Acta Universitatis Palackianae Olomucensis. Facultas Rerum
Naturalium. Mathematica

Lubomir Kubacek; Eva Tesarikova
Variance components and nonlinearity

Acta Universitatis Palackianae Olomucensis. Facultas Rerum Naturalium. Mathematica, Vol. 45 (2006), No.
1, 89--101

Persistent URL: http://dml.cz/dmlcz/133450

Terms of use:

© Palacky University Olomouc, Faculty of Science, 2006

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/133450
http://project.dml.cz

{I-)] Acta Univ. Palacki. Olomuc., Fac. rer. nat.,
Mathematica 45 (2006) 89-101

Variance Components and Nonlinearity"

LuBoMmir KUBACEK !, EvaA TESARIKOVA 2

! Department of Mathematical Analysis and Applications of Mathematics
Faculty of Science, Palacky University
Tomkova 40, 779 00 Olomouc, Czech Republic
e-mail: kubacekl@inf.upol.cz
2 Department of Algebra and Geometry, Faculty of Science, Palacky University
Tomkova 40, 779 00 Olomouc, Czech Republic
e-mail: tesariko@inf.upol.cz

(Received January 12, 2006)

Abstract

Unknown parameters of the covariance matrix (variance components)
of the observation vector in regression models are an unpleasant obstacle
in a construction of the best estimator of the unknown parameters of the
mean value of the observation vector. Estimators of variance componets
must be utilized and then it is difficult to obtain the distribution of the
estimators of the mean value parameters. The situation is more compli-
cated in the case of nonlinearity of the regression model. The aim of the
paper is to contribute to a solution of the mentioned problem.

Key words: Variance components; nonlinear regression model; lin-
earization region; insensitiveness region.
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1 Introduction

The regression model is assumed to be of the form

Y ~, <f(ﬁ)a§:79ivi> ,
im1
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90 Lubomir KUBACEK, Eva TESARIKOVA

where Y is an n-dimensional random vector (observation vector) with the mean
value equal to f(3), 3 € R* (k-dimensional Euclidean space) and the covariance

matrix equal to > ¢, 9;V;. Here 9 = (¥4,...,9,) is a p-dimensional vector of
variance components and ¥ € ¥ C RP; ¢ is an open set in RP. The symmetric
and positive semidefinite (p.s.d.) matrices Vy,..., V), are given and all variance

components are positive.

The problem is to find a decision whether the model can be linearized (with
respect to 3) and estimators of the variance components (1) can be used in-
stead of the true values in estimation of 3. One of the possible approaches is
demonstrated in the case of the bias of the estimator of 3.

2 Preliminaries

In the following text it will be assumed that the model considered can be char-
acterized with sufficient accuracy as

Y —fy~ N, <F66 + %m(éﬁ), ijﬁ,;v,) (1)
i
where
o= B0, F=Z0| L k08) = [a(0B)... a8,
k:(08) :55'88253(1‘1‘,) a8 =1,

and the vector 3, is as near as possible to the true value 3" of the parameter 3.
The linear version of the model considered is

p
Y —f,~ N, (Féﬁ, Zﬁm) 0B € R Iy (2)
=1

The regularity of the model will be assumed in the following consideration,
i.e., the rank of the matrix F is r(F) = k < n, and V{9 € 9}X(9) = Y_0_, 9, V;
is positive definite (p.d.).

Lemma 2.1 In the model (2) the ©9-LBLUE (locally best linear unbiased es-
timator) of the parameter 3 is B = By + 63, where

0B = [F'(Z7 (90)F] ' F'S ™ (8)(Y — o)
~ Ni, (08, [F'(Z7" (90)F] ' S(0")[F' (57} (90)F] ") .

Here 9" is the actual value of the vector parameter 9.

Proof is well known and therefore it is omitted.
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The notation S4 (A is any n x n matrix) means the matrix with the (4, j)-th
entry equal to

{Sa}i; = Te(ViAV,A), i j=1,....p.

Further (MpXoMp)™* is the Moore—Penrose generalized inverse of the matrix
Mp3XoMp, Mp =1—Pp = FF' (in more detail cf. [7]).

Lemma 2.2 Let in the model (2) the matriz S(r. s, y+ be regular (Zo =

[ ﬂEO)Vi,ﬂ(O) is the value of the parameter 9 as near as possible to the
actual value 9 ). Then the ¥9-MINQUE (minimin norm quadratic unbiased
estimator; in more detail cf. [8]) of the vector ¥ is

(Y — £5) (MpEoMp) " Vi(MpEoMp)* (Y — )
3 —1 .

V=S s wonsey+ :

(Y — £5)(MpEoMp)TV,(MpXMp)" (Y — )

In the case of normality the variance matriz of this estimator is Vary, ({9) =

—1
QS(MFZOMF)+.

Proof Cf. [8].

3 Influence of nonlinearity on the estimator of ¥

Lemma 3.1 In the model (1) the bias of the estimator from Lemma 2.2 at the
point B is
KI((S,@)(MonMF)+V1(MFE()MF)JFK,((S,@)

Lot

Egy0(9)—09 = ZS(MXEOMF)-%—

K/((S,B)(MFEoMF)+Vp(MF20MF)+I§((S,@)
Proof It is valid

Eg,,9 [(Y - fO)/(MFEOMF)+Vj (MFEOMF)+(Y - fO):|

= Eg,0(Y — fo)’(MFEOMF)+Vj(MFEOMF)JFEﬂMg(Y — 1)
+ Tr [(MpzoMF)+Vj(MFE()MF)-FE(’I”}

Now it is sufficient to use the equalities
1
Eﬂoﬂg(Y — fo) = F(S,@ + 5/@((5,@)
and

Tr [(MpEoMp) " V;(MpEeMp)tE(9)] = {S(apsomp)+ 1. 9. 0

5
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Let the Bates and Watts intrinsic measure of nonlinearity [1] at the point
(By, %o) be denoted as Kgom)(,ﬁo),

/ -1 Eo_1
KE(3) = sup {%x (08)55 M k(0B) R}

SB'F'E;FIS

Theorem 3.2 Let Cy = F'S'F. If

2e
3B CodB < — .
190 (/60)
then
V{i=1,...,p} [Egyue(¥ 19|<Z:|k’]|5 )
where

K, = (kit,... kip) = {S(A}FEOMW}L_ [Diag(¥o)] ™", i=1,....p.
Proof Let ¢ = (Ci,...,(,), where

G= (Y — o) (MpEoMp)t Vi (MpSoMp)H (Y — ), i=1,...,p.
Then, with respect to Lemma 3.1

Epy0(9) — 9 =

=S AlfFEOMFﬁ [Eﬂo,ﬁ(&) = S(MpsoMp)+ V]
n’(é,@)(MFEOMF)+V1 (MonMF)+K(5,8)

. 1
(MpSoMp)ty :
Iﬁ:/((s,@)(MFEoMF)+Vp(MF20MF)+R(5,8)
. -1 ..
=S AEFEOMF)JF [ Diag(d)] ~ Diag(d0)

K'(68)(MpXoMp)tVi(Mp3XoMp)Tk(68)

X = .
K/((S,@) (MonMF)+V (MonMF)+K(5,8)
kll ((5,6)(MF20MF)+19 Vl(MFE()MF)—"_K((S,B)
R; n’(dﬁ)(MFEOMF)JW,(,O)VP(MFEOMF)J%((Sﬁ)

The inclusions M(V;) = {V,u : u € R"} C M(Xy), i = 1,...,p, are a
consequnce of the assumption that the matrices Vy,...,V, are p.s.d. and
¥; >0,i=1,...,p. These inclusions imply

K (68)(MpZoMp) 9O V,(MpEoMp)tk(53)
< K,/((S,@)(MFE()MF)JFEO(MFE()MF)JFK,(&B) = Rl(5,6)(MF20MF)+K(5,6).
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Thus we obtain
. 1<
|Eso,0(0:) = 03 = 5 > ki (68)(MpSoMp) 9OV, (MpEoMp) *k(63)
j=1
1<
<1 > kiK' (68) (M ESoM )t k(68).

Jj=1

Now the definition of K éim)(,@()) can be used and thus

K (58)(MrSoM ) s(56) < (K(80)) (58'Cod)”

If )
68/Codf < 7?
(Bo)
then
K (68)(MpEoMp)Tk(08) < 4¢2
and also
12 p
|E,@0’19 ZX_: ’J|K (5,6 MFE[)MF Z ,j|52~ 0

4 Linearization region

In the case of the model (2) when variance components are known, then the
BLUE of 8 is .
B=[FX '(9F 'FEW)Y.

This estimator is biased in the model (1) and

b= Es(B) — = 3’5 (@)F T F'S L (9)(30).

Let the Bates and Watts parametric curvature at the point (3,, o) be
denoted as Ké’;ar)(,ﬁo)

"(58) S PR k(6
Kff;ar) (Bo) —sup{\/K AT Ll ﬁ):JBGRk}.

SB'F'S,FiS

Lemma 4.1 Let in the model (1)

2

SBF'E"1(9)FOB < %
(Bo)

Then

v{h € R*}|h'b| < 5\/h'[F'2_1(190)F]*1h.
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Proof Cf. in [4] and [6].

Remark 4.2 Theorem 3.2 and Lemma 4.1 show that the regions of linearization
for ¥

Ly = {55 (OB F'E T (90)FB < (ftigw)}
0

and for the bias b
/s —1 2e
Ly = {55 (OB F'ETH(Y90)FiB < W}
P(8y)

have the same shape, i.e. we have to use the smaller of them. Usually £, C Ly.

The necessary condition for efficient utilization of Theorem 3.2. and Lemma
4.11is 68" € L, N Ly and at the same time the difference 9" — 1999 must be in so
called nonsensitivenes region which is in more detail described in the following
section.

5 Nonsensitiveness region

How the small shift 69 of the parameter 9 can change the statistical properties
of the estimator B(1) is given in the following statement.

Lemma 5.1 Let

h’' ﬁ(Y 9o+ 69) = W[F'E" (90 + 09)F] 'F'S~ (9 + 69)Y
'B(Y, 190) = h'[F/ 1(19 JFIF'E 1 (9,)Y,
=Y - FB(Y,9).

Then

(i) W'B(Y, 9 +09) = W B(Y, 90) — L, B(09) 5" (9o)v,
where 2(59) = S°P_ §9;V; and L) = h'[F'S1(90)F] " 'F'S ().

(it) Es(L,2(69)E" " (90)v) = 0.

(iii) covg, (L;E(&ﬁ)z—l(ﬁo)v,B(Y7190)) =0
Proof Cf. [2] and [3].
Corollary 5.2 Let

LV,
W, = [MF(E(ﬁo)MF]+(V1Lh,...,VpLh).
L, Vyp
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Then
Vary, [0/ 3(Y, 00 + 69)] = Vary, [h'3(Y,0¢)] + 69 W, 59.

If an experimenter can admit

\/Var% [h'B(Y,90)] + 69’ W60 < (1+ 5)\/Var,90 'B(Y, )],
then 69™ must be in the region
Niy = {50 : 50'W),50 < 221 [F'S 7' (90)F] ' h}.

In order to recognize whether §3* and 59" are in the regions £,NLy and Ny,
respectively, we must have some information an an accuracy of the estimators
B and 9.

The first orientation on the confidence region of the parameter 3 is the set

&= {08+ (08— 3B)F'S ™ (90)F (98— 48) < x3(0,1- )},

where x2(0,1 — ) is the (1 — a)-quantile of the central chi-square distribution
with k degrees of freedom.

Unfortunately the confidence region for the parameter ¥ is not known, how-
ever some information on it we can obtain by the help of the following lemma.

Lemma 5.3 Let

p
Y~ Naffo + FOB + 3r(58), D2 0.V,

=1

Then

5 (287

—1 2
(MFEOMF)+) 0 <t

=SV{i=1,....p} 0] < t\/z{s;AgFZOMF>+}i,,».

Proof It is a direct consequence of Theorem 2.2. in [5]

Remark 5.4 If the real number ¢ > 0 is sufficiently large such that

19; — 97| < t\/Q{S(—A}FZOMF)+},;,i, i=1,....p,

occur with certainty (with sufficiently high probability), then we can be practi-
cally sure that the actual value 9 of the vector ¥ is in the domain

Ky = {50 (69 — 69)'S (a1, 5210+ (60 — 60) < 2t2} .
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6 Inference on linearization

A comparison of the sets &g, Ky, N, Ly, Ly leads to a decision whether the
considered model with unknown variance components can be linearized. In the
first step we shall take into account the following lemma.

Lemma 6.1 Let ¥ be given. Then for any T > 0 the notation 9, means 7.
(i) K(790) = {8y, a1y §, [Pins(r0)] ™" = 7K (o).
(1) S(Mps, 0 Mp)+ = T2S(MpS ) Mp)*+-
(iii) K5, (Bo) = V7K " (Bo).
(iv) Wi(190) = 1W,(90).
Proof The statements are direct consequences of definitions.

Corollary 6.2 If

Z [kis (Bo)lel < 52\/{2SM2200MF)+} >

Jj=1

then

V(> 0} 3 [k (r90)[e? < 52\/ {ZSMLE,%MW} |

j=1
(consequence of Lemma 6.1 (i) and (ii)).

l519’\7\/'h(190)519 = 59 W,(19)09 < 2e3 Var,g, [h'B(79)]
-
= 723 Vary, [h'3(9)]

(it is to be remarked that B(m0¢) = B(¥0)). The last inequality can be inter-
preted as follows. If the value ¥y is changed into 79, then the admissible shift
019 is changed into the shif \/T69.

Now the sequence of the steps necessary to make a decision can be described.
(i) When the values ¥ and ¢4 are chosen the value €7 is determined in such
a way that

n
Z J 190 |€1 <62\/{QS(MFE,90]\4F)+}i7i’ 1= 1,...,p,

(it implies |Ey, (191) — 94| < e24/Vary, (1§,), 1 =1,...,p, i.e. biases caused by
nonlinearity can be neglected). Thus we determined the region Ly,, i.e.

_ 2e1
Lo, =08 : 68 F S Fs8 < ——L__\
o { Yo K(znt) 8 )

o (Bo
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(ii) To choose the value €3 and to determine the set
Ny, = {519 L 59 W, (90)09 < 2e3 Vary, [h’B(ﬁo)} }

Shifts d9 inside the set A}, does not enlarge the standard deviation of the

estimator h’g,i\")' more than 34/ Vary, (h’,[A’)').

(iii) To check the inclusions g C L, N Ly and

Ky = {u : u'S(MFg MF)+u/2 < t2} C N.

90

If these inclusions are satisfied (the actual value §3" of 63 is suffiently small
for the bias of the estimator ¥ and the actual 69" is with high probability
in the nonsensitiveness region), then the model with the estimated variance
components can be linearized and the estimates 9 can be used for the estimation
of 3 without any essential deterioration of the statistical properties.

However if the last inclusion is not satisfied, then the model with unknown
variance components cannot be linearized and it would be necessary to prepare
another experiment in order to make the estimators of 9 more precise. In more
detail it is shown in the next section.

7 Numerical example

Two points A and B with coordinates (0,0) and (0,800) are located in a
plane. Third point P is determined by measurement of the angles ZBAP
and ZPBA, respectively, and distances AP and BP. The coordinates and
distances are given in meters, angles are given in sexagesimal system. Measure-
ment are stochastically independent, the variance in measurement of angles is
02 = (10")? = (10/206264.806 rad)? = (4.848 x 107° rad)? and the variance
in measurement distances is 0% = (0.05m)?. Each angle is measured M (= 2)-
times and each distance is measured N (= 2)-times. The approximate value of

the parameter 3 is
5(0) _(107.180
~ \ 400.000 /

Thus the quadratized version of the model can be written as

£

Y, - Fy Kk1(083)

Y, 5) F; L[ k2(68) 2 2

Y3 NN2M+2N féo) + F3 (5,6+§ 53(5,8) ’O-WV1+O-DV2 5
Y, fég()) Fy K,4(5,8)
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where

(0)
Qup

F,

Fy

K1 (5ﬁ)

Ko ((S,@)

F&3(5,@)

Ky (5,@)

vV, =

Let

—1M®f§=1M®<
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8, 8,
tan —— fy = tan ————
arctan 3, 5 = arctan 3= 800"
= (B, 8002 + 83, 1= \/B}+ 83,
twolh 60 = Lyalh 80 = 10D £ = 10D

750, ol =150°, D), =800.000 DY) =414.110,

- sin(osz}),) cos(affl)g) )
0 ' 0 ’
D&y DYy

]_MXf{:lM@(

sin(ag})) cos(a%%))
o 0 ) 0 )
on o

(0) (0)

=1yefi=1y® (cos(aBP)sin(aBP)) ,

=1y@fi=1y® (cos(afl))), sin(afl)g)) ,

( 0.9659258 O.2588190> ,_( 0.5000000 O.8660254>

414110 ° 414.110 27\ 800.000 ' 800.000

(—0.8660254, 0.5000000), f; = (0.2588190, 0.9659258),

L D T
24 212 24 212
1y @08 [((ﬁﬂléo)))zf(ﬁﬂzio))) JRNCH ;ﬂ 50()6520)) ] 58
(B2 (82127 (B2 +(857)2)2
2(8,” ~800)55” (81" ~800)*— (35”)°
® _g00 24 (0)y272? ©® _g00 24 (0)y2712
1y ® 68 [((%Otso 0))27((55;03) ) [(ﬂlwio) 38003210)) 2| sa
(81" —800)2+(85")2]2” [(81” —800)2+(85")2]2
(852 __ (BV-800)3”
(0) _g00)24(30)213/2 (0 _gp0)24(8{)213/2
1y 0og | 1@ (ﬂi‘”)—s ég)zﬂég)] (8! s i 80(())@2 )2] 53
B —800)2+(857)213/2 7 [(B7) —800)2+ (55 )2]3/2
(B9)? B 8L 5"
(0)y2 (0)y213/27 (©0)y2 (0)y213/2
1N ® 5[6’ [(By )3862;03 ] [(By 25;5[)322 )2 5/@’7

B2 +(8™)2132 (B2 4(8)2]3/2

Iar2nm, O2ns2n V, = O2n120, O2nr 2N
02n 207, O2nan /7 Oononm, Ionon

¢ {M(flf{ +£f5) | N(fsfs + fuf))

-1
“h T o ()3 | 5 sime
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Then
S (|11, _(3.97x10'7, 5.9 x 101°
(Mr2oo Me)™ = | 31 “\ 5.9x101, 4.98x10° )
where
2M c1,1+c22 s +2¢ 5465,
[11] = 0 MG M T
(0w”) (0w”) (0u”)
2 2 2 2
Cl3TCygtciatCay
[12] = MN ©)ya( ()4 =21}
(0w")*op’)
. 2N 9 €3,3+ C44 9 C§73 + 26%74 + 042174
ROV 0)\6 ONS
(ep”) (ep”) (ep’)
Further

4 9 ~1
/1,- — 7 Dlag L ,0.052
7 206264.806
B 1.09 x 1079, —1.21 x 10710
T\ -129x 1074 818x107% )"

Let e5 = 0.05. Then

-1 —1
\/{QS(MFZ190MF)+}1,1 \/{QS(MFZ190MF)+}2,2

€1 = v0.05min ,
i 1kl >ion ka2l
= 0.522576
and

_ 251
Ly, =468 : 68 FE1(9)Fs8 < 7}
' { ' K (8o)

= {08 : 68 F'T 1 (99)Fsp < 21280.6},
I/ —1 221
Eﬂ: 5,65,8F2190F5,6§W
Kq90 (/60)
= {68 : 08'F'S,; ' FéB < 32735.1}.
Now we can check whether £ C Ly. At least it must be satisfied the inequality

X305 1 — @) = x3(0;0.95) = 5.99 < 2¢1 /K5 (8,) = 32735.1.
Now it is necessary to check the inclusion £ C £, N Ly. If 1 — a = 0.95,
€1 = 0.522576, then the situation is given in Fig. 1.
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region L-theta

dbl naxinun = 2.479
db2 maxinunm = 3.89407

dbl raster = 0.4958
db2 raster = 0.778814
criteriun value = 32735.1

region L-b
dbl maxinun = 1.999

db2 maxinun = 3.13971
criteriun value = Z1280.6

Fig. 1: Regions Lp, Ly (with the same 1) and Eg (for 1 — a = 0.95).

As far as the linearization is concerned, there is no problem, since the region
Ly and Ly are very large in a comparison with the confidence ellipse £s.

Now it is to be checked the inclusions Ky C Np,, i = 1,2. We need the
matrices

L, V
Wi, = ( Tt ) IMp(2(90)MEp] T (ViLn,, V,La,),
L, V,

where

Ly, = hi[F'S(00) 'F]7'F'S7'(9), h; =(1,0)', hy=(0,1).

region K-theta

dthl naxinun = 9e-09
dth2 naxinun = 0.00808863

dthl raster 1.8e-09
dthZ raster 0.00161773
criteriun value = 322

region MhlL

dthl naxinun = 1.47328e-03
dthZ maximnun = 15.&6701
criteriunm value = 3.753489%=-03

Fig. 2: Regions Ky for t =4, N}, and Ny, for e3 = 0.1.
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Further
Ko = {001 00'S(rpw,y 11+ 09 < 262}
— {691 69'S(arw, 11y 09 < 32}
N, = {69 : 60'W,,, 00 < 2e5h) (F'S,'F)"'h! }
= {09 : 69'W),, 09 < 3.75489 x 107 °},
Ny = {69 : 60'W,,,00 < 2e3h)(F'S, ' F)~'h }
= {00 : 69'W),,00 < 9.26454 x 107°} .

For e3 = 0.1 and t = 4, see Fig. 2.

As far as the sensitiveness is concerned, the situation is more complicated.

Fig. 2 shows that an accuracy of the estimators 191 and 192 based on the mea-
surement results only is not sufficient. It is necessary to realize an additional
experiment for the more accurate estimation of the parameters ©¥; and 9.

Acknowledgement Authors are indebted to the referee for thorough reading
the manuscript and his help in removing unpleasant mistakes overlooked by

authors.
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