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Abstract

Dispersion of measurement results is an important parameter that en-
ables us not only to characterize not only accuracy of measurement but
enables us also to construct confidence regions and to test statistical hy-
potheses. In nonlinear regression model the estimator of dispersion is
influenced by a curvature of the manifold of the mean value of the obser-
vation vector. The aim of the paper is to find the way how to determine
a tolerable level of this curvature.
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1 Introduction

The frequently used model in regression analysis is Y ~ N, (f(3),0%V), 8 € R*
(k-dimesional Euclidean space), where Y is an n-dimensional normally dis-
tributed observation vector, f(3) is its mean value, B is an unknown k-dimen-
sional parameter, 02 is an unknown scalar parameter, o> € (0,00), and V is a
known n X n positive semidefinite matrix.

*Supported by the Council of Czech Government J14/98: 153 100011.
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76 L. KUBACEK, E. TESARIKOVA

Sometimes the parameter B must satisfy a constraint g(3) = 0.
The following text is devoted to the problem of determining of a tolerable
level of a model curvature

Y ~ Nn(f(,@),OQV), g(IB) = 0’ (1)

how this curvature can be defined and how to use this measure of nonlinearity
to a determination of a linearization region. This region will be defined as a set
of such shifts of the parameter 8 arround the chosen value 8, which does not
cause any essential deterioration of a quality of the estimator of o2 in the case
that the actual value 3* of the parameter 3 is equal to 3.

2 Notation and auxiliary statement

Let in the model (1) the function f(-) and g(-) can be approximed as

£(8) =fo-+ FO3 + 55(08) and  g(8) = GAB + 5(08)

where

fo = £(8,), F=0f(u)/0u'lu=p,, 0B8=p—B,,
5(30) = (51(08), - mn(68))
ki(08) = 68 F:08, i=1,...,n,

F; = 0*fi(u)/0udd|y—p,, i=1,...,n,

G = Og(u)/ou’|u=p,,
7(68) = (mO8).. -, 7(08))
7(68) = 03'Gi6B, i=1,...,q,

G; = 9%g;(0)/0uou|,—p,, i=1,...,q.

The model

Y — fy ~ N, (F63,0%V), GI3 =0 (2)

is a linearized version of the model (1) and

Y —f, ~ N, (Faﬁ + %n(&ﬁ), 0—2v), GiB + %7((%) —0 (3)

is a quadratic version of the model (1).
Assumption In the following text it is assumed that it is valid
r(Fpr)=k<n and r(Ggr)=q<k,

respectively, for the ranks of the matrices F and G, respectively, and that the
matrix V is positive definite.
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Lemma 2.1 The best quadratic estimator 62 of the parameter o2 in the model
(2) is
+
6% = (Y - fo)'<MFMG, VMFMG/) (Y —1£)/(n+q—k) (4)
and 62 ~ sziﬂ_k(O)/(n +q—k).

Here Mg =1—- G'(GG')~ G, (G'G) ™ is any g-inverse of the matriz GG/,
the symbol

+
(MFMG,VMFMG,)
means the Moore-Penrose g-inverse of the matriz Mgy, VMpy,, (cf. [5])
and X2, ,_1(0) is the random variable with the central chi-square distribution

with n 4+ q — k degrees of freedom.

Proof Cf.e.g. in [3].

3 Measure of nonlinearity

Lemma 3.1 The estimator (4) in the model (8) is of the property

2 X?H’qfk (6)
n+q—~k

b

+
(Y - fo)’(MFMG,VMFMG,) (Y—f)/(n+q—k)~o

where § = ﬁ/ (MFMG,VMFMG,>+7
= K(§8) — FG'(GG) (3P
Proof It is sufficient to prove the equality
(Y ~ ) = FMa08 + 1 [5(38) - FG/(GG') ~(38)].
Since
E(Y — ) = Fop + %n(éﬁ) — FMa:68 — FG/(GG')Gdg + %n(éﬁ) -
= M08 + 3 [w(96) - FG/(GG') ~(38)],

the statement is proved. O

Corollary 3.2 Since E[x}(0)] = f 49, the estimator (4) is biased and

1 +
E(6%) —o® = TE—) / (MFMG,VMFMG,) .

dn+qg—k

Now an analogy of the intrinsic curvature of the Bates and Watts [1] can be
defined.
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Definition 3.3 The quantity

\/. MFMG,VMFMG,)

Is’K,CoKgds

mt( :ds e RFT Y

Bo) = sup

where
= k(Kagds) — FG™v(Kgds),
M(Kg) = M(Mgr), Kg is k x (k — ¢) matrix,
Co = FV'F,
is intrinsic curvature at the point 8, for the model with constraints g(3) = 0.

Remark 3.4 The Bates and Watts [1] intrinsic curvature for a regular model
without constraints Y ~ N, (f(3),X), 3 € R*, is defined as

\/ k' (08) (MF ) =7 ME R (3)

;68 € RF 3,
SBF'EF63 p

Kint (,60) = sup

where M3 =I-F(F'S"'F)"'F's !
The model (3) can be reparametrized in the following way.

B=08,+Kgds — %G_W(Kgés) + terms of the higher order,

Y —fo~ N, (FKg(Ss - %FG_fy(Kgés) ¥ %K(Kg5s), JQV).
Now, if the scheme

k(6B) — k(Kgds) - FG™v(Kgds), Mp — Mpur,,
(M%‘l)lzflM%l - (MFEMF)+ — (Mpa,, VMFG,)+
and the relationship
S KLF' 'V IFKés = 0s' K CoKds,

is taken into account, the expression for K 6”} (By) is obtained and its geometrical
meaning can be seen.

Remark 3.5 If the model is linear, i.e. Y ~ N, (F3,02V), however the con-
straints g(3) = 0 are nonlinear, then K" (8,) is equal to

+
\/’)”(KG5S) (MFMG,VMFMG,) Y(Kgos)

s € R4
55 K,CoKqos S <

K (B) = sup
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The curvature of the manifold {3 : g(8) = 0} at the point B, can be charac-
terized as follows.

The parameter 63 can be expressed as
68 =Kgds — %G*’)/(K(ﬁs) +...
The natural norm in the parametric space R* can be assumed as
1681 = v/0BF' (> V)~ 1FoB,
since it is the Mahalanobis norm introduced by the estimator
B=FVIF)'FV (Y -f).
Thus the quantity cC§°"**"(3,), where

/
21Col 2
Cgonstr(ﬁo) = sup :ds € Rk_q

0s'K,CoKgds ’

= M§? G/'(GG') 'y (Keds),

can be considered as the intrinsic curvature of the constraints g(3) = 0. However

i
(GG’)‘lG(M(J;}’G,) CoM$? G/(GQ) ' =
li
- (GG’)—lG{I - [Cgl - CglG’(GcglG’)‘chgl} CO}
X CO{I— [Cgl - CglG’(GCglG’)*chgl} CO}G'(GG')*I = (GC;la) !
and
n—1 / + ’ n—1
(GG')"'GF (MFMG,VMFMG,) FG'(GG/)~! =
+
:(GG’)‘1GF’{V‘1—V‘1FMG,[MG/F’V‘1FMG/} xMG,F’V—l}FG’(GG’)—1
- (GG’)*lG{CO ~ G [Cgl - CglG'(GCglG')*lGCgl} co}c;r'(c;rc.’)*1
= (GCy'G)H
Thus under the condition k(-) = 0,

K (Bo) = G5 (8y).

Remark 3.6 If the model is nonlinear, i.e. Y ~ N, (f(83),02V), however the
constraints are linear, i.e. GJ3 = 0, then K(’)"[f (By) is equal to

!/
\/ K(Kaos)(MYar ) V-IMYy, w(Kbs)

s € R4
55’ K,CoKqos S<

Kt (B) = sup
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Since
-1 [ -1
(MFMG/) A4 lMgMG, =
—1\/ 1
_ (Mg ) V-IMY ' + VTIFCo G (GC; 'G)IGCy 'RV

it can be written ' ,
K3 (Bo) < K§™(By);

in the case v(63) = 0, with respect to Remark 3.4. Here Ki"(3,) = K™"!(3,)
for o = 1.

4 Linearization region

Definition 4.1 The e-linearization region (at the point 3;) for an estimation
of the parameter o2 is

L, = {ﬁo 10808 = Kgds, E(6%) — 02 < &2 2}.
Theorem 4.2 The e-linearization region from Definition 4.1 is

20e\/n+q — k}

Lo=12PB,+38:68=Kgés,is’K,CoKgds < —
{ 0 “ Kd,zt(ﬁo)

Proof The relationships

E(6%) —o? = ;k) (Mra,, VMFMC;,)+ <

4(n+q—

)

are implied by a comparison of the bias from Corollary 3.2 and Definition 3.3.
Thus

1
E(6%) —o0? <

= m(JS'K&CoKG(;S)Z(K&‘It( 0))2 < g2e2

20ev/n+q—k
Kt (Bo)

Remark 4.3 The actual value 3 of the parameter 3 is unknown. However
some information on 8" is given by the estimator

& 65K, CoKgds < O

B=0,+ {1-ci'ecele)'a)s,

where 8 = B, + (F'V-1F)"'F'V-1(Y — f;) and by the confidence region

5= {ﬁo FKeu: (u—68)Colu—68) < (k — )% Fygmign(l — a)}.
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(The equalities

Var(8) = 02[Cy — CyG'(GC;1G)1GC Y]

and
[Co — CoG/(GCy'G)tGC T =Cy

are utilized.)

Remark 4.4 With respect to Theorem 4.2 and the expression for the (1 — «)-
confidence ellispoid, it is clear that the values of the semiaxes of the ellipsoid
depend on ¢ linearly, however the semiaxes of £, depend linearly on /0. Thus
the inclusion £g C L, can be attain by a smaller o. It can be established by a
proper design of experiment.

Remark 4.5 If &3 is significantly smaller than £, and €3 C £L,, we can esti-
mate parameter o by (4) and we can be sure that F(62) — 02 < £202.

Let b(62) = E(62) — 02 and b(6) = E(6) — 0. Then the approximation

b(6?) g2

b(o) ~ <o—
6)~o <o

[\V]

can be used. Thus, from the viewpoint of practice it seems to be important the
validity of the following implication

20e\/n+q—k g2

ds'KCoKgds < , =b(6) <o
@ K{H(Bo)

5 Numerical example

In [4] the problem of linearization of the model with constraints with respect
to the estimation of the parameter 3 was solved. The numerical example given
there was chosen as follows.

ll(‘riaﬁl) = mi/gla X é 5)

{£4:(8) = fi(B) = { lo(z4, B2, B3) = Prexp(fax;), x; >5

and

9(B1, P2, F3) = 501 — B2 exp(503).

Measurement regarding this model was calculated at the points x =1,2,3,6,7,8
and Var(Y) = oL In [4] it is shown that for ¢ = 0.5 the model cannot be
linearized with respect to the estimation of 3. The value of the parameter o
must be smaller than 0.01 in order for the linearization be admissible.

Quite different situation occurs in this example in the case that the estimator
of 02 is under consideration. With the help of [7] we obtain the following
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results. Analogously as in [4], let the functions f(-) and g(-) be those given at
the beginning of the section, x = 1,2,3,6,7,8, Var(Y) = ¢°I and

By = 1.473, B, = 33, B3 = —0.29999, a = 0.05,e = 0.1, 5 = 0.5.

Then the figures 1, 2 and 3 show that the (1 — «)-confidence ellipsoid is included
into £, and the same is valid also for o = 1; cf. figures 4,5,6.

oc=0.5

linearization region

KGds1l maxinun = 0.&603
KGds2 maxinun = 10.0524
KGds1l raster =
KGds2 raster =
KGds1l step = 0.

1=

criteriun valu

Figure 1 The sections of the confidence ellipsoid and the
linearization region £, by the axes 3; and [s.

c=0.5

linearization region

KGdsl maxinun = 0.605
KGds3 maximnum = 0.0458442
KGdsl raster = D0.121
KGds2 raster = 0.0091&884
KGdsl step = 0.001

e = 5.13855

criteriun valu

Figure 2 The sections of the confidence ellipsoid and the
linearization region L, by the axes 51 and (3.
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c=20.5

Figure 3 The sections of the confidence ellipsoid and the
linearization region L, by the axes (G2 and (3.

linearization

KGds1l maxinun
KGdsz2 i
KGds1

KGds2

KGd=s1
criteriun valu

Figure 4 The sections of the confidence ellipsoid and the
linearization region £, by the axes 3; and [s.
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linearization region

KGdsl maxinun = 0.856
KGds3 maxinum = 0.0648335
KGdsl raster = 0.1712
KGds3 raster = 0.0129667
KGdsl step = 0.001
criteriun value = 10.2771

Figure 5 The sections of the confidence ellipsoid and the
linearization region L, by the axes 51 and (3.

Figure 6 The sections of the confidence ellipsoid and the
linearization region L, by the axes (2 and (3.
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The empirical probabilty density function is given at figure 7 for 0 = 0.5

entrance value of parameter = 0.25
mean of estimator = 0.191304
standard deviation of estimator = 0.148951

Figure 7 The empirical density function of the estimator &2
(4) for 0 = 0.5

The linearization is possible if the value of K 8”} (B) is sufficiently small with
respect to the quantile Fj,_q ,4q—%(1 — @) (cf. Remark 4.3). Therefore table 1
gives the different values of the parameter 3 for our example and table 2 gives
the corresponding values Kéf‘}(ﬁ); the values signed by the star are too large
for the linearization of the model with respect to estimation of o2 if o = 0.5.

Bi | Pa(Bs=—1)| fa(Bs =—05) | f2(B3 =0.5) | B2(Bs =1)

0.5 371.032 898 30.456 235 0.205 212 | 0.016 845
1.0 742.065 796 60.912 470 0.410 425 | 0.033 690
1.5 ] 1113.098 693 91.368 705 0.615 637 | 0.050 535

2.0 | 1484.131 591 121.824 940 0.820 850 | 0.067 379
2.5 | 1855.164 488 152.281 174 1.026 062 | 0.084 224

Table 1 The values of the parameter 3 for Table 2

B | Bs=-1]B3=-05| B3=0.5 Bz =1
0.5 | 0.172199* | 0.138345" | 0.049 621 | 0.022 430
1.0 | 0.086 301 | 0.069 146 | 0.024 779 | 0.011 198
1.5 | 0.056 943 | 0.045 983 | 0.016 533 | 0.007 457
2.0 | 0.043 192 | 0.034 565 | 0.012 372 | 0.005 568
2.5 | 0.034 546 | 0.027 661 | 0.009 908 | 0.004 437

Table 2 The values of K[’)"It (B) for B given in Table 1
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