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THE DISTRIBUTIVITY PROPERTY
OF FINITE INTERSECTIONS OF VALUATION RINGS

JAN MINAC

In this paper we assume that the reader is familiar with the basic facts of the
valuation theory. (See e.g. [1], [2] or [3].)

Let K be a field, A, B, C be subrings of the field K. In [2] we have proved that if
A, B, C are valuation rings, then both the distributive identities

¢)) ' Cn(AvB)=(CnA)v(CnB)
2) Cv(AnB)=(CvA)n(CvB)

hold. (Here as usual A v B means the subring of the field K generated by the set
AUB.)

In the present paper we shall show that this remains true also if A, B, C are finite
intersections of valuation rings of the field K. (The present proof gives also
a different proof of a more special theorem in [2].)

Theorem. Let K be a field and A, B, C finite intersections of valuation rings of
the field K. Then both the distributive properties (1), (2) hold.

In the proof of the theorem we shall need the following well-known statements.

(A) Every overring of a finite intersection of valuation rings of the field K is itself
a finite intersection of valuation rings of the field K. (See e.g. [1], [3] or [2], a final
remark.)

(B) Every valuation ring E which contains a finite intersection () E; of valuation
iel

rings contains some of the valuation rings E;. (See [3], Chapter E, Corollary 2c.)

Proof of the theorem. First we shall prove the identity (1). Let A =
AINnA:n...nA,,, B=BnB:n...nB,, C=CnNnC,n...nC be intersections of
valuation rings A1, Aa, ..., Am, By, Ba, ..., B,, Ci, C,, ..., C of the field K. Let us
consider the ring (ANC)v(BNnC)=D. Since D is an overring of the finite
intersection of valuation rings of the field K (e.g., AnC) we have by (A) that D is
an intersection of valuation rings. Let D =(|D;, where D; are valuation rings of

iel

the field K. Then for each i e I we have D; > AnC and D; o BN C. In both cases D;
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can be considered as an overring of the finite intersection of valuation rings of the
field K. By (B) we get

(i) D:> C; for some ke{l,...,1} or D;> A; for some je{l, ..., m},

(ii) D;> C, for some re{l, ..., 1} or D;> B for some se {1, ..., n}.

From this we have that D; > C or D; > A v B. Hence, we have D; > Cn(A v B).
Finally, we get D= D;>(AvB)nC.

iel

Since the converse is true in every lattice, the identity (1) is proved.

The proof of the second distributive identity (2) can be done exactly in the same
way as in [2]. [Or it is possible to give an analogous proof to the proof of the
identity (1).] In this way we can prove the identity (2) under a slightly weaker
hypothesis: A, B are finite intersections of valuation rings of the field K. No
assumption is made about the ring C. See also the remark.

The theorem is proved.

Remark. Example 1 in [2] shows that the theorem cannot be extended to
arbitrary intersections of valuation rings (i.e. integrally closed subrings in the field
K, see [1], § 10, (10.9), Corollary). Indeed, in this example there are constructed
three subrings A, B, C of the field K = L(x, y) (L is a field, x, y are independent
indeterminates) with the following properties:

A, C are valuation rings of the field K.

B=L[x""]. Hence B is an integrally closed subring of K.

The rings A, B, C do not satisfy the identity (1). If A, B are finite intersections
of valuation rings, then the distributivity identity (2) holds.

In any other case for the fulfilment of the distributivity law it is not sufficient to
assume that only two rings from the triple {A, B, C} are finite intersections of
valuation rings. (Examples are in [2].)
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CBOWCTBO JIUCTPUBYTUBHOCTU KOHEYHBIX INEPECEYEHUU
KOJIELT HOPMHUPOBAHMS

Jan Minaé
Pe3oMme
B craTtee NMOKa3bIBAETCA, YTO BCE cemeiflcnza, COCTOSIIIME U3 TPEX KOHEYHBIX HCpeCC‘lCHHﬁ KoJen

HOpPMHUpPOBaHHA, YOOBJECTBOPSAIOT o6oMm HHCTpﬂsyTﬂBHBIM TOXJECTBaM. JTO He Bceraa BEpHO, €ClIK
TOJILKO [IBa 3JI€MEHTa M3 3TOr0 CEMENHCTBA SABISAIOTCH JaXe KOJIbLAaMH HOpPMHUPOBAHUS.
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