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Abstract

The purpose of this paper is to establish some weak and strong con-
vergence theorems of modified three-step iteration methods with errors
with respect to a pair of nonexpansive and asymptotically nonexpansive
mappings in uniformly convex Banach spaces. The results presented in
this paper generalize, improve and unify a few results due to Chang [1],
Liu and Kang [5], Osilike and Aniagbosor (7], Rhoades [8] and Schu [9],
[10] and others. An example is included to demonstrate that our results
are sharp.
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1 Introduction

In 1972, Goebel and Kirk [3] introduced the concept of asymptotically nonex-
pansive mappings and proved that if K is a nonempty closed bounded subset
of a uniformly convex Banach space E, then every asymptotically nonexpan-
sive self-mapping of K has a fixed point. After that, some authors studied
a few iterative approximation methods of fixed points for asymptotically non-
expansive mappings. In 1991, Schu [9], [10] introduced the modified Ishikawa
iteration methods and modified Mann iteration methods and proved that the
modified Mann iteration sequence converges strongly to some fixed points of
asymptotically nonexpansive mappings in Hilbert spaces. Rhoades [8] extended
the results in [9] to uniformly convex Banach spaces and to modified Ishikawa
iteration methods. Chang [1], Liu and Kang [5] and Osilike and Aniagbosor
[7] also established some strong and weak convergence theorems of modified
Ishikawa iteration methods with errors and three-step iteration methods with
errors for asymptotically nonexpansive mappings.

Inspired and motivated by the work in [1], [5] and [7]-[10], in this paper we
introduce a new iterative method, called modified three-step iteration method
with errors with respect to a pair of mappings, and establish some strong and
weak convergence theorems of the modified three-step iteration method with
errors with respect to nonexpansive and asymptotically nonexpansive mappings
in nonempty closed convex subsets of uniformly convex Banach spaces. The
results presented in this paper generalize, improve and unify a few results due
to Chang [1], Liu and Kang [5], Osilike and Aniagbosor [7], Rhoades [8] and Schu
[9], [10] and others. An example is included to demonstrate that our results are
sharp.

2 Preliminaries

Let E be a uniformly convex Banach space, K be a nonempty subset of £ and
S,T : K — K be two mappings. I stands for the identity mapping, F(7T) and
F(S,T) denote the sets of fixed points of T' and common fixed points of S and
T, respectively. Let .J : E — 2% be the normalized duality mapping defined by

J(@) =A{f € B (. f) = |zl - 1L 1Al = M=}, Ve € B

Let us recall the following concepts and results.

Definition 2.1 [2] A mapping T : K — K is said to be

(1) asymptotically nonexpansive if there exists a sequence {k,},>1 C [1,00)
with lim, o0 kr, = 1 such that |77z — T"y|| < kyllz — y||, Vz,y € K,
n > 1;

(2) nonexpansive if ||Tx — Ty|| < ||z — y||, V,y € K;

(3) wniformly L-Lipschitzian if there exists a constant L > 1 satisfying
[Tz = T"y|| < Lllz —yl|, Yo,y € K, n > 1;
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(4) semi-compact if K is closed and for any bounded sequence {z,},>1 in
K with lim,,_, ||z, — Tz, || = 0, there exists a subsequence {z,, }i>1 C
{zn}n>1 and z € K such that lim; o zp,, = 2.

It is easy to see that if T is an asymptotically nonexpansive mapping with a
sequence {k, }n,>1 C [1,00) such that lim,,_, k,, = 1, then it must be uniformly
L-Lipschitzian with L = sup{k,, : n > 1}.

Definition 2.2 A mapping T with domain D(T') and range R(T) in F is called
demiclosed at a point p € D(T) if whenever {z,},>1 is a sequence in E which
converges weakly to a point « € E and {T'z,},>1 converges strongly to p, then
Tx = p.

Definition 2.3 [6] A Banach space F is called to satisfy Opial’s condition if
for each sequence {z, },>1 in E which converges weakly to a point z € E

liminf ||z, — z| < liminf ||z, —yl|, Yye€ E —{z}.
n—oo n—oo

Definition 2.4 Let K be a nonempty convex subset of a normed linear space
F and S,T : K — K be two mappings. For an arbitrary x; € K, the modified
three-step iteration sequence with errors {z,},>1 with respect to S and T is

defined by
Zn = an Sz, + b T x,, + chwy,
Yn = an, STy + b, T" 2 + vy, (2.1)
Tpy1 = ansxn + bnTnyn + CpUn, Yn > 1;

where {up}n>1, {vn}n>1 and {w,},>1 are bounded sequences in K, {an}n>1,

{bntnz1, {entnz1s {an bnz1, {0 nz1, {chbnz1, {agtnz1, {b7 ezt and {c] s
are sequences in [0, 1] satisfying

ap +bp+cp=a,+b,+c,=al +b +cl =1, Vn>1. (2.2)

Remark 2.1 In case S = [ and V] = ¢/ = 0 for n > 1, then the sequence
{zn}n>1 generated in (2.1) reduces to the usual modified Ishikawa sequence
with errors.

Lemma 2.1 [4] Let E be a Banach space satisfying Opial’s condition and K
be a nonempty closed convex subset of E. If T : K — K is an asymptotically
nonexpansive mapping, then I — T is demiclosed at zero.

Lemma 2.2 [10] Let E be a uniformly convex Banach space, {t,,}n>1 C [b,c] C
(0,1), {zn}tn>1 and {yn}n>1 be sequences in E. If limsup,_, . ||lzn] < a,
limsup,, o |yl < a and lim, . ||thn + (1 — tn)yn|| = a for some constant
a >0, then lim, o ||z, — yn|| = 0.

Lemma 2.3 [2] Let E be a normed linear space. Then

lz +ylI* < llll* + 20y, 5 (@ + ), Va,y € B, jz+y) € J(z+y).
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Lemma 2.4 [11] Let p > 1 and r > 0 be two constants. Then a Banach
space E is uniformly convex if and only if there exists a continuous and strictly
increasing convezx function g : [0,00) — [0, 00) with g(0) = 0 such that
llaz + (1 = a)y[|” < allz||” + (1 = a)[ly[|” = wp(a)g(l|z = yl|)
for each x,y € B(6,r) ={z:||z|]| <7 and z € E}, a € [0,1] and
wp(a) =aP(1 —a)+a(l—a)?

Lemma 2.5 [7] Let {a,}n>1, {bn}n>1 and {c, }n>1 be sequences of nonnegative
numbers satisfying the inequality

ant1 < (1 +ep)ay +by, Vn>1.

If Y0 en <00 and Y .7 by, < 0o, then lim,_.o ay, exists. In particular, if
{an}n>1 has a subsequence which converges to zero, then lim, o a, = 0.

3 Main Results

Lemma 3.1 Let K be a nonempty convex subset of a normed linear space E.
Let S : K — K be a mapping and T : K — K be uniformly L-Lipschitzian.
Then
lZnt1 — Txniall < |Tps1 — TnJrlzn-&-l” + LQ(LQ + 2L + 2)||zp — Ty ||
+ L(L + V)[(L* + L+ 1)||Szn — zal| + cnlltn — 2o
+ an;Lan — x|l + bnb;zclr;IPHwn — znl]]
forn > 1, where {z,}n>1 is defined by (2.1).

Proof Set A, 1 = [|[2ns1 — T" M2y, Buy1 = [|Stni1 — pyal| for n > 1. It
follows that

20 — 2nl < GZHSM — xn | + beT”xn — x|l + CZ”wn — T, (3.1)

yn — znll < a;LHSl"n — xn| + bIn(LHzn = Zp|| + T 2n — z4|) + C;z”Un — Tn|
< al By + b, L||zpn — xn|| + U, A + ¢ ||vn — 20| (3.2)

and

< Nngr = T x| + (1T 2pg1 — T |

< App LHTnzn—&-l - zn-&-l”

< Appr + LT 21 — T || + | T" 20 — 2ptal])

< Appr L2||37n+1 - xn” + L||T”xn - CCnJrIH

< Api1 + L2a, By, + L0, (| Ty — T2, |
+ | T2 — z0||) + L2y ||t — 20| + Lap By, + La, A,
b L2 ||y — u | + LenAp + Leg |[ug — 20|

< Apy1+ L(L+ 1)a, By, + L(Lb, 4+ a, + ) Ay
+ L2y (L + 1)|[yn — ol + Lea(L + 1)|Jun — 4] (3.3)

[Znt1 = Tnsal]
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for n > 1. Substituting (3.1) and (3.2) into (3.3), we obtain that
|Zni1 — Tonia|l < Apyr + LA(L* + 2L +2)A, + L(L+ D[(L* + L+ 1)B,

+cnllun — znll + an;zLan — x| + bnb%CZLQ\lwn — Tn]

for n > 1. This completes the proof of Lemma 2.1. O

Remark 3.1 Lemma 1.2 in [7], Lemma 3.1 in [5], Lemma 1.4 in [8] and Lemma
1.4 in [10] are special cases of Lemma 3.1.

Lemma 3.2 Let K be a nonempty convex subset of a normed linear space E.
Let S : K — K be a nonexpansive mapping and T : K — K be an asymptotically
nonezrpansive mapping with a sequence {k,} C [1,00) satisfying lim, oo kn, =1
and F(S,T) # 0. If the following conditions

o0

D (kn—1) <0 (3.4)
n=1
and
oo oo o0
Z bubl, e < 00, anc; < 00, ch < o0 (3.5)
n=1 n=1 n=1

hold, then lim,,_,o ||z, —q|| exists for any ¢ € F(S,T), where {x,}n>1 is defined
by (2.1).

Proof Let ¢ € F(S,T) and L = sup{k, : n > 1}. Note that {u, — ¢}n>1,
{vn — q}n>1 and {w,, — ¢}n>1 are bounded. It follows that M = sup{||lu, — ¢,
lvn—qll, Jwn—ql|| : » > 1} < co. Since S is nonexpansive and 7' is asymptotically
nonexpansive, by (2.1) we know that

[Znt+1 —qll = l[@anSzs + b T"yn + cnun — 4|
< anllzn = qll + buknllyn — qll + cnllun — 4l
< anllzn — gl + bukn(ay, |20 — gl + U knllzn — all + L llvn —gll) + e M
< (an + bnkna;)nxn —q|l + bnb;zkgx(a;;”xn —q|l + bxkn”xn —qll
+ cpllwn = qll) + bnc)kn M + ey M
<lan + bnkna/n + bnb/nki(a/é + b;{kn)} |zn — 4|
+ (b0, ke + byl ki M + ) M
<1 = by + byky (1 = b)) + byl k2 (1 — bl + bl k)] ||2n — 4|
+ (Lbypby ey + LMbyc), + cn) M
< U+ bu(kn = D)1+ L+ L))z — g
+ (Lbyb,, ¢ + LMby,c,, + )M (3.6)

for n > 1. It follows from Lemma 2.5, (3.4) and (3.5) that lim, . ||z, — q||
exists. This completes the proof. O
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Remark 3.2 Lemma 3.2 generalizes Lemma 3.2 in [5], Lemma 3 in [7] and
Lemma 1.2 in [10].

Lemma 3.3 Let K be a nonempty convex subset of a uniformly convexr Banach
space E. Let S : K — K be a nonexpansive mapping and T : K — K be an
asymptotically nonexpansive mapping with a sequence {k,} C [1,00) satisfying
(5.4), limy, oo kp =1, F(S,T) # 0 and

le — Tyl < ||Sx—Ty||, Vz,yeK. (3.7

Suppose that

ic; < 00, i bl < oo, icn < 00, (3.8)

n=1 n=1 n=1
(1+ limsup?d]) - limsupd, <1, (3.9)
n—oo n—oo
O<a<b,<b<l1, VYn>1, (3.10)
where a and b are constants. Then lim, oo |0 —SZy || = limy o0 |0 —Tn| =

0, where {zp}n>1 is defined by (2.1).
Proof Let ¢ € F(S,T). Lemma 3.2 ensures that lim,, . ||z, — ¢|| exists. Set

lim, oo ||2n, — ¢|| = d . Since {un}n>1, {vn}n>1 and {w,},>1 are bounded
sequences, it follows that

M = Sup{”“’n - QHa ||Un - Q||7 ||xn - Un”; ||-rn - wn||7 ||$n - unH n Z 1} < oQ.
Observe that

nlLIIOIO |nt1 — ¢l = Hm ||(1 = b, — cn)Sxn + b T"yn + crun — 4q||

n—oo

= lim ||(1 —b,)[Szn — ¢ — cn(Szpn — up)]
+ 0, [T"Yn — ¢ — cn(Szp — uy)]||- (3.11)
From the nonexpansivity of S and (3.8), we deduce that

limsup ||Sz, — ¢ — cn(Szn — uy)||
n—oo

< limsup(|[zn, — gl + cnllzn — gl + cnllun — qll)
<limsup[(1 + ¢p)l|xn — q|| + cnM] < d. (3.12)
Since S is nonexpansive and 7T is asymptotically nonexpansive, by (2.1) we
derive that
IT"Yn — q — cn( STy — un)||
< Enllyn = qll + cnl|Szn — gl + cnllun — 4|l
< knlapllzn — qll + bykallze — all] + (chkn + cn) M + callzn — ]|
= (a/nkn + cn)llen — gl + b;LkZ”Zn —qll+ (C/nkn +cn) M
< [ankn +cn + b;ki(a;{ + k)l zn — gl + (¢ kn + cn + b;cka)M
< o+ U hon (ki — 1) + Dby (b — 1) + calllzn — g

+ (e kep 4 o 4+ VK2 M (3.13)

nmn-n

A
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for n > 1. In view of (3.4), (3.8) and (3.13), we conclude that

lmsup |T"yn — ¢ — cn(Szn — up)| < d. (3.14)

n—oo

On account of (3.10)—(3.12), (3.14) and Lemma 2.2, we see that
lim ||Sz, — T y,| =
n—oo
= lim |[Szn — ¢ = cn(Szn — un)] = [T"yn — 4 = cn(Szn — un)]|
— 0, (3.15)

which implies that
lim ||z, — T"y,|| =0 (3.16)

n—oo

by (3.7). Notice that
1Sy — zn|| < ||S2n — T yYnl|| + |20 — T ynl|, Vn >1.
Thus (3.15) and (3.16) mean that
nll)rr;o 1Sz, — x| = 0. (3.17)
It is easy to verify that

[zn = T"xn| < [lon =T ynll + knllyn — x|
< n = T"gll + knl 1S — 2o + bkl 2 — 2
+ b Tz — || + ¢}, M]
< lwn = Tyl + knlas, + knbpar) Sz, — 24|
+ kb, (1 + kb)) [T 2y, — 2| + kn (), + knblci )M (3.18)

for n > 1. Note that (3.9) implies that there exists a positive integer N satisfying
knbl (14 kpb) < 1 for n > N. It follows from (3.18) that

1
n - Tn n
m%u+mwﬂm unl
+ kn(al, + kb al)||Sxy, — zn|| + kn(c, + knbl el M) (3.19)

lzn — T 2, || < 1—

for n > N. According to (3.8), (3.9), (3.16), (3.17) and (3.19), we conclude that

lim |z, —T"z,| = 0. (3.20)
In terms of (3.8), (3.17), (3.20) and Lemma 3.1, we get that

lim |x, — Tz,| = 0.
n—oo

This completes the proof. O
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Remark 3.3 Lemma 3.3 extends Lemma 3.3 in [6], Lemma 4 in [8] and Theo-
rem 1 in [9].

Theorem 3.1 Let E be a uniformly conver Banach space satisfying Opial’s
condition and K be a nonempty closed convex subset of E. Let S : K — K be
a nonexpansive mapping and T : K — K be an asymptotically nonexpansive
mapping with a sequence {k,} C [1,00) such thatlim, o kn =1 and F(S,T) #
0. If (3.4) and (3.7)—(3.10) hold, then the modified three-step iteration sequences
with errors {xy }n>1 with respect to S and T defined by (2.1) converges weakly
to a common fized point of S and T.

Proof It follows from Lemma 3.2 that {x,,},,>1 is bounded. Hence {x,,},>1 has
a subsequence {2, }j>1, which converges weakly to p. Since {z,,};>1 C K and
K is weakly closed, it follows that p € K. From Lemmas 3.3 and 2.1 we deduce
that I — T and I — S are demiclosed at zero. Hence (I —T)p = (I — S)p = 0.
That is, p € F(S,T). Suppose that {x,},>1 does not converge weakly to p .
Then there exists another subsequence {xp, }x>1 of {zy}n>1 which converges
weakly to some ¢ # p. It is clear that ¢ € F(S,T), lim,— ||z, — p| and
lim, oo ||2n — ¢|| exist. Let a = lim,—oo ||z — 2|, b = limy—oo ||2n — ¢l
Because F satisfies Opial’s condition, we obtain that

a = liminf ||z,; — p[| < liminf ||z, — q||
j—00 j—00

= b= liminf |z, — q| < liminf ||z, —p|| = q,
k—o0 k—o0

which is a contradiction. Hence p = ¢ and {z,},>1 converges weakly to p €
F(S,T). This completes the proof. |

Lemma 3.4 Let K be a nonempty bounded closed convex subset of a normed
linear space E. Let S : K — K be a mapping and T : K — K be uniformly
L-Lipschitzian. Then

[#n11 = Taniall < |@npr = T eppa || + Lz, — T ||
+ L(L+ D1+ L+ LA (|2 — T x| + ||S2n — 22al])
+ e llun — Szl + Lbnd,||vn — Sz ||
+ b, LP | |wy, — S]] (3.21)

for n > 1,where {x,}n>1 is defined by (2.1).
Proof Put

Ay = cp(uy — Szy), Bn =, (vn—Sxy), Cp =l (wy, — Szy), Vn > 1. (3.22)
Then the sequence {z,},>1 defined by (2.1) can be rewritten as

zn = (1=b")Sz, + 0Tz, + C,,
yn = (1 =0)Sz, + b, T"2, + By, (3.23)
Tpt1 = (1 —by)Szy + 0,1y, + Apny, V> 1.
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The rest of the proof is exactly the same as that of Lemma 3.1, and is omitted.
This completes the proof. O

Remark 3.4 Lemma 3.4 is an improvement of Lemma 3 in [1] and Lemma 1.2
in [9].

Lemma 3.5 Let K be a nonempty bounded closed convex subset of a real Ba-
nach space E. Let S : K — K be a nonexpansive mapping and T : K — K
be a uniformly L-Lipschitzian and asymptotically nonexpansive mapping with
a sequence {kn} C [1,00) satisfying lim, ook, = 1, F(S,T) # 0, (3.4) and
(8.7). Suppose that (3.8), (5.10) and

(1+ Llimsup?d)) - limsupd], < L™* (3.24)
n—0oo n—o0
hold. Then lim,, o ||STrn — Tp|| = limy oo ||2n — T2y || = 0, where {x,}n>1 s

defined by (2.1).

Proof Let {A,}n>1, {Bn}n>1, {Cn}n>1 be defined by (3.22) and g € F(S,T).
Note that K is a nonempty bounded closed convex subset and {zp }n>1, {yn tn>1,
{zn}n>1, {T"Cn}tn>15 {T"Yntn>1, {T" 20 tn>1, {S%n}n>1 are in K. Then there
exists » > 0 such that

K U{zh —q,yn — ¢ 2n — ¢, STy, — ¢, STy — Up, STy, — Upy STy — Wy,
Sr, —q+A,, Sy, —q+ B, Sty —q+Cn, T "z, — q+ Ay,
Ty —q+ Bn, T2 — ¢+ Cn, Ty — ¢+ A, Ty — g+ Cr }
C B(0,r)

for any n > 1. From Lemma 2.3 we get that

Sz, —q+ An? |Szy — ql|? + 2(An, j(STp — g + Ay))

<
<l = gll* + 2 An]l - 1520 — g + Anll
< llon = all® +2r[| A4 (3.25)

for j(Sz, — g+ A,) € J(Sz, — g+ A,) and n > 1. Similarly we have

1Ty =+ Anll* < NT"yn = qll* + 2r[|Anll < K3 llyn — all® + 2| Anl| - (3.26)
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for n > 1. It follows from (3.25), (3.26) and Lemma 2.4 that

[2ns1 = ql* = (1= bn)(Szs — g+ An) + 0n(T"yn — g + An)||?
< (1 =b,)[|Szn —q+ AnH2 + b (T"yn —q + An)”2
— w2 (bn)g([[Szr — T"ynl)
< (X =ba)(llzn = all* + 2r[| Anll) + ba(IT"yn — all* + 27[| Anl)
= bn (1 = bn)g([| Sz — T"ynll)
= llen = al® + ba(IT"yn — all* = llyn — all*)
+bn([lyn — I = [l — al|*) + 2r[| A
= bn(1 = bn)g([|Szy, — T"ynll)
<l = all® + ba (k2 = Dllyn — all® + ba(llyn — al® = llzn — alf*)
+2r[[Anll = bn(1 = bn)g([|Szn — T yn) (3.27)

for n > 1. Obviously we have

lzn = qll* = llzn — qll?
< (L= 0)llzn = all* + 07|17 20 — gl = llon — qll* + 27| G
< (ki = Dllzn — all* +2r||Cy | (3.28)

and

lym = all* =z — qlf?

< (=0 zn = all® + bLlIT" 20 = ql|* = 2 — qlf* + 2r]| By |

< bk = Dllzn = all® + b, (1 — all® = llzn — all*) + 2r]| Bl (3.29)
for n > 1. Using (3.27)—(3.29) we obtain that

[ 2nt1 — ql?

< lzn — gl* + bu (k2 — Dllyn — qll* + baby, (k2 — 1)]|2n — ql|
+ bbb (K — D)z — ql|* + 2rbnb), [ Co |l + 2rbp|| Bl + 27| An |
= b (1 = bn)g([|Szp — T"ynll)

< ln — gl + bu (k7 — Dlllyn — all® + 8,120 — gl?
+ 0,00 | — qlI%] + 2r(bnb), [ Coull + b || Ball + (| Anl])

= bn (1= bn)g([|Szn — T"ynl|) (3.30)

for n > 1. Since {z,, — ¢}n>1, {Yn — ¢}n>1 and {z, — ¢},>1 belong to B(0,r),
(3.10) and (3.30) ensure that
|zns1 = qll* < llzn — ql® + 3r2(1 + sup{ky, : n > 1})(kn — 1)
+ 212 (bubl ! 4+ b, 4+ ¢n) —a(l = b)g(|Sz, — Ty, (3.31)
for n > 1. Therefore

a(1 = b)g(|Szn = T"yul)) < llzn — all* = 2n41 — al®
+3r2(1 + sup{ky, : n > 1})(kp — 1) + 2r% (b b, ¢l + bucl, + )
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for n > 1. This yields that

m

a(1 =) g([[Szn = T"ynl)) < [|lz1 — q||?

n=1

+3r%(1 + sup{k, : n > 1}) Z(kn —1) 422 Z(bnb’ncg + bncl, + cn)
n=1 n=1
for m > 1. Letting m — oo in the above inequality, we derive that
> 9IS = T yy|) < oo,
n=1

which implies that
lim_ (S, — T"yal) = 0. (3:32)

Note that g : [0, 00) — [0, 00) is continuous and strictly increasing with g(0) = 0.
It follows from (3.32) that

lim ||Sz, — T"y,|| = 0. (3.33)

n—oo

On account of (3.7) and (3.33), we know that

nlirr;o |z, — T"yn|| = 0. (3.34)
It follows from (3.33) and (3.34)that

nlinéo Sz — 2] = 0. (3.35)

By virtue of (3.23) we have

125 — ynl

< wn = T"ynll + 1T Yn — ynl

< lon = Tyl + (1 = 01520 — T"ynll + U Lllzn — yll + iy

<o = Tyl + (1 = bp)[[S20 — Ty
+ 0 L(lzn = 2l + 20 = yal)) + 7

< lwn = Tyl + (1= 0[Sz = Tyl + U, L{(1 = by,)[| S — |
0l T 0 — wnll + cnr + llon — ynll] + cr (3.36)

for n > 1. Notice that (3.24) ensures that there exists a positive integer M

satisfying
b, < L' and (1+LV)b, < L' forn> M. (3.37)

From (3.36) and (3.37), we conclude that

1 n n
|lzn — ynH < m[”xn =T ynH +[|Szn, =T yn” + b;L(HSl‘n - an

+ 0y [Tz, — || 4 7¢;,) + €7
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and

IN

1T 20 — @0 | 1T"xn — Tyl + (|20 — T"yYnll < Lllzn — Yull + (|20 — T "yl

L

IN

1 mn mn
: m{ﬂ% = T"yull + |S2zn — T yn ||

+ b L[|Szn — xn || + 0y [T 2 — ol + 7] + cr} + (| — Ty
for n > M. Simplifying we get that
1
R vy
+ b, L?||Sxy, — 20| + L(Y], L)l + ¢),)r] (3.38)

1T 2 (L + Dlzn = T"ynll + Ll Sz — T"yn |

for n > M. It follows from (3.8), (3.10), (3.33)—(3.35) and (3.38) that
lim ||T"z, — x| = 0.

This completes the proof. O

Remark 3.5 Lemma 3.5 improves Lemma 4 in [1], Theorem 1 in [9] and Lemma
1.4 in [10].

Theorem 3.2 Let E be a real uniformly convex Banach space, K be a nonempty
bounded closed convex subset of E. Let S : K — K be a nonexpansive mapping
andT : K — K be a uniformly L-Lipschitzian and asymptotically nonexpansive
mapping with a sequence {k,} C [1,00) satisfying lim, oo k, =1, F(S,T) # 0,
(8.4) and (3.7). Suppose that (3.8), (3.10) and (3.24) hold. If T is semi-
compact, then the modified three-step iteration sequences with errors {xy }n>1
with respect to S and T defined by (2.1) converges strongly to a common fized
point of S and T'.

Proof It follows from Lemmas 3.4 and 3.5 and (3.8) that lim,, o |72, —zy| =
0. Since T is semi-compact, there exists a subsequence {z,, }i>1 C {zn}n>1 such
that x,, — q € K as i — oo. By the continuity of S and T, (3.8) and Lemma
3.5, we conclude that

=|lg — Sq|| = 0.

hm ||T1’n1 — Tn; || = ”q - T(IH = Oa hm stnz — Tn;
71— 00 11— 00

That is, ¢ is a common fixed point of S and T in K. From (3.31) we know that

|lzns1 = ql* < llzn = all* + 3r*(1 + sup{kn : 7 > 1})(ky — 1)
+ 202 (b, bl ¢! 4 byl 4 cn) (3.39)

forn > 1. Then (3.4), (3.8), (3.39) and Lemma 2.5 guarantee that lim,,_, ||z, —
q||> = 0. That is lim,, .o @, = ¢. This completes the proof. O
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Remark 3.6 Theorems 3.1 and 3.2 extend, improve and unify Theorems 1.1
and 1.2 in [1], Theorem 3.1 in [5], Theorems 1 and 2 in [7], Theorems 2 and 3
in [8], Theorem 1.5 in [9] and Theorems 2.1 and 2.2 in [10] and in the following
ways:

(1) the identity mapping in [1], [5], [7]-[10] is replaced by the more general
nonexpansive mapping.

(2) the usual modified Mann iteration methods in [10], the usual modified
Ishikawa iteration methods in [8] and [9], the usual modified Ishikawa iterations
methods with errors in [1] and [7] and the usual modified three-step iteration
methods with errors in [5] are extended to the modified three-step iteration
methods with errors with respect to a pair of mappings.

(3) the conditions (3.8) and (3.10) are weaker than the conditions lim,,_,o b, = 0
and 0 < € < a, <1—c¢, for all n > 1, imposed on Theorems 1.1 and 1.2 in [1],
Theorem 1 in [7], Theorems 2 and 3 in [8] and Theorem 1.5 in [9].

Remark 3.7 We would like to point out that > 7 (k% — 1) < oo in [9] and
oo (k2 — 1) < oo in [1] and [10] are equivalent to condition (3.4).

The following example shows that Theorems 3.1 and 3.2 extend substantially
the corresponding results in [1], [5] and [7]-[10].

Example 3.1 Let E be the real line with the usual norm |-| and let K = [0, 1].
Define S and T : K — K by

[ —sinz, z€]0,1], [ =z, ze]0,1],
Tm—{ sinz, «x€[-1,0) and Sx_{x, x €[-1,0)

for x € K. Obviously F(S,T) = {0} and T is semi-compact. Now we check
that T is nonexpansive. In fact, if  and y € [0,1] or  and y € [-1,0), then
|Tx —Ty| = |sinz —siny| < |z —y|; if z € [0,1] and y € [-1,0) or = € [-1,0)
and y € [0,1], then

|Tx — Ty| = |sinz +siny| = 2 sin =

COS

ty r—y
Y| <letul<lo-ul

That is, T is nonexpansive. Similarly we can verify that S is nonexpansive.

Thus S is uniformly 1-Lispchitzian and asymptotically nonexpansive. In order

to show that S and T satisfy (3.7), we have to consider the following cases:
Case 1. Suppose that z and y € [0, 1]. It follows that

|z — Ty| = | +siny| = |Sz — Ty|;
Case 2. Suppose that 2 and y € [—1,0) Then we easily see that
|z = Ty| = & —siny| < [ -2 —siny| =[Sz —Tyl;
Case 3. Suppose that z € [-1,0) and y € [0, 1]. It is easy to verify that

|z —Ty| = |z +siny| < | -z +siny| = [Sz — Ty|;
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Case 4. Suppose that = € [0,1] and y € [—1,0). It follows that
|z — Ty| = |x —siny| =[Sz — Ty|.

Hence (3.7) is satisfied. Suppose that {u,}n>1, {vn}n>1 and {w,},>1 are arbi-
trary sequences in K,

for

az§ b:6 a 2—71 — !

5’ "5 3n+2  6n?’
a: ST . a: S
n 3n 20243, T2 3n42 2243
R TP S
"5 3n+2, M 3p T 3p42 0 2

1 . . 1
TGz T 1T g g
S, Loy 4 1,1

n > 1. Thus the conditions of Theorems 3.1 and 3.2 are fulfilled. Hence

Theorems 3.1 and 3.2 guarantee that the modified Ishikawa iteration sequences
with errors {x,},>1 with respect to S and T defined by (2.1) converges both
strongly and weakly to 0, respectively. But the results in [1], [5] and [7]-[10] are
not applicable.
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