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Abstract

In this paper we consider a method by which a skew-symmetric tensor
field of type (1,2) in M, can be extended to the tensor bundle 7} (M,)
(¢ > 0) on the pure cross-section. The results obtained are to some extend
similar to results previously established for cotangent bundles 77 (M,,).
However, there are various important differences and it appears that the
problem of lifting tensor fields of type (1,2) to the tensor bundle 7} (M,)
(¢ > 1) on the pure cross-section presents difficulties which are not en-
countered in the case of the cotangent bundle.
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1 Introduction

Let M, be a differentiable manifold of class C*° and finite dimension n, and let
TY(My) (¢ > 0) be the bundle over M,, of tensors of type (0, ¢):

PeM,,

where T (P) denotes the tensor spaces of tensors of type (0,¢) at P € M,,.
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i m: TqO(Mn) — M, is the projection Tg(Mn) onto M,,.
ii. The indices i, j,... run from 1 to n, the indices 7,7,... from n + 1 to
n+n? = dimTy(M,) and the indices I = (i,2),.J = (4,7),... from 1 to
n + n4. The so-called Einsteins summation convention is used.
iii. (M) is the ring of real-valued C*° functions on M,. TP(M,) is the
module over (M) of C* tensor fields of type (p, q).

iv. Vector fields in M,, are denoted by V,W,... The Lie derivation with re-
spect to V' is denoted by Ly .

Denoting by 27 the local coordinates of P = 7(P) (P € T)(My)) in a
neighborhood U C M, and if we make (27,¢;,. ;) = («7,27) correspond to
the point P € 7~1(U), we can introduce a system of local coordinates (7, x7)
in a neighborhood 7~ (U) C T(M,), where t;, _;, def 27 are components of
t € TY(P) with respect to the natural frame ;.

IfaeT [?(Mn), it is regarded, in a natural way (by contraction), as a function
in T;) (M,,), which we denote by ic. If o has the local expression a = o/t J19;, ®
... ® 0j, in a coordinate neighborhood U(z") C M,, then ia has the local
expression iov = «(t) = aJt-Jat; ; with respect to the coordinates (27, 27) in
*Y(U).

S(ugpose that A € TQ(M,). We define the vertical lift VA € T (T (M,)) of
A to TQ(M,) (see [1]) by VA(ic) = a(A) o = V(a(A)), where V' («(A)) is the
vertical lift of the function a(A) € $(M,). The vertical lift VA of A to Ty (M)

has components
VA 0
Vi _
=)= () -

with respect to the coordinates (z7,27) in Tj) (M,).
We define the complete lift “V = Ly of V to T (M,) (see [1]) by “V (ier) =
i(Lya), a € T§(My,). The complete lift “V of V to T)(M,) has components

) a
Cyk = vyk, Cyk=— Z ey kg Ok V° (1.2)
=1

with respect to the coordinates (z*, %) in T} (M,).

Suppose that there is given a tensor field £ € T (M,). Then the corre-
spondence x — &, &, being the value of £ at x € M,,, determines a mapping
o¢ : My, — TJ(M,) such that 7 o o¢ = idy,, and the n dimensional submani-
fold o¢ (M,,) of T (M,,) is called the cross-section determined by &. If the tensor
field £ has the local components &, ..k, (z*), the cross-section o¢(M,,) is locally
expressed by z*F = 2, 2F = Ekyoky (x*) with respect to the coordinates (z*, z*)
in T[? (M,,). Differentiating by 27, we see that the n tangent vector fields B; to
o¢(My)have components

(BF) = (Z””—K) (o7 ) 13)
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with respect to the natural frame {9, 95} in T (M,,).

On the other hand, the fibre is locally expressed by zF = const, lhy kg =
thy...ky» tky...k, Deing consider as parameters. Thus, on differentiating with re-
spect to a7 = t;,. ;,, we see that the n? tangent vector fields C; to the fibre

have components
oxX 0
K = _— = s y

with respect to the natural frame {9, 95} in T (M,,).

We consider in 7! (U) C T(M,), n+n? local vector fields B; and C; along
o¢(M,). They form a local family of frames {B;, C5} along o¢(M,,), which is
called the adapted (B, C)-frame of o¢(M,,) in 7~ !(U). Taking account of (1.2),
we can easily prove that , the complete lift “V has along o¢(M,,) components

of the form o 4
c Vi Vi

V = ~ = 1.5

( v ~(Lv&)ji...j, (15

with respect to the adapted (B, C)-frame [2], where (Lv§);,..;, are local com-
ponents of Ly in M,.

2 The vertical-vector lift of a tensor field of type (1,1)

Let ¢ € T}(M,). Making use of the Jacobian matrix of the coordinate trans-
formation in T (M,):

2

2t =2 (2"),2" =ty = AE;,))t(,;)

=AW

Ty @) _ g ig g0 _ O
(,)l' (t(,) = ti1~~~iqvA(7,‘/) = A’i "'AiﬁZV

= 63:7/)

we can define a vector field yp € Ty (T (M,)) [3]:

o= ((vp)’) = (t 0 )

R |
jiz...iqPiy

where @{1 are local components of ¢ in M,. Clearly, we have (yp)(Vf) = 0 for
any f € $(M,), so that yp is a vertical vector field. We call v the vertical-
vector lift of the tensor field ¢ € T} (M,,) to Ty (M,). We can easily verify that
the vertical-vector lift y¢ has along o¢(M,,) components

1o = ((v@)) = (fjiz..(.)iqsofl )

with respect to the adapted (B, C)-frame, where &i,...i, are local components of
& in M,.

Let S be an element of Ty (M,) with local components Sfj in M,,. In a
similar way, if v((Lv; S)v,), 7((Lv,S)vs) and (S}y, vs]) are vertical-vector lifts
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of (Lv, S)v, = (vg’ (Lv1 Vim) € TH(Ma), (LvaS)vy = (07 (L1, S)},) € T} (M)
and Spy, v = (S? Vi, Va]™) € T{(M,), respectively, then ~((Ly,S)v,),
v((Lv,S)v, ) and 'y(S[V1 v,]) have along o¢(M,,) respectively components of the
form

7((LV15)V2) = (7((I~’V15)V2)I) - (5]121 Vo (LV S) ) ’
’Y((LVZS)VI) = (’Y((E’VZS)VI)I) - (gjlé.. i (()LV2S) ) ’

~ 0
S = S Iy = .
7( [vl,vz]) (’Y( [Vl,Vz]) ) <§ji2...iqsflm["1,"2]m>

with respect to the adapted (B, C)-frame, where [Vi, V5] = Ly, Va.

3 The complete lift of a skew-symmetric tensor field of
type (1,2)

Suppose now that S € Ty (M,,) is a skew-symmetric tensor field of type (1,2)
with local components Sfj, that is S(V,W) = —S(W, V), VV,W € T}(M,). A
tensor field & € T (M,,) is called pure with respect to S € Ty (M,,), if [4]:

T .
Sj1k2§7’~~ﬂq

r I _Qr .
{ Skljlngﬂq — e e — Skqufjl...r;

A .
quk2§]1...7”‘

In particular, covector fields will be considered to be pure. Let TO(Mn)denotes a
module of all the tensor fields £ € TO(M ) which are pure with respect to S. We

consider a pure cross-section og 2(M,,) determined by & € T, g (M,,). We observe
that the local vector fields

0 0 5h
C . _C _C (sh — 4

and
Vv (7) 1% i i Vo sit iq 7..h1 0
X ="(dz" @...@dx") =" (5, ...6), dz" ®. . @dah) = 5t 5
hy e Ons
i=1,...,n, 2=n+1,...,n+n?

span the module of vector fields in #~!(U) C Ty (M,). Hence any tensor field
is determined in 71(U) by its action of “X;) and VX®. Then we define a
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tensor field S € T3 (T (M,)) along the pure cross-section a? (M,,) by

C8(V1, V2) = 9(S(V1,V2)) = (Lva S)vs)

+7((Lv, S)ve) + v(Spa,va))s - YVA, Vo € T (M) (i)
CS(VACVy) =Y (Sw,(A)), VAeT}(M,), (i) (3.1)
“S(°V1,VB) =V(Sv(B)), VB eT;(M,), (iii)
CS(VAY B) =0, (iv)

where Sy, (A), Sv, (B) € T)(M,) and call “S the complete lift of S € T3 (My)
to T)(M,,) along ag(Mn).

Let Cgile be components of ¢S with respect to the adapted (B, C)-frame of
the pure cross-section og(Mn). From (1.1), (1.3), (1.4) and VA = VA7 B;+-VAIC;,
we easily obtain VA7 = 0, VA7 = VA7 = Aj,..j,- Thus the vertical lift VA also
has components of the form (1.1) with respect to the adapted (B, C)-frame of
O’?(Mn). Then, from (3.1) we have

C8Y, L, VIV =2 (S, V) = (L))

+((Lvi S)va)” + (S va))” (i)
CS{ 1, AV =V (S, (A)) i) (3.2)
O8OV B =Y (50,(B)", (i
sy VARV B =, (iv)
where
YSala) = (guyrn Yo Vs = (guin, )
1l V2 Amgz...jq ljr V1 Pmia..jq
When J = j, from (¢) of (3.2) we have
“Shie =St O, =S, = S, =0,
where zla = bryrgy @ =1,2.
When J =7, (i) of (3.2) reduces to
cgljllzcwlcwz 4+ gljlbcvlz}c‘};z 4+ gljll;c‘;lzlc‘}gz
+ 875 OVIOV + g 0T (D Sy (33)

— i gV (L S)e oy = i g St [Vi, Vo] ™ = C(S(V1, Vo))
Now, using the Generalized Yano—Ako operator we will investigate components

Cgljl 1,- The Generalized Yano-Ako operator on the pure module T)(M,) is
given by [4], [5].

(@5 )trtngi.dg = Si1,0mEiir . dq — O (ST1,6mga.dg) — O (S0, 6miga..dg)

q
+ Z(aja S1,)E5 . m. g,

a=1



140 A. MAGDEN, A. A. SALIMOV

After some calculations we have

l l i gm lo
Vv22vll(q)S(V1,Vz)§)lllzj1 Jaq + Vllsllleszmjé Jq + sz ]1l2LV1§m]2 -Ja
l l 1
+ VZQ(LV1 ]112)§m]2 Ja T 11 (LVz 71l )fmp Jq (LV1 VZ)Z jlll)gmjz...jq
- LS(V17V2)£J1~~Jq (3.4)

for any V4, Vo € T¢(M,,). Using (1.5), from (3.4) we have

(@s(vive)E)intagn.. i) VI Va2 = SpL 672 851V CVy2
— 8,0 SOV OV VI (L ST Vg gy — VI (Lva ST Emia.
+ (L Vo) ST bmga gy = —C (S(V1, V). (3.5)

Comparing (3.3) and (3.5), we get

Cai
Siyllz = _((bsg)llbjl...jq-

By similar devices, from (ii)—(iv) of (3.2) we have also

cal_ 0, C’Sj — gr T2 5;’;1’ Cglj_l = §r gr2 gl

11ls I1lo Jila"g2 " l1j1 7 J2 Ja

Thus the complete lift ©.S of S € T3 (M,,) (S(V,W) = —S(W, V)) has along the
pure cross-section oy 2(M,,) components

CQJj _ j CQJ C _Ccaj _C qJ _
Sl la ™ Sl]ll2’ 513112 Sljll Slzll_z - 51211_2 =0
1, =S 8o, O8] =y e 6 (3.6)

l1ls JilaVg2 * l1j17J2

c _
SlleQ (@55)111231..,jq

with respect to the adapted (B, C)-frame of o 2(M,), where ®s¢ is the Gener-
alized Yano—Ako operator.

Remark 1 ¢S in the form (3.6) is unique solution of (3.1). Therefore, if S is
element of T3 (T (M,)), such that

CS(CV1,C Vo) =€ (S(Vi, Va)) — 7((LaS),)
+*7((LV1 S)V2) + ’}/(S[VI,VZ])7

CS(VAL v2> —V (1, (A)),

cs B) =" (Swi(B)),

og VA vV B) =0,

(“V;
(
then g =Cg.

Remark 2 The equation (3.1) is a useful extension of the equation “V (i) =
i(Lya), a € T (M,) (see §1) to tensor fields of type (1,2) along the pure cross-
section O’ES (M,,).
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In the case 8m§j1___jq = 0, (B, C)-frame is considered as a natural frame

{Oh, 03} of ag(Mn). Then, from (3.6) we obtain components of ©.S along the
pure cross-section with respect to the natural frame {0,905} of Jf(Mn) in

7~1(U) (see [5]). The diagonal and horizontal lifts for tensor fields of special
kinds to the tensor bundle have been studied in [6]-[8].
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