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ABSTRACT. The goal of this article is to construct a solution with LP-estimates,
1 < p < o0, of the equation 8g = f on strongly g-convex domain D of a Kihler
manifold M, f € L (D, E), s > g, where E is a holomorphic line bundle over
M satisfying a certain positivity conditions.

Introduction

The existence of solutions of the equation dg = f when f is a form of type
(0,5), df =0, s > 1, and satisfies LP-estimates, 1 < p < 0o, has been a central
theme in complex analysis for many years. On strongly pseudo-convex domains
with C*-boundary in a Stien manifold, Kerzman [9] has obtained a solution
with LP-estimates, 1 < p < oo, for the equation g = f when f is a com-
plex valued form of type (0,1), df = 0, and satisfies LP-estimates. On strongly
pseudo-convex domains with C2-boundary in C*, @vrelid [11] has general-
ized this results to (0, s)-forms. Using Kerzman’s method, Abdelkader
[1] has extended @ vrelid’s results to strongly pseudo-convex domains in an
n-dimensional complex manifold for forms of type (0,s) with values in a holo-
morphic positive line bundle and to complex valued forms of type (n,s) when
the complex manifold is a Stien manifold. Abdelkader and Khidr [3] have
extended Abdelkader’s results to forms of type (0, s) with values in a holo-
morphic vector bundle which is Nakano positive and to complex valued forms of
type (r,s), 0 <r < n, when the complex manifold is a Stein manifold.

The local solvability of dg = f on strongly g-convex set when f is a com-
plex valued form of type (0,s), 0f = 0, s > q, is due to Andreotti and
Grauert [5]. On strongly g-convex domains in C*, Ma [10] has obtained
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LP-estimates, 1 < p < oo, for solution of 0g = f when f is a complex valued
form of type (0,s), df =0, s> q, and satisfies LP-estimates.

In this paper, joining the results in [1] and [9] with those in [10], we extend
the results of [1] to strongly g-convex domains and to forms of type (r,s), s > q,
with values in a semi-positive (semi-negative) line bundle. The main aim of this
paper is to establish the following existence theorem with LP-estimates:

THEOREM. Let M be a Kahler manifold of complex dimension n and E be a
holomorphic line bundle over M . Let D be a strongly q-convexr domain of M .
If E is semi-positive (resp. semi-negative) of type k on D, then for any f €

Ll (D,E), 0f =0,s>qandr+s>n+k (resp. s>q and r+s<n—k),
there is a form g = TSf € Lrs (D, E) satisfying 09 = f, where T® is a
bounded linear operator. Moreover, if f e L (D,E), 1 < p < oo, there z's
a constant C, such that |9l (p,p) < C Hflle (p,E)- The constant C,
independent of f and p. If f is C°° then g is also C*>.

The plan of this paper is as follows: In Section 1, we fix the notation and recall
some useful facts. In Section 2, we prove an existence theorem with L2-estimates.
In Section 3, we give local solution for the d-equation with LP-estimates for
1 < p < oo. In Section 4, we prove the existence theorem with LP-estimates.

1. Notation and preliminaries

From now on, M denotes a K&hler manifold of complex dimension n and
let 7: E — M be a holomorphic line bundle over M. Let {uj}, j eI,
be an open covering of M consisting of coordinates neighborhoods u; with
holomorphic coordinates z; = (zjl,zf, .,z]’f) over which E is trivial, namely

_1(u ) = u; x C. A Hermitian metric along the fibers of E is a system of
positive C*-functions h = {h,}, each defined on u;, such that h; = |e,; |?h; on
u; Nu;, where {e;.} is the system of transition functlons of E. The curvature

form associated to the metric h is defined by © = {©,}, ©, = V=100 log h; =

n

V=1 > ©,,5dzf /\dz where
a,B=1

0% log h;

© ——.
0290%;

jop

Let T(M) (resp. T*(M)) be the holomorphic tangent (resp.cotangent) bundle
of M.
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LP-ESTIMATES FOR SOLUTIONS OF §-EQUATION

DEFINITION 1.1.
i) E is said to be k-positive (resp. k-negative) at z € u;, if the form

> 0,45 (1.1)

a,f=1

is a Hermitian form on T, (M) having at least n — k + 1 positive (resp.
negative) eigenvalues.
ii) F is said to be semi-positive (resp. semi-negative) at « € u., if the form
(1.1) is positive (resp. negative) semi-definite Hermitian form on T, (M).
iii) E is said to be semi-positive (resp. semi-negative) of type k at x,if E is
both semi-positive and k-positive (resp. semi-negative and k-negative)
at T.

The notation X € M means that X is an open subset of M such that its
closure is a compact subset of M.

DEFINITION 1.2. We say that D € M is strongly q-convex, g > 1, if there
exist a neighborhood U of the boundary D of D in M and a real valued
C2-function p with dp(z) # 0 on U such that UND = {z € U: p(z) < 0},
and its Levi form

L(p)( Zazaaﬁcacf’ ¢=(¢h¢% . meC, (1)

has at least n — g + 1 positive eigenvalues at each point x € U. A function p
satisfying (1.2) is called strongly q-conver at z.

Remark 1.3. By shrinking U we can assume that U € U, where U is open
and the Levi form (1.2) has at least n — ¢+ 1 positive eigenvalues at each point
z € U. Thus p and its derivatives are bounded on U.

From now on, we assume that D is a strongly ¢-convex domain of M with p
and U from Definition 1.2. We will use the standard notation of Hérmander
[6] for differential forms. Let A™*(M,E) (resp. D™*(M,E)) be the space of
E-valued differential forms (resp. with compact support) of type (r,s) and of
class C* on M. A differential form ¢ = {cpj} € A™%(M, E) can be expressed,
on u;, as ¢;(z) = Z ®ia.B, (% )dz}“’ /\déf’, where A_ and B, are strictly

"‘).9

increasing multi-indices with lengths r and s, respectively. We have the operator
0: A™¥(M,E) — A™**1(M, E), locally defined by:

n
8goj(z Z Z ,: B z)dz /\dz /\dZJB’

A-,B J

339



O. ABDELKADER — SH. KHIDR

Let .
ds? = Y g,5de0dz7
a,f=1
be the Kahler metric defined on M.
For ¢,9 € A»*(M, E) we define a local inner product at z € u; by
1 -
0,2 A+ T52) = (#(2),$(2) do, (13)
J
where the Hodge star operator x and the volume element dv are defined by ds?
and (p,v) is a C* function on M independent of j. Let A™*(D, E) be the
subspace of A™*(D, E) whose elements can be extended smoothly up to 0D,
ie.,
A™*(D,E)={¢|p: p€ A" (M,E)}.
For ¢,9 € A™*(D,E), we define the inner product (,%) and the norm ||¢||
with respect to ds? and h by:

= [ o, Il = o). (1.49)
D
Let |f(2)| = 1/(f(2), f(2)) for f € A»*(D,E) and L? (D,E) be the Ba-

nach space of forms f in A™*(D, E) for which [|f(2)|P dv < 00, 1 < p < o0,
D
and esssup|f(z)|] < oo for p = co. The norm on LP (D, FE) is defined by
z€D ’

1/p
1£llzz o5y = (g|f(z)|p dv) for 1 < p < 00 and by [|flle (p g =

esssup | f(z)| for p = 00.
z€D

2. Existence theorems with L2-estimates

The L? completion of A™*(D, E) with respect to the norm defined by (1.4)
is denoted by L2 (D,E). Let d: L2 (D,E) = L2,,,(D,E) be the maximal
closed extension of the original 0. A form u € Lf’S(D,E) is in the domain of
0 if Ou, defined in the sense of distributions, belongs to Lf’s 4+1(D, E). Then
0 defines a linear closed, densely defined operator. From the general results
of functional analysis, d admits a linear, closed and densely defined adjoint
0*: L2,,,(D,E) = L2 (D, E), called the Hilbert space adjoint of 8, such that

(p,0%) = (9" 0, %)
for any ¢ € Dom(d) and ¢ € Dom(8*).
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LP-ESTIMATES FOR SOLUTIONS OF 5-EQUATION

Let
0, , = 89" +9*9: Dom(O, ) = L2 s(D,E),

be the Complex Laplacian operator of 9: L2 J(D,E) - L2 rs+1(D, E), where

Dom(O, ) = {pe Lf,S(D,E) : ¢ € Dom(0) NDom(d*),
d¢ € Dom(8*) and 8*p € Dom(d)} .
Let H™*(D, E) be the space of harmonic forms of type (r,s), i.e.,
H™(D,E) =Ker(D,,) = {a € L2 (D, E): da=08*a=0}.

We define a linear operator

N,,: L2 (D,E)— L? (D,E)
as follows:

{ 0 if € Ker(dD,,),
N a= . '
¢ if a€eR(O,,),

where R(0J, ,) is the range of O, , and ¢ is the unique solution of O, ;¢ = o
with ¢ L Ker([l s),and we extend N, , by linearity. Let H™® be the orthogonal

projection of L (D E) onto H™*(D, E) For s > g, the operator N, - s Satisfies
the following theorem

THEOREM 2.1. (cf. [8])

(1) N, , is a bounded operator;

(2) for any a € L? (D,E), a = 90*N, ,a + 9*ON, ,a + H™a, and the
dimension of H™*(D, E) is finite;

(3) N, H™ =H"N, =0,N,,0,, =0,N,, =I-H" onDom(d,,),
and if N.giq s deﬁned on Lr 8+1(D E) (resp N,,_, is defined on

m_l(D E)), then NTHI(') = (9N on Dom(d) (resp N, ,_ 0 =

0*N, , on Dom(9*));

(4) N, ,(A™(D,E)) c A™*(D,E) and H™*(A™*(D, E)) C A™*(D, E).

Let w = 1/-1 Z gjaﬂ dzy /\dzﬂ be the (1,1) differential form associated
@8

to the Kéhler metric d.s on M. Let e(w): A™*(M,E) — A™t1*+1(M, E) be
the linear mapping locally defined by (e(w)goj) =wAp; and I': A™(M,E) —
A™=1s=1(M, E) be the linear mapping locally defined by T' = (—1)"** xe(w) * .
On A™*(D, E), we write O and h™*(D, E) for 0, , and H"™* (D, E) respectively.
For ¢ € A™*(M, E), on Kahler manifolds, at any point, from classical differential
geometry, we have the identity

(@ = *7'0%)p,¢) = ((e(O)T —Te()) g, ¢) - (2.1)
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THEOREM 2.2. (cf. [4]) Let M be a Kahler manifold of complex dimension n
and E be a holomorphic line bundle over M . Let D € M be a strongly q-convex
domain of M . If E is semi-positive (resp. semi-negative) of type k on D, then
we have h™*(D,E) =0 forr+s>n+k and s> q (resp. r+s<n—k and
52>q).

Proof. Firstly, we suppose that E is semi-positive of type k on D. Then,
from Definition 1.1, the matrix (©,,5) is positive semi-definite and of rank
>n—k+1 at any point of D. Let T, € D be an arbitrary fixed point and v,
i =1,2,...,n, be the eigenvalues of (@aﬁ—) with respect to (gaﬁ) at z,, with
v; > vy > - > v, > 0. Then m; = acirelzfivn'k+1(x) > 0. We define another

Kahler metric .

ds? = D (Gjag + 110,45) d2z5 d27
a,Bf=1

on a neighborhood of D, where p, > 0. Let w, be the differential form as-
sociated to ds? and T';: A™*(M,E) — A"~ 1*~1(M, E) be the linear mapping
defined by I'; = (=1)"** x e(w;) % . Let b be the rank of (©,5) at z,. Using
(2.1), as [2; Lemma 1], we prove that at any point in D, for ¢ € A™*(M, E),
we have

((T16(8) = e(O)1)%) 010y arBrn..s = M Wi an i s (2.2)

where
b

0=
=1

1 [ 1 1 1
=— 1—-——— ) - 1l — ) = 1——— ).
/‘1(;( 1+}L1'Ui> Eb( 1+[L1’Ua1_) Z( 1+/141,Bi))

Bi<b
Let 1 <oy <ay, <--<a.<n(resp. 1 <f; <Py <:-+ <P, <n) be
fixed. Suppose that in the set {oy,..., .} (resp. {8;,...,06,}) there exists s,
(resp. s,) among the first b of the set {1,2,3,...,n}. Then, we have

1 n—k+1 1
QS—(Qb—s -8, + —————n—k+1)).
p’l 1 2 ; ].+,U:1m1 (

But 7+s > n+k implies that r—(n—b)+s—(n—b) > 2b—n+ k. Hence, there
exist at least 2b—n+k of o, and 3, among the first b of the set {1,2,3,...,n}.
Therefore, s, +s, >2b—n+k,ie., 2b—s, —s, —(n—k+1) < —1. Then, for
any fixed y; > #2=1, we have @ < —1/2u,. Then from (2.2), at any point of

D, for r+ s >n+k we have
((T1e(®) — e(O)T) )0, ) < —(1/21,) (2, 0) ,

T S
Yy Yo, Ygi
1+ pyv; ; 1+ pyv,, 1221 1+ pyvg,
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where the inner product (-,-) is defined by the metrics ds? and h. Therefore,
from (2.1), we obtain

0< (x7'0, %, 9) = ((T,e(O©) — e(O)T,) 0, ¥)

<
< =(1/2p,)(p, ) <0
for ¢ € h™*(D,E) with 7+ s > n+ k where O, = 80} + 050 and 0} is the

formal adjoint of 0 when the inner product (-,-) is defined by ds? and h, i.e.,
h™*(D,E)=0 for r+s>n+k.

Secondly, we suppose that E is semi-negative of type k on D. Then, from
Definition 1.1, the matrix (@ ja 5) is negative semi-definite and of rank > n—k+1
at any point of D. We define another Kihler metric

n

ds = D (9jap — H2©j0p) 427 7]

a,f=1

on a neighborhood of D, where p, > 0. Let z, € D be an arbitrary fixed

point and 7;, i = 1,2,...,7n, be the eigenvalues of (0,,5) at z, with respect

to (gjag) with 7, <7, <--- <7, <0. Then m, = inf_)'yn_k+1 < 0. As in the
T€E

first case, if O, is defined by ds? and h, we have

0 < (* 710y x0,0) < —(1/2p5) (0, 0) <0

for ¢ € h™*(D, E) with r+s <n—k and p, > (1-2n)/m,,i.e., h"*(D,E) =0
for r + s < n — k. The proof is complete. O

The boundedness of the operator H™*, [7; Proposition 1.2.3, Proposition 1.2.4]
(as they are applied to [7; Proposition 2.1.1]) and Theorem 2.1 imply that
H™*(A™*(D, E)) is dense in the finite dimensional vector space H™*(D, E),

s > g, with respect to the graph norm (||¢||2+ ||5cp||2)% . Then H™*(A™*(D, E))
=H"*(D, E), s > q. Therefore,

K™ (D,E) = H™(D,E) s>q.

Hence, the image of the orthogonal projection operator H™* is identically equal
to zero, i.e.,

Ha=0. (2.3)

Form the above results, we prove the following existence theorem with
L2-estimates:
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THEOREM 2.3. Let D be a strongly q-convexr domain of an n-dimensional
Kahler manifold M and E — M be a holomorphic line bundle over M. If E is
semi-positive (resp. semi-negative) of type k on D, then for any o € L?,S(D, E),
0da=0,s>qandr+s>n+k (resp. s> q and r+s < n—k), there is
a unique form ¢ € Lfs (D, E) satisfying 0¢ = o with ¢ L Ker(é) , and the
estimate

||¢||Lgs .(E,D) < C”a”Lg’s(E,D)
holds. If a is C*®, then ¢ is also C*.

Proof. Using (3) of Theorem 2.1 and the condition on «, da = 0, we
have N, ;& = N, . ,0a = 0. Using (2.3) in (2) of Theorem 2.1 we obtain

a= BB*N ,a. Therefore we may take ¢ = 9*N, ,c, the condition ¢ L Ker(9)
clearly 1mp11es the uniqueness. Moreover, if « is C°° then sois N, ,a, hence ¢
is C*. Using (2.3) in (3) of Theorem 2.1 and the fact that N,  is ‘bounded we

have the following L2-estimate:

I¢l1Z2, (p,p) = (0" N, ,@, "N, ) = (90*N, ,, N, ,c1)
= (86" +8*3)N, ,a, N, ,a)
= (e, N, ,a) < “a”Lﬁ’,(D,E)||Nr,sa”L§,_‘(D,E)
< C||a||2Lg,,(D,E)
This proves the theorem. O

Theorem 2.3 is needed in the course of the proof of Theorem 4.3.

3. Local solution for the d-equation with LP-estimates

We consider the following situation: Let D be a strongly g-convex domain
of M and W; = W((,,d) be the open ball in M of an arbitrary fixed center
¢o € 0D and radius J such that W € u; CV €U for a certain j € I, where
d is a positive constant which depends continuously on the distance d(¢,, CV)
from ¢, to the complement of V'. Then, according to [10] and the fact that every
E-valued form is a C-valued form on Wy, there exist an open set D, and a
linear operator

T*: L} (Dq,, E) = L ,_,(W;,ND,E),  s>gq,
with W;,, N D C D,, € WyN D and
f=T(0f) +0T°f
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for f € Ljo(D,, E) with 8f € L} ,,,(D,, E). Moreover, if f € Lf (Dy,),
0f = 0, then there is a constant C such that the estimate “Tsf”Lg,,_l(W,;,an) <
ClIfllzz ,(p¢,) holds. Then using Kerzman'’s techniques, [9; Theorem 1.3.1],
as [1] and [3] we can prove the following theorem:
THEOREM 3.1 (LOCAL THEOREM). Let T® be the operator which is de-
ﬁned above and f € L} s(D¢grE), 0f =0, s > q. Then, there is g = T°f €
03 1(Ws,2,ND, E) such that 0g = f. If f is C®, then so is g. If [ €
L§ ,(D¢,, E), then g € L§ ,_(W;,,ND, E) and satisfies

llglng,,_l(w(,,an,E) < C“f”LS,,(Dzo:E) ) 1<p< o0,
where C = C(s) is a constant independent of f and p.

Using Theorem 3.1 (Local theorem), as [1] and [3], we can prove the following
lemma:

LEMMA 3.2 (AN EXTENSION LEMMA). Let D € M be a strongly q-conver
domain. Then, there exists (slzghtly larger) open set D € M with the following
properties: D € D ; for any f € L} (D E) with 8f =0 and s > q, there erist
two bounded linear operators L, , L2 , a form f =L, fe LO’S(D, E) and a form
u=L,f €Ly, (D, E) such that:
(i) 8f 0inD.
(i) f=f—08uinD.
(iit) If f € L§ ,(D, E), then f € L§ (D,E) and u € L} ,_,(D, E) with the
estimates
||f||Lg,a(ﬁ,E) < Clllf”Lg”(D,E)
and
”u”Lg,,q(DyE) < Cz”f“Lg’s(D,E) ) 1<p< oo,

where the constants C| and C, are independent of f and p. If f is C*°
in D, then f is C® in D and u is C*® in D.

4. Global solution for the d-equation with LP-estimates

Recall that 0D is defined by a function p: U — R. Cover D by finitely
many balls W, ;. = W(z,,4,), z; € 9D, i =1,...m, such that for each z; € 0D

we have W,; € u; C V € U Put § = min ;. Then as in [9; p. 321,
1<i<m

Lemma 2.3.3, Claim] (see also [1; Proposition ?:2_]), we can prove the following
proposition:
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PROPOSITION 4.1. Let D be as in the extension lemma and let W, s be
as above such that W, s € u; C D for a certain j € I. Then, for any f €
L(l),s(WM,E), 0f =0, s > q, there exists o = Tf € L} 0.s—1(W, 5/2, E) such
that da = f, where T is a bounded linear operator. If f € Lj (W, &E),
1 <p< 2, then we have a € Lp+1/4"( 1520 E) and HaHLg:l_/:n(Wiyé/zyE) <
c“f”LS,s(Wi,,s,E) and for any p, 1 < p < oo, we have

”a”LP 1 (Wis2,E) = c”f”LP Wi.s,E)

where ¢ = c¢(n,a) is a constant independent of f and p.

Using Proposition 4.1 as [1; Proposition 3.2], we prove the following proposi-
tion:

PROPOSITION 4.2. Let D be as in the extension lemma. Then, there ezists a
strongly q-convex domain D, € D such that for every f € L(l)‘s(D, E), 0f =0,
s > q, there are two bounded linear operators L, and L, and two forms f, =

L,feL} (D,E) andn, = L,f € L} ,_,(D, E) such that:

(i) 8f, =0 on D,.

(ii) f=f, +0n onD,. A ) A
(111) ”fllng:‘;l/“"(Dl,E) < c“f”Lg's([),E) for f € Lg,s(D’E): 1<p<2.
(iv) For every open set W @ D, and for every p, 1 < p < oo, we have

Ifillez owey < ellf ey (o,m) 5
and

HUIHLS,S_l(W,E) <cf ”LS‘S(E,E) )
where ¢ = c(ﬁ, W,n) is a constant independent of f and p.

The solvability with L2?-estimates for du = f on D, follows from The-
orem 2.2 and Theorem 2.3.

Using Theorem 2.3, Proposition 4.2 and the interior regularity properties of
the 0-operator, as [1; Theorem 3.1], we can prove the following theorem:
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LP-ESTIMATES FOR SOLUTIONS OF §-EQUATION

THEOREM 4.3. Let D be the strongly q-conver domain of the extension lemma
and W € D. Then, for any form f € Lj (D, E) with 0f =0, s > q, there
exists a form n € Ly ,_,(W,E), n = Lf, such that 8y = f, where L is a
bounded linear operator. If f € Lgys(f),E) with 1 < p < o0, then

ne Lg‘s_l(VV, E) and “TIHLg,s_l(W,E) < C”fl'z,g’s(D,E) )

where C = C(D,W) is a constant independent of f and p. If f is C™, then
n is C™.

The idea of the proof of Theorem 4.3 is as follows:

If p > 2, Theorem 4.3 is an immediate consequence of the fact that Lgys(f), E)
C L2 (D, E), that there exists a solution u € L3 ,_ (D, E) of du = f (if f €
L(’)’,s(f), E), 0f = 0) and the interior regularity properties for solutions of elliptic
0 operator. If 1 < p < 2, then the problem of solving du = f can be changed
into one (in a smaller region) involving a form f, € Lg (D, E), 7 > p; this is
the case in which Proposition 4.2 is used. The improvement of the exponent is
small, but iterating 4n times, we finally obtain a form f,, € L%,S(Dm:E) to
which Theorem 2.3 can be applied.

Using Lemma 3.2, Theorem 4.3 and Theorem 2.3 we obtain our results.
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