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ABSTRACT. Hilbert-symbol equivalence of degree £ between two global fields
containing a primitive £th root of unity is an isomorphism between the groups
of £th power classes of these fields preserving Hilbert symbols of degree £. The
Hilbert-symbol equivalence of degree f is said to be tame if it preserves the
p-orders modulo £. In the paper we prove that if £ is an odd prime number, then
any two global function fields are Hilbert equivalent. We find also necessary and
sufficient conditions for tame Hilbert-symbol equivalence of global function fields
for all prime numbers £ > 2.

1. Introduction

Let £ be a prime number and let X and L be global fields of characteristic
prime to ¢ containing primitive £th roots of unity. Degree ¢ Hilbert-symbol
equivalence (or £-Hilbert-symbol equivalence) between K and L is defined to
be a triple of maps

FrpgK) = p(L),  t:K/K*— L/Lf,  T:QK) - QL),

where f is an isomorphism between the groups of £th roots of unity, ¢ is an
isomorphism between the groups of £th power classes of the two fields and T
is a bijective map between the sets of all primes of K and L, with (f,t,T)
preserving Hilbert symbols of ¢th degree in the sense that

(a,b)] = (ta,th), forall a,be K/K*, peQK).

We say that K and L are degree £ Hilbert-symbol equivalent when there exists
a degree ¢ Hilbert-symbol equivalence between K and L.

The 2-Hilbert-symbol equivalence was introduced in [PSCL] in order to clas-
sify the global fields with respect to isomorphism of Witt rings. For £ > 2 the
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¢-Hilbert-symbol equivalence was first discussed in [CS1]. In [S] it was shown
that:

K and L are degree £ Hilbert-symbol equivalent if and only if there is

an isomorphism of graded rings K(K)/IK(K) = K(L)//K(L), send-

ing {—1}, onto {—1}, (here K(F) stands for the Milnor ring of the

field F).

Hilbert-symbol equivalences come in two types: tame and wild. The equiva-
lence (f,t,T) of degree £ is said to be tame at non-archimedean place p of I,
when

ord,(a) = ordp,(ta) (mod ) forall a€ K/K°. (1)
Otherwise the equivalence is wild at p. The equivalence (f,t,T) is said to be
tame when it is tame at all finite non-archimedean places p of K.

So far £-Hilbert-symbol equivalence has been investigated in details for all
global fields only for £ = 2 (see [PSCL] and [C]). On the other hand for ¢ > 2
the £-Hilbert-symbol equivalence, and the tame Hilbert-symbol equivalence has
been studied only for the algebraic number fields (see [CS2], [CZ1], [CZ2]).

This paper completes the picture by finding necessary and sufficient condi-
tions for degree ¢ Hilbert-symbol equivalence of global function fields in case
¢ > 2 (in Section 2), and for tame ¢-Hilbert-symbol equivalence of global func-
tion fields for all £ > 2 (in Section 3).

2. Hilbert-symbol equivalence

The 2-Hilbert-symbol equivalence can be described in terms of field invari-
ants. Carpenter in [C] has shown:

2.1. The algebraic number fields K and L are degree 2 Hilbert-symbol equiva-
lent if and only if they have the same level, the same number of real primes and
there exists a bijection from dyadic primes of K to those of L which preserves
the local degrees and local levels.

2.2. The global function fields K and L of odd characteristic are degree 2
Hilbert-symbol equivalent if and only if they have the same level.

The counterpart of Carpenter’s theorem 2.1 for degree ¢ > 2 was proved
in [CS1]:

2.3. The algebraic number fields K and L containing primitive £th roots of
unity are degree £ Hilbert-symbol equivalent if and only if there exists a bijection
from £-adic primes of K to those of L which preserves the local degrees.

Here we will show the following result which is the counterpart of Car pen-
ter’s theorem 2.2 for degree £ > 2:
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THEOREM 2.4. Let £ > 2 be a prime number. Then any two global function
fields K and L containing primitive £th roots of unity are degree ¢ Hilbert-
symbol equivalent.

We will obtain the proof of Theorem 2.4 by adapting the approaches pre-
sented in [CS1] to the global function fields. First we recall the notions and facts
necessary in the proof.

Suppose ¢ is a prime number and K is a global function field containing
a primitive Zth root of unity. In case £ = 2 we assume additionally that the
characteristic of J{ is different from 2. Those assumptions guarantee that the
characteristic of I is prime to £.

Let (, be a fixed primitive £th root of unity in K. For any prime p € Q(K)
the group K /K‘g of the Zth power classes of the local field K, can be viewed as
2- dlmensmnal inner product space over the £-element field F,, with the bilinear
form B, defined by the p-adic Hilbert symbol of degree £ in the following way

(w,y)p — ?{v(ﬂ%y)_
If u is arbitrary p-adic unit which is not a local £th power and =, is a local
uniformizer at p, then the set {u, 7 } forms a basis of this space. The form £,
is symmetric when £ = 2 and antisymmetric when £ > 2.

The characteristic of the residue class field of K, is prime to £, thus the
Hilbert symbol (,), of degree £ is tame. From the explicit formula for the value
of tame Hilbert symbol (c.f. [CF; Example 2]) one can deduce that there exists
a local p-adic unit u € U, with the property

B, (u, z) = ord, z mod £ forevery z€ K,.

Assume S is a finite nonempty subset of Q(K). We call such a set S suffi-
ciently large if £ does not divide the class number h5(J) of the ring O (S)
of S-integers of K. We consider the inner product space (G’(S),ﬂs) over F,
which is the orthogonal product of (I'(p /K”,ﬂp), p € 5, that is,

GS)=[IK,/Kt  and  Bs((m,)pesr Wp)pes) = D By(@,,3,) -
peES peS

The dimension (over F,) of the space G(S) is equal to 2#S.

We write Uy (S) for the group of S-umits of K. According to Dirichlet’s
unit theorem, we have rk, U (S)/Ug(S)¢ = #S. We have a homomorphism
i: Ug(S )/UK(S)Z — G(S) which is the composite map

U (S)/U(8)! — K/K* 225 G(S).

Using the same arguments as in the proofs of [CS2; Lemma 3.1, Lemma 3.2],
and [CZ2; Lemma 3.6] we obtain the following facts:
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2.5. If S is a sufficiently large set of primes of K, then
(i) An Lth power class aK*® lies in Uy (S)/Uk(S) if and only if ord,(a)
=0 (mod ¢) for every p outside S.
(ii) The map i: UK(S)/UK(S)f — G(S) is injective.
(iii) The image of the group Uy (S)/U(S)¢ under the monomorphism i is
a self-orthogonal subspace of G(S)
. . L
(te l(UK(S)/UK(S)e) = z(UK(S)/UK(S)f) )-

LEMMA 2.6. If S s a finite non-empty set of primes of K and (o) cs €
G(S), then there exists q € Q(K)\ S and ¢ € K such that
(i) qK} =a,K} forallpes,
(i) ord, g =1,
(iii) ord,g¢ =0 (mod ¢) for all p € Q(K) \ (Su{q}).

Proof. This is immediate from [LW; Lemma 2.1]. a

It has become a standard that the Hilbert symbol equivalence is achieved
by using the concept of an S-equivalence. Let S be a sufficiently large set
of primes of K. By S-equivalence between K and L we mean a quadru-
ple (f,T,ts,(t,),cs) where f: p,(K) — p,(L) is a group isomorphism, T
is a bijection of S onto a sufficiently large set S’ = TS of primes of L,
tg: Ug(8)/Uk(8)t = UL(S8')/UL(S")* is a group isomorphism, (t,),cq is a
family of isomorphisms ¢, : I.(p/f(ﬁ — LTp/L's"p preserving Hilbert symbols in
the sense that (z, y){,r = (t,z,t,y)7, foral z,y € I'(p and the following diagram
comimutes

i

1 —— Ug(8)/Uk(8)" —— G(5)

1 I [n.
1 —— UL (8)/U(8)" —— G(S)
An S-equivalence is said to be tame if each isomorphism ¢, is tame.

THEOREM 2.7. A §-equivalence of degree £ can be extended to a degree {
Hilbert-symbol equivalence which is tame outside S'.

Proof. Arguments are the same as those used in the proof of [CS2; The-

orem 3.4]. a

Now we turn to:

Proof of Theorem 2.4. Assume ¢ > 2 is a prime number. Let K, L
be number fields and let (,., ¢; be fixed primitive £th roots of unity in K and
L, respectively. From [OM; 33:13a] it follows that there exist sufficiently large
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sets of primes S, S’ of the fields K and L, respectively. Adding, if necessary,
some primes to one of these sets, we can assume they consist of the same number
of elements. Let T: S — S’ be a bijection between the sets S and S’. For every
p € S the inner product spaces (K,/ K g, B,) and (L, / L%p, Pry) are isometric.
Using the same arguments as in the proof of [CS2; Theorem 4.1] we conclude
that there exists a small equivalence of degree ¢ between K and L. Now the
statement follows immediately from Theorem 2.7. O

3. Tame Hilbert-symbol equivalence

Again let £ be a prime number, K be a global function field of characteristic
prime to £ and let (; € K be a fixed primitive £th root of unity. By E, we
shall denote the constant field of K. Let us observe that the level s(K) of K is
equal to 1, when —1 is a square in Ey and is equal to 2, otherwise. We write
Cy for the zero-degree divisor class group of K, that is C}, is the factor group
D, /P, where D, is the group of divisors of degree 0, and P is the group of
principal divisors.

We define the group of £-singular (or briefly singular) elements of I,

K,={zeK: ord, z =0 (mod £) for all primes p of K} .
It is obvious that K is a subgroup of K and it contains the group K¢,

LEMMA 3.1. We have
rk, K /K =1+1k,C .
Proof. Let ,Cp be the subgroup of Cf consisting of elements of order

< /. The map
Ksi - ZCI(a T Cal(ord,, z)/¢
p

is a surjective homomorphism with the kernel E. K. Thus 1k, K /EKI'( ¢ =
tk, C). The groups E,./K* and E./E% are isomorphic and the £-rank of
E/E% is equal to 1. This proves the lemma. o
Assume S is a finite nonempty set of primes of I. We consider the group of
¢-singular elements with respect to S.
Ky(S)={z € K: ord, =0 (mod ¢) forall p € Q(K)\ S}
Similarly as in the proof of Lemma 3.1 we see that the map z ~ cl [] p(ord» /¢
PES .
is a surjective homomorphism of K;(S) onto ,C(S) with the kernel U (S VIt
Since U, (S)K¢/K* 2 U, (S)/Uk(S) and 1k, U (S) /U (S)t = #S, we have

vk, K, (S) /K = 45 + 1%, Cie(8). 2)
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LEMMA 3.2. If p, is a prime of K of degree prime to € and S, = {p,}, then
(l) Ksi(SO) = I(sil

(if) rk, Ck(Sy) =1k, C -

Proof.

(i) Let z be an arbitrary element of K(S,)- The degree of principal divisor
(x) is equal to 0. Thus we have

fpo OTdy, T + Z fpord,z =0,
p#Po

where f, denotes the degree of the prime p. Since £ divides ord, z for every
prime p # p, and £ does not divide foq » ence ¢ divides ord, z,so ¢ € K.
(ii) Tt follows immediately from (i), Lemma 3.1 and (2). 0O

LEMMA 3.3. Assume that the elements a,,...,a, € K are £-independent and
€1y---1€, €{0,...,£ = 1}. Then there are infinitely many primes p of I for

which o -
(%), = ¢

Proof. Let L, = K(ya; ) for i = 1,...,n. The extension L,/K is normal
with the cyclic Galois group G(L,;/K). Let o, be its generator acting on ¢/a;
by (¢/a; )" = (i ¢/a;. Consider the field L=L,---L, = K(yay,..., ¥a, )-

From the Kummer theory it follows that L/I is a Galois extension of de-

gree ¢" with the Abelian Galois group G(L/K) = [] G(L,/K). Let o =
=1

holds for i=1,...,n.

1=
(61',...,05) € G(L/K). According to Chebotarev density theorem (see [W;
Chap. XII, Theorem 12]) there exist infinitely many primes p of K for which
the Frobenius automorphism F /. (p) is equal to o. It follows that F, /c(p) =
(FLl/I((p)" "’FL,»/K(p))’ SO FL‘./I((p) = 0-1:52' fOT 1= 1,. Lo,

On the other hand, we have (¢/a; )FL"/K(") = (%),va; (see [CF; Exam-
ple 1]), hence (%), = (¥- O
Now we prove the second main theorem of the paper.
THEOREM 3.4.

(i) The global function fields K and L of odd characteristic are degree 2
tamely Hilbert symbol equivalent if and only if they have the same level and the
zero-degree divisor class groups of I and L have the same 2-rank.

(i1) Let £ be an odd prime number and K, L be global function fields con-
taining a primitive £th root of unity. The fields K and L are degree £ tamely
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Hilbert symbol equivalent if and only if the zero-degree divisor class groups of I
and L have the same £-rank.

Proof. We will prove simultaneously (i) and (ii).

Suppose (f,t,7T) is the degree ¢ tame Hilbert-symbol equivalence of ' and
L. The isomorphism ¢ induces a group isomorphism t: K;/I(* — L;/L¢. By
the Lemma 3.1 we have rk, Cf =1k, C) . When £ =2, t(—1) = —1 holds (see
[PSCLY]), thus we get additionally s(K) = s(L).

Now we prove the sufficiency part of (i) and (ii).

Let us fix the £th roots of unity (- € K and (; € L. From the assumptions
we have tk, K /K¢ = 1k, L;/L* = 1+ n, where n = 1k, C = rk, C; . There
exist elements a, € Iy, by € E; which are not global £th powers. When ¢ = 2
and —1 is not a square in both K and L, we choose a, = by = —1.

From [AT; Chap. 5, Theorem 5] it follows that the least positive divisor degree
of K isequal to 1. Hence there exists a prime divisor p, of K of degree fp, Prime
to /. The corresponding completion K, is a field of power series with coefficients
in a finite field E, where EK is finite extension of the field £ of degree f, .
Since £ does not divide [EK : Ef], the element a, is not an £th power in the
field Ej . This implies that a, ¢ K, /Kt , and so (%), # 1. Replacing, if
necessary, the element a, with its power we can assume that (£), = (5. In
the same way, there exists a prime divisor g, of L of degree f,  prime to £ and
we can assume that (%3)1 =(.

Let {ag,a;,...,a,} be a basis for K;/K* and {by,b;,...,b,} be a basis
for L;/L¢. Using Lemma 3.3 we pick up primes p;,...,p, of K and primes
945--+,9, of L, such that

o) _ b)Y %) - 1’1)_
(pi>e_<K’ (qi)e_gL, (pi)e_(qi [—1

foreach ¢ € {1,...,n}, j€{0,1,...,n}, i # .
Multiplying, if necessary, the elements a; (i = 1,...,n) by powers of a,

we can assume that (%(;L)e =1 for 4 =1,...,n. Similarly, we can assume that

(L), =1fori=1,...,n. Let Sy = {p,} and S} = {go}.

q0
CLAIM. The set of classes of primes p,,...,p, 1is linearly independent
(over Fy) in Cye(8,)/Cre(S,)*-

For otherwise there exists z € K and a fractional S-ideal a such that
zO(S,) =»]* .. .pfl"ae
for some ey,...,e, € {0,...,£ =1} and e; > 0 for certain 7. The element qa,

is t-adic unit (modulo local £th power) for each prime t of K and the element

399



ALFRED CZOGALA

z is t-adic unit (modulo local £th power) for every prime v ¢ {p,,...,p,}-
Taking into account the connection between the residue norm symbol and Hilbert

symbol (c.f. [CF; Example 2]) we have

_[a ordp; (z ) (% ordy; () B
(ai,a:)p_, = (E)l # 1, (ai)z)p_.,- = (pj )l =1

for all j € {1,...,n}, j #1, and (a;,z), =1 for every prime v ¢ {p;,...,p,}-
This contradicts Hilbert’s reciprocity and establishes the claim.

Analogously we claim that the set of classes of primes qy,...,q,, is linearly
independent in C(S})/CL(Sh)¢.

We put S = {pg,py,...,p,,} and S’ ={q9,9;,...,9,}.

The claims imply that the £-rank of the groups C(S) and Cp(S’) are equal
to 0, thus the sets S and S’ are sufﬁciently large.

From 2.5(i) we infer that the group K/K? is a subgroup of Uy (S)/Ux(S)*.
Because these groups have the same K—rank we get K /Ke UK(S)/UK(S)Z
and similarly L JLt = U,(8")UL(S")t.

Now we constluct an S-equivalence of K and L.

We define an 1somorphlsm fipy(K) = py(L), a bijection T': 5§ — S’ and
an isomorphism tg: K, /K — L ;/L¢ by putting f(Cx) = ¢, T(p;) = q; and
tg(a;) =b; for i = 0,1,

For i € {0,1,...,n} the element a, is p,-adic unit, which is not a local
2th power at p,, thus the set {a,, ™, .} forms a basis of K /f(l . We define
the isomorphism ¢, K /K’ — L /Le by sending a; b Ty, > Ty of
course the lSOmOI‘phlSl’n ¢t is tame and preserves Hllbel‘t symbols For 7 # 1
the element a, is a local 2th power at p, and b; is a local ¢th power at q;;
hence the diagram

1 —— K, /Kt 225, G(9)

[

1 —— L,/Lt 225, G(9)
commutes. Therefore f, T', t5 and the family (t,,), ©=0,...,n, determine an
S-equivalence of K and L. By Theorem 2.7 this S equlvalence can be extended
to degree ¢ Hilbert-symbol equivalence (f,t,T) which is tame outside S. To
finish the proof, it is sufficient to notice that the equivalence is in fact tame,
because the isomorphism t,, is tame for every i € {0,1,...,n}. O

Remark. A criterion for tame Hilbert-symbol equivalence, as simple as in The-
orem 3.4, does not exist for the global number fields. But for algebraic num-
ber fields there is a necessary and sufficient condition for tame Hilbert-symbol
equivalence that can be viewed as a finiteness condition, for details see [CZ1]

and [CZ2].
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