p>2.
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4(1—n+p) 4
If -1 <p< 3n—p—1)tnp’ then o< np—3-

An+2 4 1
2.2 IfneN,eﬁin<p<n,then 7 S i

2.3 Let n, p and o be as before and let

- 2np(o +2) and = 2np(o +2)
(np —2)(0+2) + 2np(o + 1) (np +2)(0+2) — 2np(o+ 1)
Then
) 1<6<2d, i) 1<vy<2E, i) F+1=1
__ _o+2 _ o+2
2.4 Leta= (o+1)6° p= (0+2)—(e+1)0"
Then
) oa>1,8>1, i) 608=2, i) 1+3=1.

2.5 Let u,v € Wy?(Q). Then
i) wve Let2(Q), i) |v|et? |ul®u, [ult? |[v]ev e LI(Q).
The proofs of 2.1-2.5 are straightforward and can be found in Castro [3].

3. AN EXISTENCE THEOREM
Theorem 1. Let n, p and o be as before and suppose that

(1) fi, f2 € L2(0,T; L2()),
Uug, Vg € Wol’p(Q),
uy,v1 € LQ(Q)

Then there exist functions u,v: Q — R such that

w,v € L®(0,T; W, P(Q)),
o', v € L°°(0,T; L*(Q)) N L0, T; HY (Q)),
%(U’(t),w) + (Au(t), w) + ((u'(t), w))
+ (Jo(®)[272 u(®) |2 u(t), w) = (fi(t),w), Yw e WyP(Q)

in the sense of D'(0,T),

%(v’(t%w) + (Av(t), w) + ((V'(t), w))
+ (Ju(®)22 (o) ult), w) = (fo(t),w), Ywe WEP(Q)
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in the sense of D'(0,T),

Proof. Let {w;}; be a spectral basis of Hj(), s > n(% — l) + 1, which is
an orthonormal complete system in L2(f2). Let V,, = [w1,...,ws,] be a subspace of
HE () generated by the first m vectors wy, ..., Wp,. O

Approximate problem. We consider the system
() (um(®), w) + (Au (1), w) + ((ug, (1), w)) + ([om (D)7 [ (8)] wm (1), w)

(U (8), w) + (Aven (8), ) + (v, (), w)) + ([ ($)]F2 [0 (8)]© v (£), w)

)
Uy, (0) = u1m (0) — w1, in L*(Q),
m(0) = vom — vo, in Wy'(Q);
0], (0) = v (0) — vy, in L*(Q)

The system (2) is in the form required by the Caratheodory existence theorem,
so there exists a solution {um(t),vm(t)} of (2) defined in [0, ty,[, tm > 0. In what
follows we will obtain some “a priori” estimates that will enable us to extend the
solutions um, (t), vm(t) to the interval [0, T.

Estimate I. In the system (2) we replace w by v/, (t) in equation (2)1, and by

/
m

Then adding both the expressions we get

vl (t) in equation (2)s.

df(1,, 1, 1 , 1 )
® B 0P+ SR OF + @I+ S o0l
+ gl o 015 |
42 (I (O + 0 (1) < L2 0 + 1200 o ()]
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Now, integration from 0 to t < t,,, the inequality ab < %(a2 + b%) and the contin-
uous immersion of Hg () in L?(Q), implies
1 1 5 1

/ 2 / p 1 p
(4) 2 [um @7 + S lom () + Z—jllum(t)llo + Ellvm(t)\lo

1 +2 1/t /
+ m”um( Jum ()7 er2 () + 2/0 (lur, ()1 + llop (9)117) ds

t

[ UREF +120P) ds+ L OF + 310,007
1 1

+ (O + ~[lom(OIE +

22 em(0)m(0 NS q)-

(*) We remember that || - ||o means the norm in W7 (Q).
Taking into account hypothesis (1) on fi, f2, (2)3—(2)4 and 2.5, from the above
expression we get

1 1 1 1
() SlnOF +lnOF + lum @5+ llom®)

1 12 I
+;5wm><mmm2240%@W+wmw%m<a

where C' is a constant independent of ¢ and m.
So, we have:

Um (1), vm (t) may be extended to the interval [0, T,

m)m> (Um)m  are bounded in  L>(0, T; W, " (1)),

(6) (u

(7) (u)m, (V.)m are bounded in  L>(0,T; L*(Q)),
(8) (u!)m, (V.)m are bounded in L?(0,T; HL(Q)),
9) (UmVpm)m  is bounded in  L°°(0,T; L¢T2()).
Furthermore,

(10) (At (AVp)m are bounded in L(0, T; W17 (Q)), because A is
a “bounded” operator, that is, it takes bounded sets into bounded sets.

1

Estimate II. Now we will obtain an estimate for ., v/ .

To this end we consider the projection operator given by
(11) P: L*(Q) — L*(Q),

h— Pph =" (h,w;)w,
j=1
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and suppose that L2(f2) is identified with its dual, so that we have the following

sequence of continuous imbeddings:
(12) H5(Q) C WaP(Q) € HY(Q) € L*(Q) c H~Y(Q) c W HPHQ) c H*(Q)
Also, WP () € L7(€) and L°(Q) ¢ W17 ().
By using the imbeddings as in (12), 2.5 and the projection operator, we get from

the approximate problem, in a standard way, that

(13) (ul)-m, (v)-m are bounded in L*(0,T; H*(Q)).

m

Passage to the limit. As a consequence of (6)—(9) and (13) there exist subse-
quences denoted by (u,)-v, (v,)-v such that

(14) u, = u, v, = v in L®(0,T; Wy P(Q)),
ul, >l v, S0l in L0, T; LA(9)),
ul, = ', v, = v in L>®(0,T; H(Q)),

wv, =z in L0, T; LF2(Q)),
u! = v =" in L20,T; H%(Q)),

A g Au S € i R0, (@),

|1),,\9Jr2 [y |? u, 20, \u,,\QH |, | v, N uin L”(O,T;LG(Q)).

Now, by (14), Aubin-Lions Compactness Theorem and Lion’s Lemma 1.3 (see [5],

[7]), we get

(15) u,v, = wv in L0, T; LOT3()),
00|22 Juy [y = [0]2*2 [ul? w in L(0,T; L(9)),
|y |22 vy [2 vy = [ul@T2 [v]2 v in L2°(0, T; LO(Q)).

From now on we consider the equation (2); in the form

(16) (up (), w) + (Auy (£), w) + ((u,(£), w))

+ (o (01272 Jun (8)]2 uy (8), w) =

where w € V,,,, v > m.
Multiplying (16) by ¢ € D(0,T), integrating from 0 to t and passing to the limit
as v — oo, we deduce from the convergence in (14) and (15) that

T T T
an - / ( (t), w) dt + / (n(t), w) pdt + / (' (1), )t
+ / (o6)]22 [u(t)|? u(t), w) pdt = / (1), w)pdt, Y € Vin,
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V¢ € D(T) and, by a density argument, Vw € Wol’p(Q), Yo e D(0,T).

In a similar way it results from equation (2)s that
T T T
N / "d , d / , d
a7 = [ as [ ewpars [ (@00
T T
+ [ O ool o0, ) it = [l wpdr, v e @),
0 0

n(t), Av(t) = (1)

u, v(0) = vo and

In order to establish the theorem we next prove that Au(t)

To this end we suppose the initial conditions u(0) = ug, u’(0)
v'(0) = vy are already proved.

Here, as it is known, it is essential to have the strong convergence
(18) ul, =/, v, —' in L*(0,TIL*(Q)) = L*(Q).

So let us multiply the equation (16) by ¢ € C'([0,7]) and integrate from 0 to T'
obtaining

(19)(u (), we(T)) — (u;,(0), wp(0)) — /0 (u, (1), wep(t)) dt

n / (Au, (), wp(t)) dt + / (0 (1), wip(8))

[ OF 0 w0, 000) &t = [ (RO wp) VeV,

Since the set of finite linear combinations of products of the type w ¢, w € VVO1 P(Q),
@ € C([0,T)), is dense in V = {v € L0, T; W, *()); v € L*(0,T; L*(Q))} and
since u € V, by passing to the limit with ¥ — oo in the equation (19) we get

(U'(T),U(T))—(U'(O),U(O))—/O (U’(t),U’(t))dH/O (n(t), u(t)) dt

T T
+ [ @ onar [ pouolite = [ oo
On the other hand, since A is a monotone operator we have

T
0< / (Au, (t) — Aw, u, (t) —w) dt, Yw e WEP(Q),
0
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and by a straightforward but lengthy calculation, we conclude

T

@) < @O)u0) - @) u(D) + [ (e?ar
+ I = SR = [ o222

T T T
+A(MWWW“*A<WM@M*A@%W@*W&,
Yw e WyP(Q).

Next we substitute (20) into (21) to obtain that
T

(22) 0< / (n(t) — Aw, u(t) —w) dt, Yw e Wy (Q).
0

From this inequality, as A is a hemicontinuous operator, we have Au(t) =
In an analogous way we show that Av(t) = £(¢).

The initial conditions are proved in a standard way (see [3]) and so the proof of

Theorem 1 is complete.

ASYMPTOTIC BEHAVIOUR

In what follows we will consider f; = fo = 0 and in this case we can extend the

solution {u, v}, obtained in Theorem 1, to the interval [0, +00). So in order to study

the asymptotic behaviour of the solution of the problem (xxx) with f1 = fo =0, we

first consider the energy of the following approximate problem:

(28w, (), w) + (Aum (8), w) + ((ur (£), ) + om (B)|F2 [t ()] wn (£), w) =0,

(v (8), ) )
U (0) = tom — ug, in Wy P(Q); ul,(0) = trm — u1, in L*(Q),
)

Um(0) = vom — vo, In WEP(Q); v/, (0) = v — vy, in L3(R).

+ (Av (), w) + (V) (1), ) + (fum (8|2 [om ()] vm (t), w) =0,

We remember that in this case, u, (t), v () may be extended to the whole interval

[0, 00).
We define the energy of the system (23) by

(24) Eo(t) = =l (0) +

1, o, 1 1
—|vl (7 + = lum )|+ =|vm (@)|IE
5 [V (1)) pH ®)llo pH ®lo

2
+

g e (0 Ol gy
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and it is simple to verify that E,,(¢) is a decreasing function for ¢t > 0, with 0 <
Ep(t) < Ep(0), ¥t >0

The study of the behaviour of the energy F,,(t) of the system in (23) in the
interval [t,t 4 1] leads us after a rather lengthy calculation (see [3], [6] for details) to
the inequality

(25) EY (1) < o(Bm(t) — Em(t +1)).

From (25) and by Nakao’s Lemma [6] we obtain

1 1
(26) En(t)<ce(1+6)77, Vt>0, where -+ — =1,
p D

2

The inequality (26) means that the energy of the approximate system (23) has an
algebraic decay.

The next step is to take liminf (m — oo) in the expression of the approximate
energy E,,(t) to obtain

B(O) = 510 + 510 OF + @l + o]

_1
Q+2H()(Wﬂim <cl+t)7F, Vi,

where 3 is as defined before and given by
2
0= 17 —-1>0.

Therefore the energy associated to the system (xxx) with f; = fo = 0 has an algebraic
decay.
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